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In this paper a hydrodynamic set of equations is derived from a Schrodinger-like
model for the dynamics of electrons in a two-band semiconductor, via the Madelung
ansatz. A diffusive scaling allows to attain a drift-diffusion formulation.

1. Introduction

Recent advances in semiconductor devices design have compelled the sci-
entific community to provide theoretical models that take fully into ac-
count the quantum dynamics of carriers. For example the Resonant Inter-
band Tunneling Diode (RITD'9) is built on the quantum effect of tun-
neling of electrons between conduction and valence bands. Multiband
models'!? derived from the Schrédinger equation are the starting point

3,4,

of a recent series of articles®*% that propose a two-band description in

terms of Wigner functions. However, in the perspective of numerical sim-

ulations, quantum hydrodynamic models® " 10

are preferable, since they
involve directly macroscopic quantities and they admit natural boundary
conditions. The Madelung equations constitute the fluiddynamical equiv-
alent of the Schrodinger equation and they are formally identical to the
Euler equations for a perfect fluid at zero temperature, apart for the Bohm
potential®. Analogously, two-band zero-temperature quantum fluiddynam-
ical models!>? can be derived by applying the Madelung ansatz either to
the two-band Schrédinger-like model introduced by Kane!!, or to the MEF
(Multiband Envelope Function) model'3; the latter one, at difference with
the Kane model, seems to be reliable also in presence of heterostructures
and impurities of the semiconductor material. Here, the derivation? is ex-
tended to the case when the electron ensemble is described by mixed states:
Madelung-like equations for each band are recovered, coupled by “interband
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terms” and containing also temperature terms, as expected by comparison
with the single-band mixed-state case®. A two-band drift-diffusion system
is attained in the zero-relaxation time limit and the equations for each band
differ from the QDD only for the coupling interband terms.

2. Nonzero-temperature hydrodynamic model

In order to derive a nonzero-temperature model®, let us describe an electron
ensemble by a mixed quantum state, i.e. by a sequence of pure states con-
stituting an orthonormal basis for the electron ensemble state space, with
occupation probabilities Ay > 0,k € Np, such that ), Ay = 1. In a “macro-
scopic” description!?, a pure state of the system can be individuated by
{¥n}nen, with 1, wave-function of the n-th band and n(z) = Y, [¢n[*(z)
and J(x) =Im > ), (2)Vip,(x). Since we restrict to a conduction-valence
band description, we individuate the k-th pure state by two wave-functions

k 4k that are solutions of the (rescaled version of) MeF!? system

k 2
€258 = _CAGE 4+ (Vo V) — @ Ky,

ot 2 (1)
. 3%’? _ e k k 2 k
1€ ot - EA'L/)U +(%+V)7/)v — € quca

where K = P-VV, P is the interband momentum matrix, V' is the electro-
static potential, V., V,, are the minimum and maximum of the conduction
and the valence band energy, respectively, and € is the Planck constant.
Then, by using the Madelung ansatz w{f = \/nTgexp (zS{f/e) with the band-

index b = ¢, v, the hydrodynamic system corresponding to Egs. (1) reads

k

agt ¢ 4 divJF = —2¢K Imnk,,
k

a;” — divJ¥ = 2K Imn”,,

k k k 2A\/nF
6JC + div <JC®;‘JC) —n’gv Ve +nIZVV
ot n 2‘/nlcC

= VK Renf, 4+ €K Re (n]cC

v
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k —k)) ) (2)

(uv — U

= VK Renf, —eK Re (nk,(ui — 7)),
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where JF = nfVSE, u b—eV\/>/\/7—+-sz/nb7 = (8% — S¥)/e and

\/7 \/7 exp(ic®). In the mixed-state description®, densities and
currents corresponding to the bands are n; := Zk )\knb, Jp = Zk /\ka,
up 1= €Vy/Mp//Mp+iJy /Ny = €log pF-itielp, While the “interband” quantities
are 0 := Y, Ao and ne, = \/Mc\/Ny exp(ic). Observe that we assume
Vi to be constant, as in the derivation'® of Eqs. (1). Multiplying Eqgs. (2)
by Ar and summing over k, we find the equations for the hydrodynamic
quantities ng, Jp, and o

One . = —2¢K Tm Ry,
at
O Givg, = 9K Tm R,
ot

8J. Je @ J. A /e
ot ( e + nCQC) — ch (W) + nCVV

= 2VK Re Ry + €K Re Qp,  (3)

6‘]1) . J’U ®JU 2A\/ Ny
5 —d1v<n+nv9v)+nv ( 2 >—|— +VV

= 2VK Re R,y — €K Re Quy,

with Rey = Y. Aenky, Qew = 3o, Aenk, (uf —uTY) In analogy with the

one-band case®, we introduce the temperatures ), = Oos,p + Oe1p, b = c, v,

with the osmotic parts ., defined by

Oos,p = Z/\ki Uos,p — uosb)®(0sb uos,b)

and the current temperatures Bc1,p defined correspondingly. If we call

Z)\k C” u — Uy), Z)\

the coupling terms contain R, = aNey , Qey = New [a(uv — W) + By — m .
In order to find a relation between «, (3, and (. and the hydrodynamic
quantities, we take the gradient of o and use the definition of ¢y, Ue, Uy

and the identity

v J. J,

E¥Ten uvuci<eVJU+c).
nC’U

o =
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4
According]
rdingly I -
eVo— =+ =—(eVa—S,—05) . (4)
Ny Ne

The last equation of system (3) can be rephrased as
Jy  Je JE T, gy Je
v Ze A [ Zv 2V ) A [ Ze e
eVo P + ; k <n§ nv> Z k <nk nc) (5)
and, by comparison of (4) with (5), we get
JE T, JE . i —
ZAk <nk - 7%) *;Ak <nk - nc) = . (eVozfﬂv *5c) )

then Re { (eVa — By — E) /a} = 0. Accordingly, Egs. (3) can be written as

ag’; + divd, = —2¢K Im (ancv)v
8@”; _ divJU = 2eK Im (Olncv)v

e . (Je®J A /e
ot + div (C + n090> - ’I’LCV<W> + nCVV

= VK Re (aney) + €K Re (ney [o(uy =) + By = Be))s  (6)

oy . (e ®Jy A,
ot — le< T +TLU0»U) +Tlvv<2\/”Tv) +anV

= VK Re (ang) — €K Re (ng, [a(uv —Tg) + By — E]),

6VU*£+£:* Im {1(€Vaﬁvﬂc)}
Ny  MNe &

The terms on the right hand side of the equations determine the coupling.
The system is not closed: the quantities «, . and (3, are not expressed in
terms of the hydrodynamic quantites, but they are linked by

Re {(eVa — B, — ;) Ja} = 0. (7)

In addition, we must assign constitutive relations for the tensors 6. and
f,. A simple class of closure conditions can be obtained by assuming o =
a(ne,ny, o) and taking

oa o e Oa

ﬁc = 2ncaTuos,c - aiauel,m ﬁ'u = 2nv 87“03,1} + %uel,v- (8)
c v

Then eVa — 3, — B, = 0, thus Eq. (7) is fulfilled and moreover eVo —
Ju/ny + Jo/ne. = 0. For the temperatures we assume ny0, = py(ny)I, where
I is the identity tensor and the functions p., p, are pressures. In particular,
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On4, as for an ideal gas in isothermal conditions, and

we can take p, = 0
a=1,83. = 3, = 0 (which follows, e.g., from n* ~ n.,). Accordingly, we

obtain the simplest two-band isothermal QHD model

% + divJ, = —2¢K Tm g,
Oy :
(‘3; — divd, = 2e¢K Imn,,,
2A
e L qivZe®e Loy, _nv( 2V _y
ot Ne 2\/n¢
= €2VK Re ney + €K Re (e (U — Tg)), (9)
2A /iy
O aivle &0 4 gogn, v 2V 4y
ot n, 2y/ny
= VK Re ng, — €K Re (ney (up — ),
eVo — ﬁ + & =0.
Ny  Ne

Here, the only peculiarity of the mixed-state case is the presence of the
temperature terms.

3. The drift-diffusion model

Now we perform the zero-relaxation time limit of the hydrodynamic models
recovered. First, we start from Eqs. (9), we add relaxation terms for the

currents and we introduce the diffusive scaling

t— E, Jo—1dey,  Jy — Ty, (10)
T

that leads to the ansatz o — o¢ + 70, where gy is a constant phase to be
determined. In the limit 7 — 0 the system reads

88716 + divJ, = —2eK+\/nc/Ny0,
8;: — divd, = 2eK\/n.\/n,o,

2
JC:—OOVnc+nc{V{EA\/TTC—V+e2mK}} (11)

2./Ne¢ /Te ’
2N/ \/

Jo= 60°Vn, —n, {v[en” + Ve2”CK] }
2./ny /Ty

eVo — Jo + L =0,

Ny T
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where g = 0, due to the limit of the first equation. Alternatively, we start
from the isothermal version of the Egs. (6), closed with a@ = a(n¢,ny),
Be = 2710%“08707 By = an%uosvv’ we add relaxation terms for the
currents and we consider the diffusive scaling in Eq. (10), with op = 0. In
the limit 7 — 0, we get Im «a = 0 and the isothermal QDD system reads

637”;@ + divd, = —2eK\/nc./nyao,

aantv — divJ, = 2eK/n./nyao,
2A W

Jo = —0Vn. + ne {v r\/”» - V} +av {HK} } +
2,/n. Vi

+ 62(5@ - /Bc)mmKa

2A./ N
Jo= 0°Vn, —n, {V[w n V] —2aV {RK} } n
2./ My /My
— ¢ (/811 - 50)\/ Tiey/ n, K,
eVo — ﬁ + £ =0.

Ny Ne
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