arXiv:1310.3573v1l [math.AG] 14 Oct 2013

Infinitesimal and square-zero extensions of simplicial
algebras

Notes for students

Mauro Porta Gabriele Vezzosi
Institut de Mathématiques de Jussieu Institut de Mathématiques de Jussieu

October 2013

Contents

1 Infinitesimal extensions

2 Square-zero extensions

3 Any square-zero extension is an infinitesimal extension
4 Application to Postnikov towers

5 Connectivity estimates

6 An exercise in derived deformation theory

A Homotopical nonsense
A.1 Homotopy pullbacks . . . . . . . . . . .. .
A.2 Homotopy fibres . . . . . . . . . e

B Homotopy of Simplicial rings
B.1 Simplicial algebras . . . . . . . . .
B.2 Modules over simplicial rings . . . . . .. ... L
B.3 Derived derivations and cotangent complex . . . . . ... ... ... ...

EREEl BEERl Bl Bl Bl & & =

Introduction

These notes were written to meet the requests of some students who pointed out that the expo-
sition of the role of the cotangent complex in the Postnikov towers for simplicial commutative
algebras in [HAG-II| was too terse and needed some kind of unzipping.

We took also the opportunity to enlarge a little bit the context, by introducing square-zero ex-
tensions and their relation with infinitesimal extensions (i.e. those coming from derivations).
The idea is that infinitesimal extensions are captured by the cotangent complex, that square-
zero extensions are special infinitesimal extensions, and that the Postnikov tower of a simplicial


http://arxiv.org/abs/1310.3573v1

commutative algebra is built out of square-zero extensions. We conclude the notes with two
applications: we give connectivity estimates for the cotangent complex and we show how ob-
structions can be seen as deformations over simplicial rings.

All the material is well-known to experts but details might be useful to people meeting these
topics for the first time. A similar path, in a broader and less elementary context, might be
found in [HAI §8.3, §8.4].

Acknowledgments. It is a pleasure for both of us to thank all the participants to the Sémi-
naire “Autour de la Géométrie Algébrique Dérivée 2013-2014” that took place at Paris 7 (Sophie
Germain): Pieter Belmans, Brice Le Grignou, Valerio Melani, Marco Robalo, Yohann Ségalat,
Pietro Vertechi. And to acknowledge the work done during the seminar (partially recorded at
http://www.math.jussieu.fr/~vezzosi/seminar/), and all the interesting questions raised, some
of which were the motivation for the present notes.

Notational remarks. We denote by sAlg; the model category of simplicial commutative
k-algebras. All tensor products, unless differently stated, are implicitly derived.

1 Infinitesimal extensions

Infinitesimal extensions are defined by derived derivations:

Definition 1.1. Let A — B be a cofibrant A-algebra, M be a simplicial B-module and d €
mo(Map 4 /sa1g, /5(B; B @ M[1])) be a derived derivation from B to M[1], represented by a map
d: B — B® M[1] in A/sAlg,/B. If we denote by ¢q : Lp/s4 — M[1] the map of B-modules
corresponding to d, the infinitesimal extension g : B®gM — B of B by M along d is the map
in Ho(A/sAlg, /B) defined by the following homotopy cartesian diagram in A/sAlg;

Bog M B
S
B y B o M[1]

where 0 denotes the section corresponding to the trivial derived derivation 0: Lg/4 — M[1].
The appearance of M (instead of any shift of it) in the notation B @4 M calls for an explanation.

Proposition 1.2. If g : B®g M — B is an infinitesimal extension of B by M along d, then
the homotopy fiber of g at 0 is isomorphic to M in Ho(B-Mod).

Proof. Proposition [A.5] shows that
hofib 4 ~ hofib(0: B — B & M]|1])

(where the fibres are taken over 0). In order to explicitly compute hofib(0) we observe that the
square

B—2>Ba& M

)
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is homotopy cartesian: in fact, p is a fibration (being surjective) and every object is fibrant, so
that the statement follows from Corollary [A.3] and from the fact that the previous diagram is
obviously a strict pullback. As consequence, the outer rectangle in

hofib0 ———0
L,
B B & M[1]
(L Ml[l]

is a homotopy pullback, so that
hofib g ~ hofib 0 ~ Q(M][1])
Now, M[1] = M ®4 A[S'] is the suspension of M and QX (M) ~ M by Corollary [B.9l O

2 Square-zero extensions

Definition 2.1. Let n > 0. Let A € sAlg;,, By a cofibrant A-algebra, and I C m,(B;) a sub-
mo(B1)-module. A morphism of cofibrant A-algebras ¢: By — By in A/sAlg,, is a A-square-zero
extension by I[n] if the following conditions are met

1. By and Bj are n-truncated;
2. pis an (n — 1)-equivalence of A-algebras;
3. For any n-truncated A-algebra F, the following diagram is homotopy cartesian

Map(p,E)

Map 4 /sa1g, (Bo, E) Map 4/sa1g, (B1, E)

| l

[B1, Eo,1 (B1, E]

where [By, E] denotes the set of homotopy classes of maps By — E, and [By, E]o; the
subset of [By, E] consisting of those [f] such that m,(f) is zero on I;

4. The canonical map 7, (B1) — m,(Bo) is surjective with kernel I, i.e. m,(B1)/I ~ mp(Bo);
5. if n = 0 then I? = 0 (classical case).

Remark 2.2. 1. Equivalently, we can define [By, E]o ; as the following (homotopy) pullback
in sSet:

[B1, Elo,1 [B1, E]

| |

Homﬂo(A)—Mod(ﬂ-n(Bl)/Iy 71-n(E‘)) can Homﬂ'()(A)—MOd (Wn(Bl)a Wn(E))

In fact, inspection reveals that the above diagram is a strict pullback. It is a homotopy
pullback because every object there is discrete, hence fibrant and, as consequence, the maps
are fibrations.



2. For n = 0, and A = k we get back the classical definition of square-zero extension of
commutative k-algebras.

3. If By — By is an A—square-zero extension by I[n], then I is canonically a my(By)-module.
This follows from 7o(Bog) =~ mo(B1), if n > 0, and is classical if n = 0 (since I? = 0).

Lemma 2.3. If ¢: By — By is a square-zero extension by I[n] in A/sAlg,., then hofibp is a
K(I,n)-space.

Proof. We have by definition a fibre sequence
hofib o — By 2 B,

in A-Mod (and therefore a fibre sequence of pointed simplicial sets). The long exact sequence
of homotopy groups shows then that

7m (hofib ) = 0
if m >n or m <n — 1. Moreover, for m = n — 1 we have
Tn(B1) = mn(Bo) = mp_1(hofib ) — m_1(B1) = mu—1(Bo)
so that m,_;(hofib ¢) = 0. Finally, we have a short exact sequence
0 — my, (hofib ) — mp(B1) — mp(Boy) — 0
so that axiom 4. readily implies that
7 (hofib @) ~ I
completing the proof. O

Proposition 2.4. Let n > 0, A € sAlg,, ¢ : B — By and ¢' : By — B[ in A/sAlg,, two
A-square-zero extensions by I[n] (I C m,(B1) a fized sub-mo(B1)-module). Then there is an
isomorphism By ~ BY, in Ho(B;/sAlgy,).

Proof. The mapping space axiom 3. tells us that the simplicial sets Map 4 /5a1¢, (Bo, ) and
Map 4/salg, (B0, ) are isomorphic in Ho(sSet), for any n-truncated E' € A/sAlg,,. In particular,
by taking E = BY), we get a map u: By — B(. Denote as (A/sAlg;.)<, the left Bousfield local-
ization of A/sAlg,, with respect to the single map S := S"*! ® A[T] — A[T], and denote the left
Quillen adjoint by 7<,, : A/sAlg;, — (A/sAlg;)<,. The fibrant objects in (A/sAlg; )<, are the
S-local objects, i.e. n-truncated simplicial A-algebras. The homotopy category of (A/sAlg;)<n
is identified as the full subcategory of Ho(A/sAlg;) consisting of n-truncated objects. Now, the
mapping space axiom (3) implies that, for any S-local object E € sAlg;, the map

u MapA/SAlgk (307 E) - MapA/sAlgk (B67E)

is an isomorphism in Ho(sSet), i.e. ([Hi], Prop. 3.5.3) u: By — Bj, is an S-local equivalence. But
both By and B(, are S-local objects (being n-truncated), so we conclude that in fact u is a weak
equivalence in A/sAlg; (an S-local equivalence between S-local objects is a weak equivalence:
S-local Whitehead Theorem [Hi, Thm. 3.2.13|). How do we climb up to an equivalence of
By /sAlg,,? Simply observe that the isomorphism Map 4 /sa1g, (Bo, £) =~ Map 4 /5a1g, (Bp, £) (in



Ho(sSet)), from which we deduced the map wu, in fact commutes (up to homotopy) with the
maps
Map(p,E)

Map 4 /sa1g, (Bo, E) Map 4/sa1g, (B1, E)

Map(gp/,E)
MapA/sAlgk (367 E) - NJ:a‘pA/sAlg,c (Bl7 E)

Therefore, we may choose u: By — B{, as a map in Ho(B;/sAlg,). O

Let By — By be a square-zero extension by I[n|. We saw in Lemma 23] and in Proposition
24l that the sub-mo(By)-module controls every information about the extension; in particular, the
homotopy fiber is determined and there are no two different square-zero extensions associated
to the same sub-m(By)-module. We are going now to show that every sub-m(Bp)-module
determines a square-zero extension:

Proposition 2.5. Let n > 0. Given a cofibrant and n-truncated By € A/sAlg;, and a sub-
7o(B1)-module I C 7,(By) (such that I*> = 0 if n = 0), there ervists a square zero evtension

By — By by I|n]. Moreover any other such extension By — B is isomorphic to By — By in
Ho(B;/sAlgy,).

Proof. The uniqueness statement is Proposition [2.4] so that we are left to prove the existence.

The idea of the proof is to construct By as “B1/I” (i.e. to kill I inside B;) and then to take
the n-truncation as an A-algebra. To begin with, let us consider I as an A-module (via A —
mo(A) — mo(B1)); the category A-Mod being monoidal model we have a canonical identification

HomHo(A—Mod) (I7 ﬂ-n(Bl)) = HomHo(A—Mod) (I[TL], Bl)

so that the inclusion I C 7,(B) induces a map of A-modules I[n] — By (because in A-Mod
every object is fibrant, hence maps in the homotopy category can be represented in A-Mod).
At this point, we obtain by adjuntion an induced map of A-algebras

Symy(I[n]) — By
Define a new object E) via the following pushout square in A/sAlg,:

Sym, (I[n]) ——= A

I

By By

where the map 0 is induced by the zero map of A-modules I[n] — A. Finally, introduce By :=
T<nBo. By comes equipped with a canonical map

gD:Bl—>/BS_(/)—>TSn/B;]:BQ

We claim that ¢ is the square-zero extension by I[n] we were looking for. Let us check that the
conditions of Definition R.Ik

1. By is n-truncated by hypothesis, while By is n-truncated by construction;



2. in order to show that ¢ is an (n — 1)-equivalence of A-algebras, and that the canonical
map 7, (Bg) — 7, (B1) induces an isomorphism m,(B1)/I ~ m,(Bp), we use the spectral
sequence of [Q, Theorem I1.6.b|. Set first of all R, := m.(Symy(I[n])), so that the spectral
sequence reads off as:

qu = Torﬁ* (msB1,mA)g = Tpiq(Bo)
Let Cox — m.B1 be a flat resolution of m,B; as a graded, R.-module, so that
Torﬁ* (meB1,mA)g = HP ((Cox R, mA)q)
Let us compute the degree g part of Cex ®p, T A:
(Cox ®R, meA)g = {xij @ yr | w45 € Cij,yx € T A, j+k = q}
for ¢ < n.
e If ¢ < n, then k < n and there are elements y, € Ry ~ 7, A mapping to y, so that
{7ij @y | 2i5 € Cij, yp € M A, j+k = q} = {ykzi; @1 | 245 € Ciyj, Y, € Ry, j+k = q}

and therefore
(Cox @R, mxA)qg > Cqq, for0<g<mn

e If ¢ =n, for j > 0 (hence k < n) we still have
Tij @ Y = YpTio @ 1
while for j = 0, since R, ~ m,(A) @ I, we get instead
Zio @ Yn = (Yn,0) - 20 ® 1 = (Yn, &) - 2io @ 1
for any ¢ € I (and z;0 € Cio, yn € T, A). Therefore
(Cox @R, TeA)p =2 Con /I - Co,
where I - Cop :={(0,€) - 2e0 | £ € I C Ry, T € Cop}-

Therefore
Hp(C.q): p(]-ﬂ'qu if0§q<n

Torf (7, By, mA), =

Let us compute H%(Cep, /I - Cap). Introduce first of all the ideal

J=ToPR,

q>n

so that, given any graded R,-module M, we have
and now observe that we are given an exact sequence

Cix = Cox — m(B1) = 0



Tensoring with R, /.J preserves the right exactness, and taking the degree n part is obviously
an exact functor, so that we obtain an exact sequence

Cl,n/['CLo — C()7n/I'C0’() —)Wn(C)/I —0

which readily implies that
H(Capn/I - Coo) =~ mn(B1)/1

so the E? page of our homological spectral sequence is first quadrant and drawing it we
obtain:

q=n mn(B1) /1

[ ]
g=n-—1 7Tn1(B1)/IO\O 0 0 0
g=mn-—2 7Tn—2(B1)/IO\O 0 0 0

p=0 p=1 p=2 p=3 p=4

. )
Thus B2 = E,,, for 0 < p+ ¢ <n, so that

T =
YU mB)/I ifi=n

3. For any A-algebra F, the following diagram consists of homotopy cartesian squares

= Map(p,E)
Map 4/sa1g, (Bo, E) Map 4 /salg, (B1, E)
NIapA/sAlg,c (Av E) MapA/sAlgk (SymA(I[n])7 E)

l l

[A, E] ~ [TgnA D [[Tl], E]O, I[n] [TSnA D I[n], E] ~ [A D I[n], E]




(for the top square we use the homotopy pushout definition of §0 and the fact that
Map 4/sa1g, (By, E) ~ Map 4 /sa1g, (Bo = TSnBVO,E) since E is n-truncated; for the bot-
tom square we use that 7<,(Symy(I[n])) ~ 1<, (A & I[n]) ~ 7<p(A) & I[n], and again the
hypothesis that F is n-truncated). To conclude it just remains to remark that the diagram

of sets
[B1, Elo,r [B1, E]
[A, E] [A @ I[n], E]

18 cartesian.

The following result will be useful later

Lemma 2.6. Let n > 0, and ¢ : By — By in A/sAlg, a square-zero extension by I[n] (I C
Tn(B1) a fived sub-mo(B1)-module). Let By be defined by the following pushout square in A/sAlg,,

Sym, (I[n]) ——= A

I

B By

where the map 0 is induced by the zero map of (mgA hence) A-modules I[n] — A. Then
e there is a canonical isomorphism By ~ TSnE] in Ho(B1/sAlgy,);
e there is a canonical isomorphism By ®p, By ~ Symp,I[n + 1] in Ho(By/sAlgy).

Proof. The proof of the first assert is part of the proof of Proposition Let us prove the second
part of the statement. We have the following ladder of homotopy pushouts in Ho(A/sAlg;.):

Sym(I[n]) ——— 4
B By
By
By By @5, By

Now, by the upper homotopy cocartesian square, the composite Sym 4(I[n]) — B; — §0 is iso-

morphic (in Ho(A/sAlg;,)) to the composite Sym 4(I[n]) —2 > A—— By, so that the following



square

Sym (I[n]) ——— A
o
A
By E) ®pB, Bo

is homotopy cocartesian as well. Therefore, if C' is defined by the homotopy pushout

Sym(I[n]) —— A

|

A C

there is an induced homotopy pushout

A c

I

By —= By ®@p, By

Let us compute C. In order to do this, we observe that Sym, : A-Mod — A/sAlg,, is left
Quillen, hence it commutes with homotopy pushouts; since A ~ Sym 4(0), we get that C' ~
Sym 4(P), where P is defined by the homotopy pushout (in A-Mod)

But, by definition of suspension functor in A-Mod, we have then that P ~ XI[n] = I[n + 1].
Therefore C' ~ Sym 4I[n + 1].
Now, coming back to the homotopy pushout

A c

I

By — By ®B, Bo

and recalling the base change property of the functor Sym_, we conclude that there is a canonical
isomorphism By ®p, By ~ Symp,I[n + 1] in Ho(A/sAlgy,). By tracing back the construction of
this isomorphism, we see that it is indeed an isomorphism in Ho(By/sAlg,,) (since the By-algebra
structure comes in both cases from the bottom horizontal map of the pushout diagrams). O

3 Any square-zero extension is an infinitesimal extension

Theorem 3.1. Letn >0, A € sAlg,, and u : By — By in A/sAlg, a square-zero extension by
In] (I C my(B1) a fized sub-mo(By)-module). Then there exists a derived A-derivation d,, of By
into Iln + 1], and an isomorphism By &4, I[n] ~ By in Ho(A/sAlg,/By). Moreover, such a d,
is uniquely determined as a map in Ho(A/sAlg,/By).



Proof. Throughout the proof, recall our standing convention ® = ®*. Consider the fiber - cofiber

sequence of A-modules

I[n)|— B, ——= By .

It induces a fiber - cofiber sequence
B, —=By—=1In+1].

The idea is now to apply (—) ®p, Bo to this sequence in order to obtain a split sequence; the

one of the By-algebra structures on By ®p, By will induce the zero derivation while the other

one will induce a derivation d, such that By ~ By X gyg,, 1(n) Bo- Let us work this idea out.
The sequence of By-modules

®id
By~ B ®p, B()u—>B()®B1 By — By ®p, I[n+ 1]
is clearly split by the product map By ®p, By — By; therefore we get a canonical isomorphism
By ®p, Bo~ By ® (Bo ®@p, I[n+1])

in the homotopy category of Bp-modules.
Let By := By ®sym ,1[n] A, and let v: 7<, By — By be the isomorphism of Bj-algebras produced
by Lemma Introduce the morphism

t: E) — TSnE] 2 By
and consider the induced map
6 :=id ®p, t: By ®p, By — By ®p, By
which is a map of By-algebras, if we endow By ®p, By with the By-algebra structure given by
ji1: Bo— By®p, By, b—b®1.

We claim that .
T<n 410 : T<nt1(Bo ®B, Bo) — T<n+1(Bo ®p, Bo)

is an isomorphism in Ho(Bj/sAlg;,). Let us prove this claim.
& We compute how 7<,416 acts on homotopy groups. Let us first compute m;(By®p, I[n+1])
by using the spectral sequence (|Q} II §6, Thm. 6.c|)

Tp(7¢(Bo)[0] @nopy I+ 1]) = Tpig(Bo ®p, I[n + 1)).
We have

7q¢(Bo) @5 I ifp=n+1
p(mq(Bo)[0] @rop, In+1]) = {Oq ) ifp#An+1

so the spectral sequence degenerates, and we have for g =0,p=n+1
Tn+1(Bo ®@p, I[n +1]) = 70(Bo) @ry(my) {
Now, if n = 0 both By and B; are discrete, By ~ By /I as Bj-algebra and I? =0, so that

70(Bo) ®mo(pyy I = 1/1* = 1

10



If, instead, n > 0, then my(B) ~ mo(Bo) and so
70(Bo) @rg(ny) L = 1
In conclusion we obtain

0 ifi<n+1
mi(Bo ®p, IIn+1]) =41 ifi=n+1
Tg(B)®I ifi=n+14¢q, ¢>0

Since
By ®p, By~ By ® (By ®p, I[n+1]),

we conclude that

mi(Bo) ifi<n+1
7i(Bo @B, Bo) = { mnt1(Bo) © I ifi=n+1
mi(Bo) @ (mg(B)®1I) ifi=n+14+¢q,¢>0

On the other hand, by Lemma 2.6]
By ®p, By ~ Symp I[n+1] =By @ In+1]® R
where R is (n + 1)-connected (i.e. its m;’s vanish for ¢ < n+ 1), so that there is an isomorphism
T<n+1(Bo ®p, Bo) ~ By & I[n + 1]

in the homotopy category of By-algebras.
The reader may check that the following diagram is commutative

0

By ®p, Bo By ®p, By

\/

By & I[n + 1]
This concludes our proof of the claim that 7<, 110 is an equivalence. <

So we have proved that
0Sn+1 = 7—Sn+19: TSn+1(BO @B, E)) ~ By @ I[’I’L + 1] — TSTL-H(BO B, BO)

is an isomorphism in Ho(By/sAlg;), and note that the By-algebra structure on the lhs is given
by the map ¢y corresponding to the zero derivation. Now we can use the other By-algebra
structure

j2: Bo = By®p, By, b—1®b,

to produce the derivation we are looking for. Let us define

. —1
T<n+1J2 <n+1
©d, : Bo ~ T<ny1Bo —— T<ns1(Bo ®p, Bo) — By @ I[n + 1]

11



and observe that this is indeed a map in Ho(A/sAlg,/B), so it does correspond to a derived
derivation d,, : Bg — I[n+1] over A. Consider the corresponding infinitesimal extension defined
by the homotopy pushout

w/
BO @du I[TL] BO
d)du l l%
BO Pdu B() S I[TL + 1]

and observe that, since the diagram

Ji
Bl s BO+>-BO X By B()
J2

equalizes, the same is true for the diagram

J1
By —— By == By ®p, By — T<n(Bo ®p, Bo) ~ By & I[n + 1]

J2

and therefore, by definition of ¢¢ (induced by j1) and ¢g4, (induced by j2), the same is true for
the diagram

u @0
Bl—>B0¢:d>>Bo€BI[TL—|—1] .

So, we have an induced map
a: By — By @, I[n]

in Ho(A/sAlg,/By) (where By g4, I[n] is considered as an algebra over By via the map g, ).
We are left to prove that « is an isomorphism. In order to do this, we will show that, in the
following commutative diagram whose lines are fiber sequences, the map 3 is a weak equivalence:

u

hofib(u) By By
Yy
hofib(tq, ) — Bo ©a, 1[n] By

A

hofib(ipg) —— By By & I[n+1]

Proposition [A5] implies that the morphism
hofib(v4, ) — hofib(yg)
is a weak equivalence. Using the 2-out-of-3 property, it is sufficient to check that the composition

hofib(u) — hofib(¢4,) — hofib(po)

is a weak equivalence. The definition of « implies ¢’ o & = u; moreover hofib(u) and hofib(gg)
are (separately) isomorphic to I[n]. As consequence, it is sufficient to show that the left square

in the following diagram
u

I[’I’L] Bl BO

|k,

In] == By 2> By & In + 1]

12



commutes in the homotopy category, where «v and ¢ denote the canonical morphisms
v: I[n] ~ hofib(u) — By, d: I[n] ~ hofib(ypo) — By

Recall from Proposition that the morphism ¢ is obtained from the diagram

0

|

By®In+ 1] ——=1In+1]

so that @god ~ 0 ~ pgouo~y. Since gy is a section of the canonical projection Bo@® I[n+1] — By,
it is in particular a split mono; as consequence, its image in the homotopy category is a (split)
mono as well. We therefore get § ~ 0 ~ u o 7, completing the proof. U

4 Application to Postnikov towers

Proposition 4.1. Let n > 1, and C' € sAlg;.. Then the n-th stage p, : C<, — C<p—1 of the
Postnikov tower is a A = k-square-zero extension by m,(C)[n].

Proof. Let us check that the conditions of Definition 2.1lare met for n > 1 and I = 7,C = m,C<y,.
1. Obviously C<,, and C<,,—1 are n-truncated;
2. By definition of Postnikov tower, p,, is an (n — 1)-equivalence of simplicial k-algebras;

3. Using Remark 2211 we are reduced to show that for any m-truncated k-algebra E the
following diagram is homotopy cartesian:

Map(pn,E)

NIapsAlg,c (Cﬁn—lv E) MapsAlgk (OSTH E)

l |

0 Homk—Mod(ﬂ-nCa WnE)

The idea is to kill 7, in C<,, in order to obtain a better description of C<,,_;. In order to
do so, consider the following homotopy pushout in sAlgy:

Symy (ma(C)[n]) —— C<n

d l

k D

where a is induced by the identity map 7,C — m,C and b is induced by the zero map
m,C — k via the canonical identifications

Homgalg, (Symy (7, (C)[n]), £) = Hompnod (mn(C) @1 k[S"], E)

= Homy,-Mod (7, (C), Map(k[S"], E)
(mn (C)
(mn (C)

C), moMap(k[S"], E)) (use Lemma [B.1])
’EHomk_Mod Tn C , T ( ))

= Homy-Mod (Tn

13



Assume for the moment that 7<,D ~ C<,_; in Ho(C<,/sAlg,); in this case, for any
n-truncated object E in sAlg;, we get

MapsAlgk (CSTL—h E) ~ NIapsAlg,c (TSTLDv E) ~ N[apsAlg,c (D, E)
h
= MapsAlgk(CSnv E) X Mapgaig, (Symy, (mn(C)[n]), B) Mapgaig, (k, E)

but
MapsAlgk (ky E) =

and

MapsAlgk (Symk(ﬂ-n(c)[n])v E) = Ma‘pk—Mod(ﬂ-n(C)[n]v E) = Mapk—Mod(WTLC? ﬂ-nE)

Since m,(C) and 7, (F) are discrete, it follows that Map, peq(mnC, T E) is discrete as
well, so that there is a weak equivalence:

Mapj. Mod (TnC, T E) ~ moMapy, nvod (mn Cs T E) = Homy nvod (7, Cy T E)
completing the proof of this step.
4. The canonical map 7,(C<y)/I =0 — m,(C<p—1) = 0 is obviously an isomorphism.

Thus, we are left to show that there is a weak equivalence 7<, D ~ C<,_1 in C<,/sAlg,,. To

prove this, we will be using the spectral sequence of [Q Theorem I1.6.b|. To begin with, set

R, := 1. (Symy,(m,(C)[n]))

so that the spectral sequence reads

E;%,q = Tor;f* (m:(C<p), me(k))g = Tptq(D)

Choose a flat resolution Cex — m(C<y,) as R.-module so that

Tor) (7 (C<n) T (K))g = HP((Cox @p, m2k)q)

Introduce the ideal

I::@Rn

Since

n>1
k ifg=0
R;,=<0 ifo0<g<n
m™(C) ifg=n

it follows that

ok >~k ~ R,/I

and therefore

Co* ®R* k ~ Co*/ICo*

In particular, being I a graded ideal, we get

(C.* ®R* k)q ~ C.q/J
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where

J = EB I;C,;

it+j=q
As consequence we see that
Ce if ¢ <
Cog @p, k=1 ™ Lo
Coq/ﬂ-n(c) ifg=n

Finally, this enables us to compute the second layer of the spectral sequence:

Hp(C.q) = pO’ﬂ'qCSn if 0 <g<n

orf (1, (C<, Rlg = i
T P ( (C_ ) k) {Hp(Con/Trn(C<n)C'0) lfq:n

In order to compute H(Cs;, /7,(C<n)Cen), We observe that by construction of C., the sequence
of R.-modules
Cl* — Co* — W*(an) —0

is exact. Now, the functor — ®p, R./I is right exact and the operation of taking the degree n
of an R,-modules defines obviously an exact functor

R.-Mod — Ryp-Mod
Applying these two functors to the previous exact sequence yields the new sequence
Cin/mn(C<n)C1,0 = Con/mn(C<pn)Coo — mn(C<p)/mn(C) — 0
which is still exact; in this way we obtain:
HO(Cun /7 Ccn)Cap) = 7a(Cicn) f1n(C) = 0
We finally get

ro(D) = {ﬂ'q(CSn) ifg<n

0 ifg=n
Moreover, the map C<,, — D induces on the level of 7, the map

H®(Cag — Coq ©r. k)

which is the identity if ¢ < n. This shows that C<,, — D is an (n — 1)-equivalence.
At this point, consider the diagram

Symy, (m, (C)[n]) —— C<n

15



In order to prove the existence of the dotted map, we have to show that p, o a = ¢ o b; by the
universal property of the symmetric algebra, this is equivalent to show that the following square

commutes: .
7Tn(C) —4 Tn (Cén)

| |

(k) — 7Tn(CSn—l)

and since n > 1 m, (k) = m,(C<p—1) = 0, so that the last statement is trivially true.
The two-out-of-three property now shows that D — C<,,_; is an (n — 1)-equivalence; since
applying 7, we get m,(D) = 1,(C<p—1) = 0, it follows that the induced map

T SnD — an—l
is an n-equivalence, hence an equivalence in C<,,/sAlg, by the local Whitehead theorem. O
At this point we easily recover the important [HAG-II, Lemma 2.2.1.1]:

Corollary 4.2. Let A € sAlg,, be a simplicial algebra. For every n > 1 there ezists a unique
(derived) derivation

d, € 7T01V[3tpsA1gk/Asn,1 (A<n—1, A<p1 @ mp(A)[n + 1)
such that the associated infinitesimal extension
Acp_1 @, ™(A)[n] = A<pn—r
is isomorphic in Ho(sAlg;,/An—1) to
A<y = A

Proof. Proposition 1] implies that A<,, — A<;,_; is a square-zero extension, so that the result
follows at once from Theorem [3.11 O

Remark 4.3. In other words, Corollary says that for every simplicial algebra A, the n-th
stage A<, of its Postnikov decomposition is completely controlled by the (n—1)-th stage A<j,_1,
the homotopy group 7, (A) and an element of k,, € [La_, _,, 7, (A)[n+1]] via the condition that
the following is a homotopy pullback diagram: -

Pn

A<y Acpa

pnl k lo

A1 —= A<y ®mp(A)n + 1]

Such derived derivation k,, is called the n-th Postnikov invariant of A.
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5 Connectivity estimates

Definition 5.1. Let n € N. A simplicial module M is said to be n-connective if m;M = 0 for
every 0 < i < n. A map of simplicial modules f: M — N is said to be n-connected if hofib(f)
is m-connective.

Proposition 5.2. Let A be a simplicial k-algebra and let M a m-connective A-module.
1. if N is a n-connective A-module, then M ® 4 N is (m + n)-connective;

2. if f: A — B is a morphism of simplicial k-algebras such that mo(f) is an isomorphism,
then the map ¢: M — M ® 4 B is a m-equivalence of simplicial A-modules.

Proof. We use the spectral sequence of [Q} II §6, Thm 6.b|. Write
R, :=m.(A)
so that the spectral sequence reads off as

Tor [ (m M, m.N)q = Tprq(M @4 N)

We begin with the first statement. Choose a flat resolution Ceyx — 7, M and observe that we can
in fact choose C; j = 0 for j < m (just use the free resolutions given by the shifts of R,). Then

Torl (moM, 7. N)q = H?((Coy @p, mN)q)

and
(Cox @R, 7T*N)q = EB Cei @R, i N
i+j=q

Now, if ¢ < m + n — 1 we have that necessarily ¢ < m or j < n, so that
(Cox @R, mN)qg =0
so that the spectral sequence degenerates yielding
(M ®4 N) =0

ifp<m+n-—1

We now turn to the second statement. Taking N = B and n = 0 we see that M ®4 B is
m-~connected, so that the map ¢: M — M ®4 B is forcily an (m — 1)-equivalence. We are left
to compute 7,,(p). However, the same computations as above show that Eg’m = E§° ; since

0,m>
mo(A) ~ mo(B) it follows
(Co* QR 7"'*B)m = Uem ®7r0(A) moB ~ Co,m

which implies

Tm(M @4 B) =~ H%(C4 1, @g, moB) =~ H*(C4 ) = 1M

Finally, we recall that the map 7, (¢): mnM — 7, (M ®4 B) can be computed as the 0-th
homology of the canonical map
Co,m — Co,m R, moB

completing the proof. O
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Corollary 5.3. Assume that k is of characteristic 0. Let A € sAlg;, and M € A-Mod. If M
is n-connective (n > 0), then Sym? (M) is (pn)-connective.

Proof. We may suppose that M is cofibrant, so that the derived tensor product and derived
symmetric powers are the usual underived ones. Since k is of characteristic 0, the canonical map
r: M®4P — Sym?’) (M) has a right inverse (the antisymmetrization map) ¢: Sym® (M) — M©4P
(i.e. roi is the identity of Sym/, (M)).

Now since M is n-connective, it follows from Prop. [£.2, that M®4P is pn-connective. But
the composite

mi(Sym?y (M)~ g (Mr2apy UL Sy, (M)

is the identity, and therefore m;(Sym’) (M)) = 0 whenever m;(M®4P) = 0. Hence Sym’) (M) has
the same connectivity as M®AP, O

The proof of the following theorem is precisely the translation of the one given in [HA|
Theorem 8.4.3.12]. However, the exposition given there is crystal-clear and we could not to
improve it; as a consequence, we limit ourselves to sketch the outline of the proof.

Theorem 5.4. Let f: A — B be a morphism in sAlg, and C; := hocofib(f) € A-Mod its
homotopy cofiber. Then there exists a canonical map o : Cy ®4 B — Ly in Ho(B — Mod), and
we have that o is (2n + 2)-connected if f is n-connected (n € N).

Proof. Let L(f): L4 — Lp be the canonical map induced by f, so that
L ~ hocofib(IL(f))

We have a canonical map
n: L B — L f

corresponding to a derived derivation
dy: B— B®Ly

Observe that n o L(f) is nullhomotopic; denote by cpf)“ the derivation associated to the null
morphism L4 — Ly; the equivalence of simplicial sets

Map g.voa(lias L) = Mapgayg, a(A, A @ Ly)

implies that the associated derivations, di(y)., and 4,064 lie in the same path component, i.e. they
are homotopic. Using the notations of Remark [B.11] and Lemma [B.13] we obtain

S(f7ide)odT]O]L(f) :dnof7 QOOBof:S(f7ide)oQ0(I)4
where o8 denotes the derivation associated to the null map Lp — L ¢ It follows now
dn o f - S(f? ide) © dT]O]L(f) = S(f7 id]Lf) o (JOOA = (10(? o f

Let at this point v, : B" — B be the induced infinitesimal extension, defined by the homotopy
pullback
wl

B B
wnl l@g
B —d:B @Lf
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Since A is cofibrant over k, Corollary [A.4] can be used to deduce the existence of a map f': A —
B" such that

flodjn:f

We obtain in this way a canonical map of A-modules
hocofib(f) — hocofib(z)
which corresponds, under adjunction, to a canonical map
ay: hocofib(f) ®4 B — hocofib(v,,) ~ hofib(¢,,)[1] ~ Ly

where the last isomorphism is due to Proposition We are therefore left to show that oy is
(2n 4 2)-connected )

The proof proceeds now in several steps. The strategy is to describe the map f as a finite
composition

f=fns100ny10...0¢1

in such a way that oy, ,, and ag, are (2n+ 2)-connected for every ¢ (plus some other conditions),
and then deduce the property from stability properties of the connectivity of construction asso-
ciating oy to f. Having outlined the strategy, we prefer to begin with these stability properties:

1. assume that h = gf; if both f and g are (n — 1)-connected and moreover both oy and ay
are (2n + 2)-connected, then ay is (2n + 2)-connected. This is (almost) straightforward
after that one gives an appropriate estimate for the map M ® 4 N — M ®p N, which can
be found in [HAl Lemma 8.4.3.16], but which can also be obtained by the usual spectral
sequence of |Q}, IT §6, Thm 6.b] by carefully choosing flat resolutions;

2. assume that

A—1-pB

I

A/HB/

is a pushout square. If ay is (2n + 2)-connected then ay is (2n + 2)-connected. In fact,
the naturality of the construction of oy shows that we have a commutative diagram

hocofib(f) ®4 B i>]L,f

| |

hOCOﬁb(f,) ®A’ B/ —f/> ]Lf’
and now we have isomorphisms (cfr. [HAG-II, Proposition 1.2.1.6.(2)] for the first one):
Ly ~Lf®p B, hocofib(f) ®4 B ®p B’ =~ hocofib(f) @4 B’

Moreover, the dual of Proposition [A.5 implies hocofib(f) ~ hocofib(f’); under this isomor-
phism we obtain

hocofib(f) ®4 B’ =~ hocofib(f') @ a» B’

The map « ¢ can be constructed also using a small generalization of the beginning of the proof of Theorem
BIl We leave the details to the interested reader.
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Since the functor — ® 4 B’ preserves cofiber sequences, it preserves fiber sequences as well,
yielding

hofib(a ) ~ hofib(ary) ®p B’
It is sufficient to apply now Proposition E.21(1) to deduce that if hofib(ay) is (2n + 2)-
connected then the same holds true for hofib(a);

3. for every n-connected k-module M, the map f: Sym, (M) — k induced by the null map
M — k is (2n + 2)-connected. To prove this one first observe that there is a fiber sequence

M—=0— ]Lk/Symk(M)

(this is essentially the formal computation that can be found in [HAl Proposition 8.4.3.14]),
so that the codomain of oy is M[1]. Next, we observe that

hofib(f) ~ @ Sym‘ (M)

i>1

so that
hocofib(f) ~ hofib(f)[1] ~ €D Sym'(M[1])

i>1
Finally, one checks directly that the composition
M{[1] = Sym' (M[1])[~1] — €D Sym'(M[1])[-1] 5 M[1]

i>1

is homotopic to the identity. This implies that
hofib(af) ~ @Symi(M[l])

i>2

Since M[1] is (n + 1)-connected, the result follows now from Corollary 5.3}
4. if f is (2n + 2)-connected, then oy is (2n 4 2)-connected. Indeed, it is sufficient to observe

that both B ® 4 hocofib(f) and Ly are (2n + 2)-connective (the first thanks to Proposition

(21(1) and the second thanks to general properties of the cotangent complex - see for
example [HA| Lemma 8.4.3.17|).

As a second step, we will need to produce a suitable factorization of the morphism f: A — B.
Let M = hofib(f). Then we have a natural map Sym; (M) — A induced by the universal
property of the symmetric algebra, which enables us to form the homotopy pushout square

Symy, (M) & k

|,

A—2 4

where 1 is the map corresponding to the null morphism M — k. This induces a morphism
/' A" — B such that f; o ¢1 =~ f; the 2-out-of-3 property of (local) weak equivalences readily
implies that ¢; is an (n — 1)-equivalence. Then we claim that f; is (n + 1)-connected. In fact, if

I:= @Symi(M)

i>1

20



denotes the homotopy fiber of 1, we obtain (using the fact that A ®gyy,, (ar) — preserves cofiber
sequences and hence fiber sequences) the following morphism of fiber sequences:

A ®Symk(M) [—A—— A/

; p

M A B

which implies hocofib(f1) =~ hocofib(g)[1]. Observe now that the composition
M ~ Symy (M) = I — A®gym, (ar) [

is a section of g. It follows therefore that hofib(g) ~ hocofib(g)[—1] is a direct summand of
A Qgym, () I. We therefore see that it is sufficient to show that this tensor product is n-
connected. However, this follows at once from Proposition 5.2/ (1) and Corollary 5.3

We are finally ready to prove that oy is always (2n + 2)-connected. Using the second step we
can write f as a composition

f:fn+1o¢n+1o"'o¢l

where fy,+1 is (2n + 2)-connected. Using 4. and recalling that each of the maps ¢; is (n — 1)-
connected, we can use 1. to reduce ourselves to prove that oy, is (2n 4 2)-connected for every i.
However, this follows from 2. and 3. O

Corollary 5.5. Let f: A — B be a map in sAlg,,, and n € N.

1. If f is n-connected, then Ly is (n + 1)-connective.

2. If Ly is (n + 1)-connective and mo(f) is an isomorphism, then f is n-connected.

Proof. The first part is an immediate consequence of Theorem 5.4l In fact, using the notations of
that theorem, if f is n-connected, then Cy = hofib(f)[1] is (n+1)-connective and o : Cy @4 B —
L is (2n 4 2)-connected; moreover, Proposition [5.21(1) implies that C'y ® 4 B is at least (n+1)-
connective; the long exact sequence associated to a cofiber sequence implies then that L; is
n-connective.

Conversely, assume that mo(f) is an isomorphism. We will show that if f is not n-connected,
then L is not (n+1)-connective. We can assume that n is minimal with respect to this property,
so that f is (n — 1)-connected and m,Cf # 0. Observe that A — B — C} is a fiber - cofiber
sequence, and therefore mo(B) — mo(Cy) is surjective. If mo(f) is an isomorphism, we obtain
7o(Cr) = 0, so that n > 1.

Since Cf is n-connected, the map

o Cf QX4 B — ]Lf
is (2n)-connected. Since 2n > n, it follows that
T (Cr ®a B) = mLy

is an isomorphism. Moreover, since 7y(A) ~ m(B) we can apply Proposition [5.21(2) to conclude
that the map
mCp —= mp(Cr @4 B)

is an isomorphism as well. It follows that
T, n]L fFEm nC f 75 0

completing the proof. O
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Remark 5.6. 1. Note that the proof of Corollary (1), shows a bit more than what is in
the statement. In the fiber sequence

Cf ®4 B —"1L; — hocofib(a),

we know that hocofib(c) is (2n + 3)-connective and that C'y ®4 B is (n + 1)-connective.
Therefore we may also identify the first a priori non-zero homotopy group of Ly:

Tu1(Cr ®a B) = My (Ly)

(since 2n 4+ 3 > n + 2 for n > 0). More generally, we have that the i-th homotopy groups
of Cy ®4 B and Ly are isomorphic for any i < 2n + 2 (the interest of this remark grows
linearly with n).

2. It follows from the previous corollary that the relative cotangent complex L (4y/4 is 1-
connective (i.e. iy 4)/4 =0 for i = 0,1). So the same is true for Ly x),x where X is a
Deligne-Mumford derived stack and t(X) its truncation.

Corollary 5.7. For a morphism f: A — B in sAlg, the following properties are equivalent
1. f is a weak equivalence
2. mo(f) : mo(A) — mo(B) is an isomorphism, and Ly ~ 0.

Proof. (1) = (2) is obvious. From Corollary [5.5] we get that f is n-connected for any n > 0, i.e.
it is a weak equivalence. So (2) = (1). O

6 An exercise in derived deformation theory

We want to explain how derived deformation theory fills the gaps in classical deformation theory,
by working out an explicit example of a very ‘classical’ deformation problem: the infinitesimal
deformations of a proper smooth scheme over k = C.

Since we work in characteristic zero, the reader might, in this §, switch from sAlg, to cdgaéo,
if he wishes to.

Let us recall that the object of study of classical (formal) deformation theory are reduced
functors
F: Artc — Grpd — sSet

(i.e. F(C) is weakly contractible). Here, Artc denote the category of artinian C-algebras with
residue field isomorphic to C. For example, if F': Alge: — Grpd is a classical moduli problem
and ¢ € F(C) is a point, we can obtain a formal reduced functor by forming the homotopy

pullback )
F§ =F XF((C) 5

and then restricting it to Artc; this is called the formal completion of F' at &.
A classically well known moduli functor is given by

F: Alge: — Grpd
sending a C-algebra R into the groupoid of proper smooth morphisms

Y — Spec(R)
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and isomorphisms between them. In this case, if we fix a proper smooth scheme
¢: Xo — Spec(C)

the corresponding homotopy base change Fg is exactly the usual functor Defx,. The following
properties are well known:

1. F¢(C[t]/t"*') is the groupoid of n-th order infinitesimal deformations of ;

2. if ¢ € Ff((C[z—:]) is a first order deformation of £, then Autpg((c[a])(gl) ~ H%(Xo,Tx,);

3. wo(Fe(Cle])) =~ H (X0, Tx,);

4. if & is a first order deformation there exists an obstruction obs(¢1) € H?(Xo,Tx,) such
that obs(&1) = 0 if and only if & extends to a second order deformation.

The first three properties are really satisfactory, but not the fourth one. It raises two questions

1. how to interpret geometrically the entire H*(Xo, Tx,) ?
2. how to identify intrinsically the space of all obstructionﬂ inside H*(Xo, Tx,) ?

Derived deformation theory gives a more general perspective on the subject, and answers both
questions. It allows a natural interpretation of H?(Xp, T,) as the group of derived deformations
i.e. (isomorphism classes of) deformations over a specific non-classical ring, and it identifies,
consequently, the obstructions space in a very natural way. Let’s work these answers out.

Define

F: sAlge — sSet

sending a simplicial algebra A to the nerve of the category of proper smooth maps of derived
schemes
Y — RSpec(A4)

and equivalences between them. It is clear that £ is a derived enhancement of F', and it can be
shown that it preserves homotopy pullbacks. Introduce the full subcategory sArtc of sAlge of
simplicial C-algebras A such that 7mo(A) € Artc; if we fix

£ e E(C) =F(C)
then we can, as above, form the derived completion of £ at £ by taking the homotopy pullback:
7 h
Fe = Fxpe) ¢

The following proposition answers to Question 1 above, by saying that the entire H?(Xo, Tx,)
can be interpreted as a space of derived deformations.

Proposition 6.1. FQ(&(C @ C[1])) ~ H?(Xo, Tx,)-

2Tt can happen that every obstruction is trivial and HQ(X(LTXO) # 0. An example is given by a smooth
projective surface Xo C P2 of degree > 6.
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Proof. First of all, F has a cotangent complex at £ in the sense of [HAG-II, Definition 1.4.1.5]|
and it can be shown that

Tpe ~RE(Tx,[1])
Using [HAG-II, Proposition 1.4.1.6] we obtain
Lpe~Tge ~ RI(Xo, Lix,[—1])
Therefore
mo(Der(&; C[1])) ~ mo(RHome (L ¢, C[1]))
~ EX‘CO(LE@, (C[l])
= Eth(LE@, (C)

= Ext’(Lg¢[-1],C)
= Tre[l] ~ RI'(Xo, Tx,[2])

since X is smooth, we obtain Tx, ~ T,, so that
R (Xo, Tx, [2]) ~ H*(Xo, Tx,)
In conclusion
mo(E¢(C @ C[1])) = mo(hofib(£(C & C[1]) — £(C), £))
~ mo(Derp(&; C[1])) =~ H*(Xo, Tx,)
O

Now that we have a derived deformation interpretation of H 2(XO,TXO) at hand, we can
proceed by answering Question 2 above. We begin by the following

Lemma 6.2. Let

I—A ——A

be a square zero extension of (augmented) artinian C-algebras (i.e. I> = 0). Then there exist a
derivation d: A — A @ I[1] and a homotopy cartesian diagram

A A
l/ lwod
C——=CaI[l]

where m: A @ I[1] — C @ I[1] is the natural map induced by the augmentation A — C.

Proof. Use Theorem B.] to deduce the existence of a derivation d: A — A @ I[1] such that

Al A

i l@o
d

A— Aa1)
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is a homotopy pullback. We are left to show that

A C

o]

A®I[l]—=Ca I1]

is a homotopy pullback. However, the map A® I[1] — C @ I[1] is a fibration, hence it is sufficient
to show that it is a pullback, and this is straightforward verification. O

If in particular we take the square-zero extension A’ = C[s]/(s3) — A = C[s]/(s?), we obtain
a homotopy pullback

C[s]/(s®) —Cls]/(s*)

| |

C—>CaC[]

Using the fact that E§ is reduced and preserves pullbacks, we obtain a fiber sequence of pointed
simplicial sets

Fe(Cls]/(5%) = E¢(C[s]/(s*)) = Fe(C o C1])
Then, Proposition allows then to write the long exact sequence:

A

mo(E¢(Cls]/(s%))) = mo(Fe(Cls]/(5%))) — mo(Ee(C & C1])) = H?(Xo, Tx,)

of pointed sets (note that the middle and the rightmost ones are vector spaces). As a consequence,
we see that a first order deformation extends to a second order deformation if and only if its
image in H2(Xy, T,) vanishes. In other words, the space Obs of all obstructions is given by the
image of the obstruction map

obs : mo(Fg(C[s]/(s%))) = mo(Fe(C & C[1))) = H (X0, T, ).

We have therefore answered Question 2, too.

Exercise. Extend the previous arguments to higher order infinitesimal deformations and ob-
structions.

A Homotopical nonsense

A.1 Homotopy pullbacks

The first technique we want to recall is how to compute homotopy pullbacks in a general model
category. Recall first of all the following result:

Proposition A.1. Let M be a right proper model category. If we have a diagram

g

x- 2ozt

Z<—Y

where at least one of g and h is a fibration, then the pullback X X zY is naturally weakly equivalent
to the homotopy pullback.

Proof. See [Hi, Corollary 13.3.8]. O
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We can obtain a similar result for general model categories adding the hypothesis that every
object X, Y and Z is fibrant. To see this, recall first of all the following proposition:

Proposition A.2. Let M be a model category and let

A—>X
| b
B—=Y

be a pullback. If p is a fibration and w is a weak equivalence between fibrant objects, then u is a
weak equivalence.

Proof. There is a simple argument due to Reedy (cfr. [Hi, Proposition 13.1.2]), but there is also
a more elaborate proof that avoid any lifting argument and therefore can be carried out in the
more general context of categories of fibrant objects (see |[GJ, Proposition I11.8.5]). O

Corollary A.3. Let M be a model category. Suppose given a pullback diagram

A——B

L)

C——D

where B, C' and D are fibrant objects and p is a fibration. Then the square is a homotopy
pullback.

Proof. The same proof of Proposition [A.I]applies, because the only needed fact is the stability of
weak equivalences under pullback by fibrations, and this is guaranteed by Proposition [A2l [

We conclude describing the “universal homotopy mapping property” of the pullback that
everyone could imagine (but for which we don’t have any written reference):

Corollary A.4. Let M be a model category and let

g/
—>.B

A
f’l f
C

—D

g

be a homotopy pullback in M. If X is a cofibrant object and a: X — B, 5: X — C are morphisms
such that f oa >~ go 8, then there is a map v: X — A in the homotopy category of M such that

g oy=aand f oy~p.

Proof. We can assume B,C and D to be fibrant and the maps f and g to be fibrations. In this
case, use the cofibrancy of X to choose a cylinder object

(iovil) w

XUX 25 0l(X) 2—X
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for X and a homotopy H: Cyl(X) — D such that

X
foa
oyl(X) -2~ D
i1T /
gop
X
commutes. The liftings in the diagrams
X c, X B
P4 Ky 7
Cyl(X) —D Cyl(X) —D

exist because ig and i; are trivial cofibrations, while f and ¢ are fibrations by assumption. In
particular we get

foKy=H=goK;
which produces a unique map 6: X x I — A. Set
v i= do i()

We therefore have
goy=g odoiy=Kyoiy=a

and
f’o/yzf,o5oi0:K10i0’lKloi1:B

The uniqueness up to homotopy of v is easily seen with a similar construction. O

A.2 Homotopy fibres
Proposition A.5. Let M be a pointed model category and let

A—==B

| )

C——D
be a given homotopy pullback. Then hofib f ~ hofib g.

Proof. We can compute an explicit model for the homotopy pullback by replacing B, C' and D
by fibrant objects and the maps g and § by fibrations. This means that we can assume from the
beginning that g and 3 are fibrations between fibrant objects. Then f is a fibration as well and
hofib f is defined to be the homotopy pullback

hofib f — A
| )
* C
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Since C, x and A are fibrant and f is a fibration it follows from Corollary [A.3] that the (strict)
pullback of the maps x* — C' + A is an explicit model for the homotopy fiber. It follows that
the outer rectangle in

hofib f —= A——B
bk
* C D

is a pullback, hence (for the same reason as above) a homotopy pullback, showing that

hofib f ~ hofib g

B Homotopy of Simplicial rings

B.1 Simplicial algebras

Throughout this section we will denote by k£ a fixed field and we will denote by sAlg; the
category of simplicial objects in Alg;. The canonical adjunction

Symy,: sSet = sAlg,: U

where U is the obvious forgetful functor satisfies the hypothesis of the transfer principle, so that
we can endow sAlg;, with a model structure where

1. amap f: A — B is a weak equivalence or a fibration if and only if the map U(f) is so;

2. amap f: A — B is a cofibration if and only if it has the left lifting property with respect
to every trivial fibration.

We have a natural inclusion i: Alg;, — sAlg, which defines a reflective subcategory. In fact
one has the following:

Lemma B.1. The functor my: sAlg;, — Alg;. s left adjoint to the inclusion functor i.

Proof. Let A be any simplicial k-algebra and consider the k-algebra my(A). We clearly have a
morphism
na: A— m(A)

defined by sending an n-simplex a € A, into the path component of any of its vertices. The
compatibility with the sum and the product is a natural consequence of the fact that the face
maps of A are compatible with the algebra structure (i.e. d,: A, — A,_1 is a morphism of
k-algebras).
If B is any discrete k-algebra and ¢: A — B is any morphism we immediately obtain a
morphism of k-algebras
mo(p): mo(A) — mo(B) = B

which moreover satisfies my(¢) o 14 = ¢. The uniqueness of m(p) is clear, hence it follows
that w9 4 ¢ by the standard characterization of the adjuctions via the universal property of the
unit. U
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B.2 Modules over simplicial rings

Let A € sAlg, be a fixed simplicial k-algebra. The category of (simplicial) A-modules, denoted
A-Mod inherits a model structure from sAlg, using the classical result that can be found in
[SS|. This category is naturally endowed with a forgetful functor

A-Mod — sSet

which is right adjoint to
Al—]: sSet - A-Mod

Definition B.2. Let A be a simplicial k-algebra. For every A-module M and any positive
integer n > 0 set

Mn] == M ®4 A[S"]
where S™ is a simplicial model for the n-sphere.

If M is an A-module, we can define its homotopy groups simply using the forgetful functor
to sSet. With this definition one immediately obtains the following lemma:

Lemma B.3. For any A-module M it holds
Tn(N) 2 moMap 4 npoa (A[S™], N)

Proof. One has to observe that setting M ® K := M ®4 A[K] for any A-module M and any
simplicial set K define a tensor over sSet which is in fact part of a simplicial model structure
over A-Mod (see for example [Q), Chapter I1.4]). It follows that

MapA—Mod(A[Sn]a N) = MapsSet(Sna N)
and now the thesis follows by definition of m, (V). O

Since A-Mod is a pointed model category, it follows that we can define a suspension and a
loop functor. More precisely, we consider the following definition:

Definition B.4. Let M be an A-module. The suspension of M is defined to be the homotopy
pushout

M——-0

.

0——=X%(M)
We define the loop functor in a similar way:

Definition B.5. Let M be an A-module. The loop of M is defined to be the homotopy pullback

QM) —0
|
0 M

With these definitions, we can prove that A-Mod is “almost stable”, in the sense that Y is not
an equivalence, but QX (M) ~ M for any simplicial module M. The result is essentially due to
Quillen, see |[Q, Proposition 11.6.1]. We will need a preliminary result on the form of cofibrations

of A-Mod.



Definition B.6. A map f: M — N in A-Mod is said to be free if there are subsets C; C NN,
for each ¢ € N such that:

1. n*C, C C,; whenever 77: q — p is a surjective monotone map;

2. for every g € N the map (fq, gq): My ® A[Cy] — N, is an isomorphism, where g,: A[Cy] —
N, is the map induced by the inclusion C; C N,.

Remark B.7. A free morphism f: M — N in A-Mod is always degreewise injective. In fact,
M, — ®A[C,] is injective, so that f,: M, — N, is injective for each ¢ € N.

Proposition B.8. A morphism f: M — N in A-Mod is a cofibration if and only if it is a
retract of a free map. In particular, every cofibration in A-Mod is degrecwise injective.

Proof. See |Q, Remark 4, page 11.4.11] for a proof that every free map is a cofibration. The small
object argument can be used to show that every map f admits a factorization as f = pi, where
p is a trivial fibration and i is a free map. It follows that if f is a cofibration, then it is a retract
of a free map. The second statement follows at once, since the retract of an injective map is still
an injective map. ]

Corollary B.9. Let A be a simplicial k-algebra. Then for any A-module M there is a weak
equivalence QX (M) ~ M.

Proof. We have to show that if the square

M—0
0 N

is a homotopy pushout, then it is also a homotopy pullback. First of all, we can suppose without

loss of generality that M is a cofibrant object; next, we can replace the map M — 0 with a

cofibration j: M — D where D is weakly equivalent to 0. The dual of Corollary [A3] shows that
the pushout

- -

|»

0——N’

]\fL>D

is an explicit model for the suspension of M. In other words, we have
Y (M) ~ N’ := coker(j)

Now, N" and D are fibrant objects and p: D — N’ is a surjective map, hence it is a fibration. It
follows again from Corollary [A.3] that ker(p) is an explicit model for Q(N’). Since Proposition
[B.8 implies that j is injective, we see that

M ~ ker(j) ~ QX(M)

completing the proof. O
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B.3 Derived derivations and cotangent complex

Recall the following definition of derived derivation:

Definition B.10. Let A be a simplicial k-algebra and let B be an A-algebra. An A-derivation
of B with values in a B-module M is a section of B@® M — B, where B @ M is defined by
performing the classical square-zero extension degreewise.

Remark B.11. Fix two simplicial k-algebras A and C. The previous definition gives rise to a

bifunctor
s: A/sAlg, /B x B-Mod — A/sAlg, /B

defined by
s:(A-C—-BM)—»CoM

where M is thought as C-module by forgetting along the given map C' — B.
We have also another functor

m: A/sAlg; /B x B-Mod — A/sAlg,./B

defined simply by
mm(A-C—-BM)—A—-C—B

Finally, we have a natural transformation p: s — 7 which assigns to the pair (C, M) in A/sAlg,,/Bx

B-Mod the natural projection
CeoM—C

We will denote by abuse of notation this map pc (instead of pcas). These are easy checks left
to the reader.

The set of A-derivations of B into M is naturally endowed with a k-module structure, which
allows to define a functor
Dera(B,—): B-Mod — k-Mod

We can see this functor as the my of another, much more interesting functor
Dera(B,—): B-Mod — A-Mod

defined by
Dera(B, M) := Map 4/sa1g, /8(B, B ® M)

Lemma B.12. The functor Der4(B,—) is representable by a simplicial B-module Lgja. In
particular, it is a left Quillen functor.

Proof. Let Q(B) be a cofibrant replacement for B in the model category A/sAlg,. Define
— Ol
]L‘B/A = QQ(B)/A ®Q(B) B

where the construction of Qé?( B)/A is meant to be performed degreewise. It can be checked that
Lp/4 is the desired representative (see for example [HAG-II, Chapter L.1]).

The second part of the statement follows from the fact that Mapg(ILg 4, —) is right adjoint
to — ®p Lp/s and the fact that Map(Lpg/4, —) respects fibrations and trivial fibrations (since
it is defined as the internal hom of sSet). O
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Lemma B.13. Let f: A — B be a morphism of C-algebras and let g: M — N be a morphism
of B-module. Any commutative triangle of A-modules

]LA/C u—>M
w)l o

I[JB/C' v N
gives rise to a commutative diagram of C-algebras as follows:

A" Ae M

fl lS(ﬁg)

B-".BaN

where s(f,g) denotes the bifunctor of Remark[BI1l and d,, d, are the C-derivation induced by
the universal property of the cotangent complezes L y/c and Lpc.

Proof. Using the notations of Remark [B.11, we see that d, is a section of p4, and moreover
naturality yields

fopa=ppos(f,g)
Since p4 is an epimorphism, we conclude that the equality
S(fag)odu:dvof

holds if and only if
s(fyg)odyuopa=dyo fopa

and now this follows from the already stated properties. O
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