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Introduction

I will use these notes to add some support material for topics that are not
covered in the textbook. This is a first version that will certainly contain mista-
kes....
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Chapter 1

Curves

Isometries of the Euclidean space

We will mostly work in R3, but some of the definitions make sense in higher
dimensions as well. Let

R™ = {(x1,...,Xn),Xi €ER,i=1,...,n}

a point in R" is just an ordered collection of real numbers. We know that, for
n = 3, we can choose a coordinate system in the Euclidean space (i.e. an origin
O, three axes and a unit to measure the distance) and a point in x € R3 can
be identified with a point P in the Euclidean space, or with a vector (O,P). In
analogy with the tree dimensional case we will use the vector notation for points
in R™. Moreover we can identify a point in R” with a matrix:

X1
(X1,..,xp) €ER" = | | | eM(nx1,R)

Xn

where M(m x n,R) is the set of matrices with m rows, n columns and real
entries. Hence we have three different ways of looking at an element x € R™.
In R"™ we have a standard scalar (dot) product : for x = (x1,...Xp),yY =

>V1,.-,n) ER™

n
X Y =XVt XnVn = D XiVi.
i=1

The scalar product in R™ is a positive definite symmetric bilinear form i.e.

D) (x1+x2)-y=x1-y+x2-¥», Vxi,x2,¥ €R"
(i) (Ax) -y =Alx-y), Vx,y €eR" AR

(iii) x - (V1 +y2) =x-y1+Xx -2, Vx,y1,y2 € R"
(iv) x - (Ay) = A(x - y), Vx,y €eR", AR

V) x-y=y-x, Vx,y € R"

(vi) x -x =0, Vx € R",

i) x - x=0 < x=0
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Denote by d(x,y) the Euclidean distance of x from y. For n = 2, x - x

can be interpreted as the squared distan-
ce d(x,0)? of x from the origin. In analo- Y
gy with this case we define the Euclidean /\\
norm of x as

/\ X

_ : -y
x| = vVx - x. x—y
and ||x|| = d(x,0) for every x € R™. Mo- P
g. 1.

reover (see fig. 1.2) it is clear that
llx -yl =d(x,y). (1.1)

And we can use the scalar product to recover informations about the distan-
ce of two points. But the scalar product
gives also informations about the angles
between vectors. For two nonzero vectors
x and y we have

v X +Yy

(x!l + [y |] cos(xy))? +
+  (Ilyllsin(xy))? =
= lxI? +1IxII* +

lx + II?

+ 2lIxIl 1yl cos(xy).
But, from the bilinearity of the scalar product we also have
lx + 117 = (x+y) - (x+y) = lIxI®>+ I¥II* +2x - ¥
comparing the two expressions we find
x -y = lIxIl Iyl cos(xy).

In particular the two vectors x and 7y are orthogonal if and only if x - y = 0. If
we replace y by —y, we have

dx,¥)* = lIx = y1I* = [Ix|® + |[¥II* - 2x - y.
If we identify x, y with n X 1 matrices we also have
x-y=xt-y

where xt denotes the transpose of x and, on the right hand side - is the usual
matrix product.
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Corollary 1.1 [Schwarz’s inequality] For x,y € R" we have

x -y < x|yl
and the equality holds if and only if x and 7y are parallel;

Definition 1.1 A map f : R" — R" is an isometry if
for every x,y € R™.

It follows that any triangle is mapped onto a congruent triangle, hence an isome-
try preserves the angles between vectors:

Lemma 1.1 Let f : R" — R" be an isometry. Then
fx)f(y) =xy

for every x,y € R",

Moreover, by choosing 6 = € in the definition of continuity:

| Lemma 1.2 Let f : R™ — R™ be an isometry. Then f is a continuous function.

A first class of isometries is given by the translations: for a fixed v € R", we
define a map T, : R™ — R"™ by

T,(x) =x+v.
Then
Ad(Ty(x), Ty(¥)) = ITy(x) =Ty VIl = [l[{(x+v)=(y+V)I| = [Ix =y = d(x,y)

hence T, is an isometry. It is clear that T;, has an inverse, given by T_,,.

Proof: For x,y € R™ we have

A((g o f)(x),(go H¥) =d@g(f(x)),g(f(¥)) =d(f(x),f(¥))=d(x,y).
O

Lemma 1.3 Let f,g : R"™ — R" be isometries. Then the composition g o f is
an isometry.
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Now let f : R — R"™ be an isometry and let v = f(0). Then f = T_, o f is an
isometry and

FO0) =(T_y o £)(0) =T, (f(0) =T, (v) =v —v = 0.
Hence f fixes the origin and
Tyof=Tyo(Tyof)=(TyoTy)of=f

and every isometry f is the composition of a translation and an isometry f that
fixes the origin. To understand the structure of the isometries of R" we only
have to study isometries that fix the origin.

Proof: Let f be an isometry such that f(0) = 0. Then, for x € R":
lx]l = d(x,0) =d(f(x), f(0)) =d(f(x),0) =[lf(x)Il.
Using the fact that the angles are preserved by f we have, for x,y € R"

FOO - ) = [1FCONIL O eos (F ) F () = x| |17]] cos(F3) = x - y.

hence f preserves the scalar product. Conversely, assuming that f preserves the
scalar product

Proposition 1.1 A map f : R"™ — R" is an isometry that fixes the origin if and
only if f preserves the scalar product.

lx[1? = x-x = f(x)- f(x)=1f0)?

and f preserves the norm of any vector x € R™. In particular || f(0)|| = ||0]| =0
hence f(0) = 0. Finally
A(fx), fN? = IIf(x)=fO)II?=

HEGOIZ + IFON? = 2f(x) - f(y) =
Hx|1Z+ 1yl =2x -y = lIx —y|[* =d(x,¥)?

and f is an isometry. O
If A€ M(nxmn,R) we can define a linear map f4 : R" — R™ by
falx)=A-x
and we consider a special class of maps, defined by orthogonal matrices
AeOmn)={AeMmnxn,R): A - A =1}
We have
Jal) - fa) =(A- 0" (A y)=xt AL Ay =x -y
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hence, when A € O(n), the map f4 preserves the scalar product. Since f4(0) =
0 because f4 is linear, we have, form the previous Proposition, that f4 is an
isometry.

Proof: We first prove that f is linear. Let x,y € R"™. As we observed before, the
image of a triangle with vertices 0, x, x + 7y is a triangle congruent to the original
one. The same is true for the triangle with vertices 0, y,x + . It follows easily
that the parallelogram with vertices 0, x,x + Y,y is mapped onto a congruent
parallelogram with vertices 0, f(x), f(x + ), f(»). In particular f (x + ) is the
vector sum of f(x) and f(y), i.e.

fx+y)=fx)+ f(y) (1.2)

for every x,y € R". Thus we proved that f satisfies the first part of the
definition of a linear map. Now we want to prove that

fAx) = Af(x) (1.3)
for every A € R and x € R™. From (1.2) we get
f(2x) = f(x +x) = f(x)+ f(x) =2f(x).
By induction on 7 it follows that
f(nx) =nf(x)

for every n € N. From (1.2) and the fact that f(0) = 0 it follows that f(—x) =
—f(x). For n € N we have then

f(=n)x) = f(n(-x)) =nf(-x) = -nf(x).
hence (1.3) is satisfied for A € Z. Let p,q € Z with q # 0. Then

PP ra®y -y - f(P
Creo = Lral) = pr) =

Proposition 1.2 Let f : R™ — R™ be an isometry such that f(0) = O then f is
a linear map and f = fa for some orthogonal matrix A € O (n).

and (1.3) holds for A € Q. If A € R we choose a sequence A, € Q that converges
to A . Then, using the continuity of f

Af(x) = lim Ay f(x) = lim f(Anx) = f(lim A x) = f(Ax)

and f is a linear map, we can write f = f, for some matrix A € M(n x n,R).
Since f is an isometry such that f£(0) = 0 we have

X -y=fax) - fa)=A-x)"-(A-y)=x'-A"-A-y
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for every x,y € R". Denote by e; the standard basis of R"™ and by §;; the
Kronecker symbol. Then e; - ¢; = §;j. Let B = At . A then it is easy to show that
el -B-ej=b;;. Hence A - A=B=Tand A € O(n). O

Let A € O(n). Then we have
1 = det(I) = det(A! - A) = det(A?) det(A) = det(A)?

hence det(A) = +1. If det(A) = 1 we say that the isometry f4 is orientation
preserving , otherwise f4 is orientation reversing.

Let x(t) = (x1(t),...,xn(t)), ¥(t) = (y1(t),...,yn(t)) € R™ be two families
of vectors depending on a real parameter t. Assume that the vectors are of class
C! i.e. the functions x;(t), y;(t) are differentiable for i = 1,...,n. Then the
scalar product x(t) - v (t) is a real valued function and we may differentiate it:

(Z xi<t)yi<t)> = > xi () yi(t) + > xi () yi(t) =
i=1 i=1 i=1
x(t) - y(@) +x(t) - y(t) (1.4)

(x(t) - y(t))

Remark 1.1 As an immediate consequence we have:

(i) If l1x(t)]| is constant then x(t) - x'(t) = 0.
(ii) If x(t) and v (t) are orthogonal for all t then x'(t) - y(t) = —x(t) - y'(t).

Curves

We have two different points of view for curves: the first one is more ’geome-
tric’, we are interested in a geometric locus given by is a one dimensional subset
of R". The second one is more related to physics: a curve is the trajectory of a
moving point particle, meaning that we keep track of the way the particle moves
(for instance the speed).

Example 1.1 A definition of the unit circle in R? that fits into the first scheme is
St={(x,y) eR?:x*> + y> =1}
while
1 (t) = (cos(t),sin(t)), t €[0,2m]
o2 (t) = (cos(2t), sin(2t)), t €[0,T] (1.5)
define the same trajectory but the speed of the particle is higher in &, than in «.

At the end we are interested in the ’shape’ of a curve but the second point of
view will give us more informations and tools useful to study it.
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Definition 1.2 A map f : R™ — R" is of class Ck if
f(xll"'lxm) = (f](xll'"1xm)1"'1f1’l(x11"'1xm))

and each of the first k derivatives of the functions f; : R"™ - R, i =1,...,n, is
continuous.

Definition 1.3 A curve of class CX in R" is a map « : I — R™ of class C¥ where
I C R is an interval (possibly unbounded). The trace of « is the image x(I) of the
interval I.

If there exists a plane m € R" such «x(I) C 1 then we will say that « is a pla-
ne curve. We can always move a plane by an isometry and assume that the
plane passes through the origin and rotate it so that it coincides with the set

{(x1,...,xn) € R": x3 =...,x, = 0}. In most cases we will identify this plane
with R2.
If ¢ is of class Ck then, for 1 < i < k, the i-th derivative of « is
@ = (P, ).
Note that
& (tg) = (&i(to),...,x,(to)) =
_ (hm a(t) —outy) () - an<to)> _
t—to t—1to t—to t—1to
_ lim (txl(t) - 0<1(t0),___, o (t) — (Xn(to)> _
t—tp t— t() t— t()
= lim (a1 (t) — x1(to), ..., xn(t) — xn(to)) =
t—to t — Lo
~ lim x(t) — ax(to)

t—to t—1to

for every t, x(t) — x(tg) is a vector, and we get a vector in the limit, called the
tangent vector to « at t = to. The norm of «’(t) is the speed of «. Similarly
o'’ (t) is the acceleration vector of «.

Definition 1.4 A curve o : I — R" of class C¥ is k-regular if o (t),...,x® (t) are
linearly independent for every t € I.
If o is 1-regular then we will just say that « is regular. A curve « is then regular
if and only if o' (t) # O for every t € I.
Example 1.2 The cuspidal cubic is a curve o : R — R? defined by

x(t) = (£, %)
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The trace of this curve (see fig. 1.3) can also be defined as

lynomial of degree three. This cubic is not regular since
' (t) = (2t,3t?) vanishes at t = 0. This is the only singular
point of « and there is no tangent vector for t = 0. The cur-
ve « is smooth, but, in a neighborhood of t = 0, the trace
of « is not the graph of a smooth function (in this case a
function of the y variable), we have x = y%.

{(x,y) eR*: y* —x3 =0}
in fact a cubic is a curve defined as the zero locus of a po-

fig. 1.3

Example 1.3 The nodal cubic is a curve « : R — R? defined by
a(t) = (12— 1,t(t* - 1))

The trace of this curve (see fig. 1.4) can also be defined
as
{(x,y) e R?: 9% —x3 —x? =0}

The image of the map « is not injective, we have x(1) =
o(—1) = (0,0) hence it does not make sense to speak
about the tangent vector at a point of the trace of a
curve. In this example it is possible to describe the zero
set of a polynomial by intersecting with a straight line:

let v = tx be a line through the origin, the intersection
with y? — x3 — x? = 0 occurs when x?(-x +t>—-1) =0 fig. 14

ie. x =t?>—1andy = t(t?> — 1). This method will not work in general since a
straight line through the origin will intersect the locus in more than one point.

Example 1.4 The Folium of Decartes is a curve o : R — R? defined by

3t 3t
o) = <1+t3’1+t3)'

The curve « is injective, but the trace of this curve (see fig.

1.5) is not locally homeomorphic to an interval in the real line.
Every subset X of R™ has a topology induced by the topology
of R™. The open sets in X are of the form X n U where U is

open in R™. As t grows, the points of the curve accumulate
close to the origin and every (small enough) neighborhood of
the origin in the trace of « is disconnected. fig. 15

Now we move to more standard examples :
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Example 1.5 Let p,q € R™. The straight line through p and q is defined by
x(t)=q+ 1 -0(p—a).

This is a regular curve and ' (t) is constant equal to q — p.

Example 1.6 Let a, b be positive real numbers and let p = (xo, yo) € R2. Then
a(t) = (xo + acos(t), yo + bsin(t))

is an ellipse with center in p. If a = b we have a circle.

Example 1.7 A cycloid is the path traced by a point p on the boundary of a
circle (say of radius 1) as the circle rolls (without
slipping) along a straight line. Let t be the angle
of the circle’s rotation and assume that, fort = 0,
the circle is centered in (0,1) and the point p is
(0,0). Then the coordinates of the point p (fig.
1.6) at time t are given by

x(t) = (t —sin(t),1 — cos(t)).

fig. 1.6

The resulting curve is not regular, we have ' (t) = (1 — cos(t), sin(t)) and this
vector vanishes for t = 2k, k € Z,

i.e. every time the curve intersects
the x axis. The cycloid was studied,
in particular, during the XVII centu-
ry when it was discovered that it has

remarkable propetrties, try to google
the words tautochrone or brachysto- fig. 1.7
crone...

Example 1.8 An Astroid is a curve traced out by a point p on the circumferen-
ce of one circle (of radius a) as that circle rolls
without slipping on the inside of a second circle
having four times the radius of the first. Let t

be the angle that measures the rotation of the
center of the small circle and denote by 0 the
angle that measures the rotation of the point p \

on the small circle. Since the small circle rota-
tes without slipping we have at = %9. Hence
0 = 4t. Assume that, for t = 0, the small circle
is centered in (%a,O) and the point p is (a,0).

fig. 1.8
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We describe the trajectory of p as sum of two vectors. The first one describe the
trajectory of the center of the small circle. The second one the coordinates of the
point p (fig. 1.8) at time t, with respect to a frame centered at the center of the
small circle, these are given by

a a .
(Z cos(3t), ~7 sm(3t)>

since the coordinates of the center of the small
circle are

3a 3a .
(Z cos(t), Tsm(t))

the coordinates of p are given by the sum of
these two vectors and parametric equation of
the astroid is

fig. 1.9

x(t) = (3—a cos(t) + gcos(3t), %Ta sin(t) — %sin(3t))

4 4
Using trigonometric formulas it is possible to show that

(t) = (acos(t)3,asin(t)?).
The resulting curve is not regular, we have
o' (t) = (—3acos(t)?sin(t),3asin(t)? cos(t))

and this vector vanishes for t = k%, kez.
Arclength

Definition 1.5 Two curves «x : I — R™, B : J — R" differ be the parametrization
if there exists a diffeomorphism ¢ : J — I such that B(s) = x(¢(s)). We will also
say that B is a reparametrization of «.

In general, if « is not smooth, it is enough to require that ¢ has the same regu-
larity of « (it follows from the inverse function theorem that ¢»~! has the same
regularity as well). In particular two curves that differ by the parametrization
have the same trace.

Note that I = [a,b] and J = [c,d] are intervals in the real line. A diffeomor-
phism ¢ : J — I must be monotone and maps the boundary of the interval J into
the boundary of the interval I. Hence we have two possible cases: ¢(c) = a and
¢ (d) = b (if ¢ is increasing) or ¢p(c) = b and ¢p(d) = a (if ¢ is decreasing). Since
we are mainly interested in the geometric properties of the trace of a curve « ,
we will look for the best possible parametrization of «.
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Definition 1.6 Let « : [a,b] — R™ be a curve of class C1. Then we define the
length of « by

b
L = [ Tl @llar.
a
The length of a curve does not depend on the parametrization:
| Proposition 1.3 Let 8 be a reparametrization of a curve . Then L(x) = L(f).

Proof: Let & :[a,b] — R"and B : [c,d] — R™" and let ¢ : [c,d] — [a,b] be a
diffeomorphism. Then ¢ is monotone and we have two possible cases:

(i) ¢ is increasing:

L(B)

d d
L 1B’ (s)]] ds = [ x(b(s)) || ds =

d d
L o (p(s) @ (5)]] ds = j e (b ()11’ ()] ds =

d b
J o (b(s)]1¢ (5) ds =J e (6)]] dt = L)

(ii) ¢ is decreasing:

L(B)

d d
L 1B’ (s)1] ds = j Hex((s)' || ds =

d d
L od (d(s) @ (5)]] ds = j e (b ()1’ ()] ds =

a a
—L o' (P ()P (s)ds = —L [l ()| dt =

b
J e (6)]] dt = L)
]

Let U c R™ be a connected subset of R"™. Then we define the distance between
two points p,q € U by:

dp,q) =inf{l(x): «x:[a,b] - U,x(a) = p,x(b) = q}.

Sometimes it is not possible to find a minimizing curve: let U = R? \ {(0,0} and
p = (-1,0), ¢ = (0,1). The minimizing curve between p and g in R? is the
segment joining the two points, but the trace of this curve does not lie in U,
hence we can only approximate it with curves in U and get it as a limit. In the
case of R™ this definition is consistent with the one given in a previous section:
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Proof: Let o¢:[0,1] — R™ be given by x(t) = g+ (t — 1)(q — p) then x(0) = p
and x(1) = q and « is a parametrization of the line segment. We have

Proposition 1.4 Let p,q € R™. Then the distance between p, q is the length
of the line segment joining p and q.

1 1
L(a):jo g - plldt = ||q—p||j0 dt = llq - pll.

Let B : [0,1] :—» R™ be any curve such that §(0) = p and (1) = q. Letv =
(@q-p)/llg — p|l (hence v is constant unit vector). We have

1 1
L B (t)-vdt= L (B(t)-v) dt =B(1)-v-B(0)-v =(g-p)-v =llg—pll = L(x).

and, using the Schwarz inequality

1 1 1
f B’(t)-vdtsj IIB’(t)IIIIvIIdt=J 1B ()11 dt = L(B).
0 0 0

Hence L(f) = L(x) for any other curve 8 and « is a minimizer according to the
new definition of distance. O

Definition 1.7 Let & : I — R™ be a C! curve and let ty € 1. The arclength function
relative to ty is defined by:

t
S(”:L e (£)]] dit.

In other words the arclength function measures (up to sign) the length of the
curve segment between «(ty) and «x(t).
It is clear the the arclength function is differentiable and we have

s'(0) = [l (D)1 =0

if we assume that « is a regular curve then s(t) is a differentiable strictly increa-
sing function and we have a differentiable inverse t(s) : J — I for some interval
J C R. It is then possible to consider the new parametrization of « given by
B:J—-R™

B(s) = x(t(s)).

The chain rule for the derivative of a function then shows that

o N -
B (s) =o' (t(s))t'(s) = 5’(t)(x (t(s)) = [lo (t(s))]]

so that ||B’(s)|| = 1. In other words:

' (t(s))
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Proposition 1.5 If « : I — R™ is a regular curve of class C', then it is possible
to find a parametrization B of « such that ||B’|| = 1. We say that « is then
parametrized by arclength.

The parametrization by arclength has the property that the length of the curve
segment between two points B(s) and S(sg), with s > sgis s —so. If I = [a, b] we
will often assume that t) = a so that J = [0, L] where L is the length of the curve

.

Example 1.9 Consider the circle x(t) = (xo + v cos(t),yo + rsin(t)) for t €
[0,21r]. Then ' (t) = (=7 sin(t),r cos(t)) and ||’ (t)|| = . Hence

L
t) = dt=rt
s(t) Jo r r
so that t(s) = 3 and B(s) = (xo + v cos(3), yo + ¥ sin(3)) fors € [0,21].

Example 1.10 Consider the cycloid o(t) = (t — sin(t),1 — cos(t)) . Then o (t) =
(1 — cos(t),sin(t)). If t € [0,271] then « is regular in the interior of the interval

and we have
t t _
JﬂZ—Zcos(t)dt=J 2 lcios(t)dt:
0 o V 2

r2$in(£)dt =4(1- cos(E))
0 2 277

s(t)

The length of the curve, in the interval [0,271] is then equal to 8, and t(s) =
2arccos(1 — ) fors € [0,8].

In general it is difficult to compute the arclength function for a given function,
this requires finding a primitive and an inverse. The importance of the arclength
is mainly theoretical. In some applications it is possible to use a numerical
approximation.

The Frenet frame

From now on we will only consider curves in R3. There is an n-dimensional
analogue for all the statements in this section, and the proofs are substantially
the same.

Let o« : I — R3 be a 2-regular (or bi-regular) curve. We normalize the tangent
vector «’(t) in order to get a unit vector (this is automatic if « is parametrized
by arclength, bur here we are not assuming that). We let

o
L= won®®
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then

t _ 4 1 ‘i) -
at " dt((vuya%w“(”)_

~ 1 oy 12 - (1) o
= e P @ ©W
_ 1 12 _ O(,(t) " O(H(t) 7 _
= Jeon® P e ¥O =
1 124 O(,(t) " (X”(t) 7
= T t) - —————a(t 1.
o (O] <°‘ O - wome ~ )> (1.6)
and we define the normal vector by
n=—L dt
Tyt

Then n is a unit vector (here we are using the fact that « is bi-regular) and, since
t has constant length, it follows from Remark 1.1 that t and n are orthogonal.
We define the bi-normal vector by

b=txn

where X denotes the cross product. Since t and n are unit and orthogonal we
have that b is a unit vector orthogonal to the plane spanned by ¢ and b

Definition 1.8 Let « : I — R3 be a bi-regular curve. The orthonormal frame
{t,n, b} is the Frenet frame of «(t).

The Frenet frame is a family of positive orthonormal basis of R3 parametrized
by the points of «. Let w2 = II%II. Then, by definition

dt
at - wi2n
Since b has constant length we have % 1 b. Since b -t = 0 it follows from
Remark 1.1 that
ab dat B
ar 1720
hence e% is parallel to n and we let
db
ar w32n
sincet - n = b - n = 0 we obtain similarly
d—ﬂ'£=—w12, d—ﬂ'b=—w32-

dt dt
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Summing up we obtained the Frenet’s equations

dt
g—; =wi2h
St =-—wnpt-wpb
db
at - wazn
or, in matrix form
dt
dt 0 w12 0 t
d
SZl=1-wr2 0 -wsp n
db 0 w32 0 b
dat
The matrix
0 w12 0
Q=|-wiz 0 -—w3

0 w32 0

is skew-symmetric and this fact will be important later. The matrix Q depends
on the parametrization of «(t) but if we let
w12 32
k(t) = ——, T() =
o (E)]] [T (E) 1]
the functions k(t), the curvature of « and T(t), the torsion of «, then these
functions are independent on the parametrization (we will prove it later). Note
that, since wi» > 0, the curvature k(t) is always positive. From (1.6) we derive
o/ (t) - o' (1) 1
o (O] e (D]
’ o' (t) - " (1)
e ()12 k(D) 1+ ———"
o (E)]]
e (O [12 k(t)n + [ ()] L. (1.7)

144 4 dL 14 _
«"(t) IItx(t)IIEJr ' (t) =

t=

i.e. the decomposition of the acceleration of « into tangent and normal compo-
nent. if the curve is parametrized by arclength then wee see that the curvature
measures the variation of the velocity vector.

The curvature and the torsion of « will be the key quantities needed to under-
stand the structure of . We will now derive more efficient formulas to compute
them.

Lemma 1.4 Let x,y € R" be nonzero vectors. Then

e x y112 = [xI2[1y]12 = (x - 3)2.
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Proof:
lx x yI12 = xI?[Iy]1? sin(x3)? = |[x[|* [|¥]]* (1 - cos(x¥)?) =
2
2 2 Xy 2 2 2
= |lx Q1-—])=IlIx - (x- .
[ | (IIXIIIIyII) Hxl 12 oy 112 = (x - )

O

Proposition 1.6 Let & : I — R be a bi-regular curve. Then the curvature of «(t)
is given by the following formula.

o (1) x & (D)]]

k(t) =

o ()13
Proof: We have, using (1.6)
at , _ dt dt _ 1 oy () - (1) o () o)
i i el GRCR Toriad B CRORE rorr i
_ ]- 12 124 (O(I(t) " O(H(t)z (O(,(t) " O(H(t)z _
ERIEZGIE (“ (O - (V) = 2r B T w01 )‘
_ ]- rr 2_ (O(,(t) " O(H(t)z _
EIrIGIE ("“ W= )‘
]' 144 ! ! 144
= s 1O @1 = (@ @) - " (1)?) =
_ 1 ’ rr 2
= 7||O(,(t)||4||0<(t)><0< (11
Hence
di _ 1 ’ 4
HEH _7||(x’(t)||2||0( (£) x " (£) 1 (1.8)
and we can conclude using the definition of w». O

Note that this formula makes sense also if the curve is only 1-regular.

Corollary 1.2 Let & :I — R be a bi-regular curve. Then the curvature of «(t)
does not depend on the parametrization of «.

Proof: Let B(s) = a(¢(s)) be a different parametrization of «. Then

B (s)=a'(p(s)P'(s), B"(s)=a"(P(s)) P (5)*+ &' (p(s)) P ().
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Then
K(s) [B"(s) x B (Il _ [’ ()3 (&' (Pp(s)) X " (Pp(5))) ] _
1B’ (s)|I3 [l (p(s))]I13¢p"(s)3
(P (s)) x & (p(s))]]
' (p(s))]]3 ’

Now we want to derive a similar expression for the torsion of «:

Proposition 1.7 Let & : I — R be a bi-regular curve. Then the torsion of x(t) is
given by the following formula.

rr

o' X"
o () x " ()12

T(t) =

Proof: Using (1.7) we have
o (1) x & (1) = [l O £x (1l D112 k(Om + [ (D] ) = [ (0)]1® k(t) b

And
1

b= flam oo @ ®:
Then, using the fact that the cross product of two parallel vectors vanishes,
ab 1 1
dat [l (t) x & (t)]] o' (t) x o (2)]]
And, since the triple product of three vectors that lie on the same plane is zero
(and using (1.6),(1.8)):

o () x o () + ( ) o (t) x " (t).

%'ﬂ = ||o<’(t)>10<”(t)||O(,(t)xam(t)'ﬂ:
- TwE ¥ O X0
= T O X O ||%||%:
) ||a'(t>><a}'(t>||||%||“,(”X“W(”'m“"(”:
/ 2
= T o T DX 6O o o 0 -
o (1)1

- ||0(,(t)><0(”(t)||||2(X(t)xa (t) - "' (t).
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we can conclude using the definition of wsp». O

Example 1.11 The straight line: «(t) = (xo+1t, yo+mt, zo+nt) where (xg, Yo, 20),
(I, m,n) € R3 are constant. We have &’ (t) = (I, m,n) and &'’ (t) = (0,0,0) hence
the curve is not bi-regular and we cannot use the formula for the torsion of «x. For
the curvature we get k(t) = 0.

H Proposition 1.8 Let «: I — R3 be a regular curve. Then k(t) = 0 if and only if
« is a straight line.

Proof: For one of the implications we can use Example 1.11. If « is regular we
may assume that « is parametrized by arclenght. Then the norm of t = «'(t)
is constant and &'’ (t) is orthogonal to t. Since the curvature vanishes we have
o/ (t) x &' (t) = 0 and ' (t) is parallel to «'(t). Since ' (t) + O this is only
possible if &’ (t) = 0. Hence «'(t) = (I, m,n) for some constants [, m,n and if
we integrate once more we get the equation of a line. the curvature O

Example 1.12 The x(t) = (xo+ 7 cos(t), yo+7 sin(t),0) be a circle in the xy pla-
ne in R3. We have o’ (t) = (= sin(t), v cos(t),0), &' (t) = (—r cos(t), —r sin(t),0)
and o’” (t) = =&’ (t). Hence o (£) x &’ (t) = (0,0,72) and ||’ (t)|| = v and the
curvature of « is constant:

r2 1
k() = o = =
3 r

To compute the torsion we can use the properties of the triple product:
& (t) x o (t) & (t) = - (t) x &' (t) - & (t) = 0.
Hence
T(t) =0.

Remark 1.2 Let o : I — R3 be a bi-regular curve. Then the two planes spanned
by {t,n} and {o'(t), &'’ (t)} coincide. In fact we have that t is parallel to o (t)
while &'’ (t) (see (1.7)) is a linear combination of t and n. Since b is a unit vector
perpendicular to that plane we must have

1

b= xarn® O x @0

We have

o' (1) x & (1) = [l O] x (" O k() n + [ ()11 2) = ' ()1 k(t) b.
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Since k(t) > 0 we have then

1
b=+
2T e O < o (D)]]

o (t) x o' (¢).

Proposition 1.9 Let « : I — R3 be a bi-regular curve. Then T(t) = 0 if and
only if « is a plane curve.

Proof: Since the curve « is regular we may assume that « is parametrized by
arclength. Suppose first that 7(t) = 0. From

the Frenet equation we get % =0and b(t) =
b is constant. Let tg € I and b
F(t) = ((x(t) — «(tg)) - b) .
Then b «(to)
, _da _ _
Fi(t) = — (@) - alt) - ) =
= o('(t)-h:i-Q:O fig. 1.10

so that F(t) = F(tp) = 0. Hence, for every t, the vector x(t) — x(tg) lies in a
plane orthogonal to b (Fig. 1.10). In particular « is a plane curve. Suppose now
that, for every t, x(t) lies in some plane. Denote by v a vector orthogonal to that
plane. Then

0= % ((a(t) - x(to)) - v) = &X'(1) - v

taking another derivative we have ' (t) - v = 0. Hence v is orthogonal to the
plane spanned by {&/(t), &’ (t)} but (see Remark 1.2) this implies that v is pa-
rallel to b(t). Hence b(t) = b is constant. From the Frenet equations it follows
that T(t) = 0. O

Example 1.13 If the curve is not bi-regular a singularity in the Frenet frame may
occur at the points where k = 0. Let

(t,0,e" ) t<0
xt) =1 0,00 t=0
(te =) t>0

The curve is not bi-regular at t = 0, the torsion is zero in an open dense set but
the curve lies in the xz plane fort < 0 and in the xy plane fort > 0.

The fact that the curvature is constant characterizes the circle among the plane
curves:
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Proof: Assume that the curve is parametrized by arclength and let n be the
normal vector in the Frenet frame. Let

Proposition 1.10 Let « : I — R3 be a bi-regular plane curve such thatk(t) = k
is constant. Then the trace of « is a portion of a circle.

1
F(t) = x(t) + - n.
k
Since « is a plane curve the torsion T is zero and we have

F/(T) = t+ 1(~k0) = 0.

Hence F(t) = p for some point p € R3, then

1 1
t) — =||= ==
a(t) = pll = |17 nll X
and «(t) is a point of the circle of radius % centered in p. O

Example 1.14 The «x(t) = (v cos(t),r sin(t),at) be a cylindrical helix in R3 .
This is a bi-regular curve and we have ' (t) = (—r sin(t), v cos(t),a), &’ (t) =
(=7 cos(t), —rsin(t),0) and &’ (t) = (r sin(t), —r cos(t),0). Hence &’ (t)x '’ (t) =

(ar sin(t), —ar cos(t),r?) and ||’ (t)|| = Va2 + ¥2. The curvature of « is con-
stant:
1
K(t) = ——— = —.

r2+a’ r
Since o' (t) x &' (t) - &’”’ (t) = —ar?. the torsion of « is also constant

a

T(t) = ——5—.
2 2 +a?

For the helix we have that v = (1, 0,0) is a constant vector such that v - &’ (t) =
a is also constant. We can use this fact to generalize the definition:

Definition 1.9 A bi-regular curve « : I — R3 is a generalized helix if the tangent
vector &' (t) makes a constant angle with a fixed unit vector v, i.e. t - v = cos(6)
is constant.

Proposition 1.11 A bi-regular curve « : I — R3 is a generalized helix if and
only if the ratio T/ XK is constant.
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Proof: Suppose first that «(t) : I — R3 is a generalized helix parametrized by
arclength. Then t - v = cos(0) and, taking the derivative, k(t)n - v = 0. Since the
curvature of « is positive we have
n-v=0 1.9)

and v belongs to the plane spanned by t and b. Since the angle between v and t
is @ we have that b - v = +sin(0). Taking the derivative of (1.9) we obtain

0=t v) =~ (KO L+T(Oh) v =~ cos(O) k(D) = sin(O)T(0).
It follows that T/ k = = cot(8) is constant.

For the converse, let 6 be an angle such that cot(0) = T7/k. Let

v =cos(0)t —sin(0) b.

Then
iv =cos(0)k(t)n —sin(0)T(t) n = k(t)(cos(0) — sin(@)Lt)) n=0.
at— - - k(t) —

So that v is a constant unit vector and t - v = cos(0) is constant. O

We conclude this section with the so called local canonical form. Assume that
« : [0,L] — R3is a C3 bi-regular curve parametrized by arclength such that
o(tg) = (0,0,0). We can write

2 3

mw:mmm¢wm»+%w%w+%w%mMm«r¢w%
where, for t close to t,
mu—mﬁ)zo

ot (f - 1o)?
We have x(ty) = 0 and
' (to) = t(to),

o' (o) = k(tog) n(ty),
" (to) =K (to) n(to) — k(to) (k(to) t + T(to) b).
Hence
_ 1 2.3 1 0 1. 3
«(t) = <t 6Mm)t>g+(2Mmﬂ'+6kUMt>ﬂ
- <%k(to)T(to)t3>b+0(t3)-

Using this formula it is possible to derive some information about the local
behavior of the curve near t = t(, in particular with respect to some planes:
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Definition 1.10 Let & : I — R3 be a bi-regular curve. The plane spanned by

(i) n and b is the normal plane at «(t)
(ii) t and b is the rectifying plane at «(t)
(iii) t and n is the osculating plane at «(t).

From the local canonical form we see that the curve «, for t close enough to tg

(i) stays on one side of the rectifying plane (since k > 0)
(ii) crosses the osculating plane in the direction of b (resp —b) if the torsion
is negative (resp. positive)

Global results

We will now prove three theorems that show the importance of the curvature
and the torsion in the theory of space curves. First note that if x () is a C! family
of vectors in R3 depending on time and f4 : R? — R3 is a linear map then, since
A does not depend on t,

d d ! 14
EfA(x(t)) = EA cx(t) =A-x"(t) = fa(x' (D).

Theorem 1.1 Let « : I — R3 be a bi-regular curve and let f : R3 — R3 be an
orientation preserving isometry. Let B(t) = f(x(t)). Then f and « have the
same curvature and torsion at the corresponding points.

Proof: Any isometry is the composition of a linear map and a translation. If f
is a translation then the result is obvious since the components of « and § only
differ by a constant and the curvature and the torsion are computed by taking
derivatives of & and B. Hence it is enough to consider the case f = f4 where
A € O(3) is an orthogonal matrix with positive determinant. We assume that «
is parametrized by arclength. Then

, _d _d o
Ja(ty) = faled(t)) = dth((X(t)) = B =B (D).
Since f4 is an isometry B’ (t) has unit length and
fA(th) :LB

Similarly

d d
fA(ELX) = ails
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since the two vectors have the same norm we have
fangy) = ng.
The map f4 is an orientation preserving isometry. Hence
{fa(te), fang), fa(bg)t = {Lg, g, fa(by)}

is a positive orthonormal basis. It follows that fa(b,) = bg and fa maps the
Frenet frame of « into the Frenet frame of f8 at every point. We have

dLB d L
T EfA(L ) = fA( )) = fa(ka ny) = ko ng.
Comparing with the Frenet’s equations for f we obtain ky = kg.
dbg db
dt fA(b ) = fA( dta> = fa(Tany) = T Ng.
Comparing with the Frenet’s equations for f we obtain T« = T3. [l

Hence curvature and torsion are invariant under isometries. Note that if f, is
orientation reversing we still have fa(ty) = tg and fa(n,) = ng but fa(by) =
—bg hence the curvature of B is still the same as the curvature of o but the
torsion of B and the torsion of « differ by the sign.

We prove a ’converse’ to the previous theorem:

Theorem 1.2 Let , : I — R3 be two bi-regular curves such that ||’ (t)|| =
[1B" (D)1, ka(t) = kg(t) and T4(t) = Tg(t) for every t € I. Then there exists an
orientation preserving isometry f : R3 — R3 such that B(t) = f(x(t)).

Proof: We fix top € I. Then {t,(to),ny(to),b«(to)} {tp(to),ng(to), be(to)} are
two positive orthonormal bases of R? and we can find an orientation preserving
isometry f4 : R3 — R3 that maps one onto the other. We, for every t € I, three
families of vectors depending on t:

x(t) = fata(t)), »(t)=fang ), z(t)=falby(D).

We have
dx(t) d d , 3
o —iFalta() = Falrta(0) = falka(®) o ()] 16 (1) =
= ka(t) " (D] f (g (t)) =Kkg(t) |18 (O) | ¥(t)
dy(t) d
T EfA(ﬂ(x(t)) fA(dt_ (t)) =

Sa(=ka() 1 (O] £ (1) = Ta(E) [ (D)1 (1)) =
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= —ka(®) (O] falty(®)) = Ta(t) [ (D)]] falby(t)) =
k(O 1B () x (&) — () 1B (D)1 2(2)

dz(t)

dat Lp () = FalTalt) [ (O] (1)) =

d
EfA(ka(t)) :fA(dt_
To(t) 1 ()] f (g (£)) = T () [|B (E)]] ¥ (L)

Hence {x(t),y(t),z(t)} satisfies a system of linear vector ODE’s with initial con-
ditions x(to) = tg(to),¥(to) = ng(to), z(to) = bg(ty). By the Cauchy theorem
x(t),y(t),z(t) is the unique solution of the system and it is defined in the whole
interval I. On the other hand we have that tz(t), ng(t), ng(t) is another solution
of the same equations with the same initial condition. We can conclude that

tg(t) = x(t) = fa(ta(t)), mngt) =y () = famy(t)), ng(t)=2z(t) = fa(by(t)

and the isometry f4 maps the Frenet frame of « into the Frenet frame of 8 for
any t. In particular the tangent vector «’'(t) to « is mapped into the tangent
vector B'(t) to B. Let

y () = falo(t)) + B(to) — fala(to)).
Then y is obtained by applying to « the isometry f4 and a translation defined by

the vector B(tyg) — fa(a(tp)). Hence y and « differ by an orientation preserving
isometry. We have

y'(t) = %fA((X(t)) = faled (1)) = B'(t)

with y(tg) = B(to). Hence y(t) = S(1). O

‘ Corollary 1.3 A bi-regular curve « : I — R3 is an helix if and only if the
curvature and the torsion are constant.

Proof: Given « it is possible to find an helix that has the same curvature and
torsion. Hence the two curves are isometric and « is an helix. O

This shows that once the curvature and the torsion of a bi-regular curve are
given then the curve is uniquely determined up to isometries. The next result
shows that it is possible to prescribe the curvature and the torsion arbitrarly:
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Theorem 1.3 Letk, T : I — R be two smooth functions such that k(t) > 0 for
everyt € I. Giventy € I, p € R? and a positive orthonormal basis {v1, V2, V3}
of R3 there exists a bi-regular curve o : I — R3 such that

(i) a(to) =p
(ii) ||’ (t)|| =1 foreveryt el
(iti) t(to) = v1, n(to) = v2, b(ty) = v3
(iv) ko (t) = k(t), Ta(t) = T(t) foreveryt €1

Proof: The first three parts of the statement are in some sense obvious, we can
always parametrize « with the arclength, apply an isometry f4 such that the
Frenet frame of « at t = to coincides with {v1, v2, v3} and then a translation that
moves «(ty) in p. The main thing here is the statement about the curvature and
the torsion.

Let us consider the system of vector ODE’s in the unknowns x(t), y(t), z(t)

) — () y(t)
O — _k(t) x(t) - T(t) 2(1)
EH =Tty

with initial conditions x(ty) = v,y (tg) = v2, z(ty) = vz This is a system of li-
near ODE’s and by the Cauchy theorem there is a unique solution x(t), y (t), z(t)
defined in the whole interval I. Let

t
x(t)=p+ L x(t)dt.

It is clear that x(ty) = p. Now we want to prove that « is parametrized by
arclength. Let

0 k(t) 0 x(t)
Q)y=|-k®) 0 -7@)], A(t) = | ¥(1)
0 T(1) 0 z(t)

Note that A(t) is a 3 x 3 matrix whose rows are determined by the components
of the vectors x(t), y(t), z(t). Then we can write the system in matrix form as

A'(t) = Q(t) - A(t).

We know that A(tp) is an orthogonal matrix with positive determinant (in fact
for t = ty the rows of A coincide with vy, vy, v3). If we prove that A(t) € O(3)
for all ¢ then x(t), y(t), z(t) will be an orthonormal basis of R3, in particular
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e/ (£)]] = |Ix(t)|]| = 1. Let B = Al - A, Then, using the fact that Q is skew-
symmetric

(AT-A) =A" A+ AL A=At AT AT A =
(Q-AL-A+ AL (Q-A)=A- Q- A+ A Q- A=
= —Al.Q-A+A".Q-A=0

B/

Hence B(t) = B(tg) = I and A(t) is orthogonal. Note that the determinant
det(A(t)) is a continuous function of the entries of A(t). Since this determi-
nant can only be equal to +1 and it is equal to 1 at t = £y we can conclude that
A(t) is always orientation preserving. Now we know that «(t) is parametrized
by arclength and «’(t) = x(t) = t. Hence

dt  dx(t)

dt — dt
since k(t) > 0 and y(t) is a unit vector it follows that y(t) = n and ky = k.
Since we have positively oriented frames we may conclude that b = z(t) and

@ _ 220 _ )y = itom.

=k(®)y (1)

dt  dt
In particular T4 = T. O




Chapter 2

Surfaces

Surfaces

A regular surface in R3 is a subset of R3. Remember that a curve is a map, not
a set. Hence we are taking a different approach here. The reason is that if we
consider sets instead of maps it is easier to prove global results. Our first goal is
to use the tools of calculus to study the surfaces, the first tool is the differential
of a function:

Definition 2.1 Let U C R" be an open subset and f : U — R™ be a smooth map.
If p € U then the differential of f at p is the linear map df(p) : R™ — R™
associated, with respect to the standard basis, to the matrix

af Ehi%
0x1 "t 0Xn
df(lf’) = : .
ofn ofn
0x1 "t 0Xn

Now we give the definition of regular surface. The idea is the we smoothly de-
form and patch together open subsets of R?. There is a technical part in the
definition that is necessary to avoid singularities like corners or cuspidal points
or the lack of a tangent plane.

Definition 2.2 A regular surface is a subset S C R3 such that for every pointp € S
there exists a neighborhood V of p in R® and a surjective map X : U - VNS
defined in an open set U ¢ R? such that
() X is differentiable, i.e. X(u,v) = (x(u,v),y(u,v),z(u,v)) where x,y, z
are smooth functions U — R.
(i) X is an homeomorphism, i.e. X has a continuous inverse X~ :V nS — U.
(iii) The differential dX(q) : R? — R3 is injective at every point q € U.

The map X is called local parametrization near p

Recall that a function V NS — R? of R? is continuous if it is the restriction of
a continuous function defined in an open set containing V n S. If X : R — R3,
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X(u,v) = (x(u,v),yu,v),z(u,v)) is differentiable then the differential of X
at g is the linear map R? — R3 defined, with respect to the standard bases of R?
and R3, by the matrix

g—j(q) g—jj(q)
dX(q) = |55 (@) 5 (@)
Z@ £
the differential is injective if and only if dX(q) has rank 2, i.e. the two column

vectors in dX(q) are linearly independent. This is equivalent to the fact that at
least one of the determinants of the 2 X 2 minors of dX(q)

(g—ﬁm) g—’,j(q)> _ (%—ﬁ(q) %—i(q)> (g—;w g—;‘(m)
2@ (@ Z@ 5 =@ 5
is different from zero.
Example 2.1 Let f : U — R be a smooth function, where U C R? is an open set.
Let

S=1{x,y,2) eR¥:z = f(x,¥)}
be the graph of f. Consider the function X : U — R3

X(u,v) = (u,v, f(u,v)).

By definition, X(U) = S. The function X is differentiable, injective and surjective
onS. If (x,v,z) € S then X Y(x,y,z) = (x,¥), a continuous map. Moreover

1 0
dXu,v)=]10 1
af of
ou  ov

and this matrix has constant rank 2. Hence S is a regular surface, covered by just
one coordinate neighborhood. This shows that planes (for f(x,y) = ax+by +c),
the paraboloid (for f(x,y) = x2 + y?2), the hyperboloid (for f(x,y) = x? — y?)
are regular surfaces.

Example 2.2 Fixr > 0 and let S?(r) = {(x,v,z) € R3: x% + y? + z? = 12} be the
sphere of radius v centered in the origin. Let U = {(u,v) € R? : u? + v? < r?}
and consider the map

X1(u,v) = (U, v,Vr2 —u? —v2).

The image of X, is an open subset of S%(v) (the upper hemisphere) and, since we
are showing that it is the graph of the smooth function f(x,y) = Vr2 —u? — v?
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we have that the definition of regular surface is satisfied by the upper hemisphere.
If we consider

Xo(u,v) = (u,v, —vr2 —u? —v?2)

then we have that S°(r) minus the circle lying in the xy plane, satisfies the de-
finition of regular surface. To prove that S?(r) is a regular surface we have to
cover it with four more parametrization:

X3(u,v) = (u,Vr2 —u2 —v2,v), Xq4(u,v) = (U, —Vr2 —u2 —v2,v)

that cover the points with y > 0 and y < 0, and (we still have two points (+1,0,0)
missing)

Xs(u,v) = (Wr2 —u? —v2,u,v), Xa(u,v) = (=Vr2 —u?2 —v2,u,v).

Hence, locally, the sphere is always the graph of a function defined in one of the
coordinate planes. This is a general fact, to show it we will use a fundamental
tool of the multivariate calculus:

Theorem 2.1 [Inverse function theorem| Let U C R™ be an open subset and
f U — R™ be a smooth map. If dF (p) is an isomorphism then f is a local
diffeomorphism.

In particular it is possible to find an open neighborhood U’ of p such that
f:U - f(U) is a diffeomorphism (i.e. it is smooth with a smooth inverse).
In the case of a function of one variable this just means that a differentiable
function f : R — R such that f"(xg) *+ 0 (i.e. a function that is monotone close
to xg) is invertible and has a smooth inverse.

Example 2.3 The function f : R?> — R? defined by
fx,y) = (x* - y?,2xy)
is not injective (we have (f (-x,—v) = f(x,y)) but

2x —Zy)

af(x,y) = (Zy 2

has determinant 4(x? + y?) hence every point different from the origin has a
neighborhood U such that f restricted to U has a smooth inverse.

Proposition 2.1 Let S be a regular surface. If p € S then there is a neighbo-
rhood V of p in S such thatV is the graph of a function.
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Proof: Letp € S and let X : U — S be alocal parametrization and let g = X! (p).
Assume, for example, that

0x 0x
2(q) —(q)>
det ou v 0
‘ <%(q) @) "

(otherwise we use another pair
of coordinates). And define the

function ¢ : U — R?, p(u,v) = X

moX = (x(u,v),y(u,v)), whe-

re 1T is the projection on the o)) TTl IX
x7y coordinate plane in R3. O

Then d¢(gq) is an isomorphi- @
sm and we have a neighborhood

U’ of q such that ¢, restric-
ted to U’, has a smooth inver- fig. 2.1

se: Wix,y) = (u(x,y),v(x,y)). Then X = Xoy : ¢p(U') — S is a local
parametrization in a neighborhood of p and it is given by

Xx,y) = (x(ux,»),v(x,»),ywxy),vxy)zuxy),vxy) =
= (x,y,z(ulx,y),v(x,y))
i.e. S is locally the graph of a function. O

In general it is not easy to prove directly that a function X is an homeomor-
phism. We would like to have tools that help us constructing examples without
having to check it every time. We need another general result:

Definition 2.3 Let f : V — R where V is an open subset of R". A number a € R
is a regular value for f if f~'(a) = @ and, for every p € f~1(a), the gradient
V.f(p) is non zero.

Theorem 2.2 [Implicit function theorem] Let V C R™ be an open subset and
f :V - R be a smooth map. If a € R is a regular value for f. If p =
(X1,...,xn) € f~(a) and g—i(p) + 0 then there exists a neighborhood W
of p, a neighborhood U of ;(p) = (X1,...,Xi-1,Xis1,.--,Xn) € R* ! and a
smooth function g : U — R" such that

fﬁl(a) mW = {(Xll---|Xi—11g(x11"'1xi—11xi+1l"'lxﬂ)lxi+11"'1xn)}

for (x1,...,Xi-1,Xi+1,.--,Xn) € U.
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Proposition 2.2 Let f : V ¢ R? — R be a smooth function. If a € R is a regular
value for f then f~'(a) is a regular surface in R3.

Proof: This is an immediate consequence of the implicit function theorem. In
fact we have that, locally, f~!(a) is the graph of a smooth function, i.e. a regular
surface. O

Example 2.4 The sphere S°(r) can be defined as f~'(r?), where f(x,y,z) =
x2 + y? + z2. The gradient of f is the vector

Vf=2x,y,2)

and if p§%(r), with v > 0, this vector is nonzero. In fact we have seen before that
the points p = (x, v, z) with x > 0 belong to the graph of the function Xj...

Example 2.5 The torus T2 is the surface

TZ = {(X,y,Z) S R3 :( X2+y2_a)2 +22 :,’,2}

generated by a circle of radius v in the
xz plane, centered at (a,0,0) (where
a > r > 0), rotated around the z axis. L
To show that T? is a regular surface we
consider the function

fx,v,2) = (x2 +y2 —a)® + z%

and we have to prove that r? is a regu-
lar value for f. In fact f is a smooth
function and at least one of the partial fig. 2.2
derivatives

E_Zx( x2+y2—a) E_Zy(wlxhry?—a) g_z

ox iz iz 0z

does not vanish at f~1(r?). Hence v? is a regular value for f and T? is a regular
surface.

z

Example 2.6 The torus is a special case of rotational surface. Let « : [a,b] — R3,
x(t) = (f(t),0,g(t)) be a regular curve with no self-intersections (the curve is
allowed to be closed i.e. x(a) = x(b)) such that f(t) > 0 (i.e. the curve does not
intersect the z axis). Then we define

S ={(f(v)cos(u), f(v)sin(u),g(v) € R3:v € (a,b),u € R}.
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It is possible to cover S with two coordinate neighborhoods (with u € (0, 21r) and
(1t, 31T) respectively) and prove that S is a regular surface. We will not give the
details. Note that, from the fact that « is assumed to be injective, it follows that
(u,v) can be uniquely determined once (x,y,z) € S is given.

If x(t) = (acosh(t),0,at) where a is a positive constant, the resulting surface
is called catenoid. The curve « is called catenary and it is related to the shape
taken by a chain hanging with two fixed ends.

Example 2.7 The helicoid is the surface obtained by considering all the lines
joining a point of a circular helix

(acos(t),asin(t), bt)

with the point (0,0, bt) of the z axis
having the same height:

S = {(av cos(u),av sin(u), bu}

Y, A7
e e S S g
COSSoS > 4
ST

Where u € (0,2m) and v € R. itis
possibile to prove that S is a regular
surface.

fig. 2.3

‘The tangent space

The main tool we used studying the theory of curves was the Frenet frame. At
each point of a bi-regular curve « in R3 we have a positive orthonormal basis of
R3. In other words we attach at every point of « a linear space spanned by these
vectors and we study how the basis of this space changes along the curve. We
want to do something similar for the surfaces. The first step will be the definition
of tangent space. In the case of a curve « this was the space spanned by «’ and
it was clear that this was independent on the chosen parametrization of «. Here
we have to work a little more..
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X1 XZ
b1 i" b2
GO D O

Suppose that, in a neighborhood of a point p € S we have two different parame-
trizations X7 : U3 — Sand X, : Uy — S. Then W = X;(Uy) N X2(Up) # & and we
have a map

X12 = X5 o X1 : X7 H(W) — Xo(W).

From the definition of S it follows that X, is an homeomorphism. We know that,
locally, S is the graph of a smooth function f defined, for example, in an open
subset of the x7y plane. We have already used the implicit function theorem to
show that the maps ¢ = ™o X; and ¢» = 1 o X» are local diffeomorphisms
close to X;1(p) and X;!(p) respectively. It follows that Xj» = ¢5! o ¢ is a
diffeomorphism close to X7 (p).

Proposition 2.3 Let S be a regular surface,p € Sand X, : Uy — S, Xp:U» —» S
two local parametrizations near p. Then the map
X; 1o X1t X7 (X1 (U)) N X2(U2)) — X531 (X1 (U1) N X2(U2))
is a diffeomorphism.
This is an important fact as it shows that 'smooth’ objects defined in S using

some parametrization remain ’smooth’ with respect to any other local parame-
trization:

Definition 2.4 Let S be a regular surface. Then f : S — R" is differentiable if
foX:U — R" is a smooth map for every local parametrization X : U — S of S.

It follows that, in order to check that a function f : § — R" is smooth in a
neighborhood of a point p € S, it is enough to take one local parametrization X;
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near p. If X, is a different parametrization then f o X = f o X; o szl is smooth
if and only if f o X5 is smooth.

Remark 2.1 Sometimes when f : S — R" is a smooth map, instead of writing
f(p) we will use the notation f (u,v) justified by the fact that, given f o X', f is
uniquely determined.

Definition 2.5 Let S1,S» be regular surfaces. Then f : S; — S» is differentiable
map ifXZ’1 o foX:Uy — U is a smooth map for every local parametrizations
X, : Uy - S and Xp : Uy — Sy such that f(X1(Uy)) € Xo(Uz). If f has a
differentiable inverse then we say that f is a diffeomorphism.

From the point of view of differential geometry two diffeomorphic surfaces are
indistinguishable.

Remark 2.2 As a corollary of the proposition we have that if X : U — S is a local
parametrization then X~! : X(U) — U c R? is a differentiable map. Hence S is
locally diffeomorphic to a plane.

Let S be a regular surface, p € S and let X : U — S be a local parametrization
near p. If « : I — R3 is a regular curve such that «(I) ¢ U (from now on we will
write « : I — S) and «(0) = p = X(uo,vo). Then B(t) = X! o x(t) is a regular
curve in U, that can be described as S(t) = (u(t),v(t)). Clearly

x(t) = X o B(t)

in particular

o (t)

a
E(X°3(t))—
<axdu oxdv dydu oJydv ozdu azdv>_

ou dt +av dt’ ou dt  ov dt’ ou dt +av dt
du <ax ay a_z>+dv <ax ay 62)
dt \ou’ ou’ ou dt

duoX dvoX

At ou T dt ov

It follows that any vector tangent to a curve is S passing through p = X (ug, vo)
is a linear combination of the two vectors (that do not depend on the curve, but
just on the parametrization) g—ﬁ and g—ff. Ifv = aau + baX (with a,b € R) is
any linear combination of the two vectors then «x(t) = X(at + ug, bt + vg) is a
curve in S such that x(0) = p and «’(0) = v. Hence any linear combination of
the two vectors is tangent to some curve through p. This justifies the following
definition

ov’ov’ ov
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Definition 2.6 Let S be a regular surface. If p € S and X : U — S is a local
parametrization near p then the tangent space at p to S is the vector space T,S
spanned by the two vectors g—fj and g—f

Let X;(u,v) : Uy — S and Xo(u',v’") : U» — S be two parametrizations near p.
Then

X1(u,v) = X2 0 X12(u,v) = Xo(u' (u,v),v'(u,v))

hence

X _aoow aXoow oXi_aXoow | aXoow
du du’ du dv du’ dv du dv dv’ dv

X, ow o X,
(&) - (4 &) (%) e

dv dv dv av’
Since X, is a diffeomorphism the differential of X;, is a linear isomorphism.
Hence %, % and %2,, %2, span the same linear subspace of R3. It follows that
the definition of the tangents space at p does not depend on the choice of a

parametrization near p.

or

Example 2.8 Let T = {(x,y,z) € R3:ax + by +cz +d = 0} be a plane in R3.
Then (a,b,c) + (0,0,0) and, assuming c + 0 we have a global parametrization
U = R? — 1 given by X(u,v) = (u,v,—%(au + bv — d)). Hence the tangent
space at a point X (u,v) is spanned by the two vectors (1,0, —%), (0,1, —%). Note
that the tangent space is a plane parallel to 1t passing through the origin.

Example 2.9 Consider the local parametrization of the upper hemisphere in S(1)
given by

X(u,v) = (u,v,v1 —u? —-v?2)
where (u,v) € U = {(u,v) € R2: u? + v2 < 1}. Then

0X u 0X v

TN T e e
This implies, in particular
X 0X
X(u,v) . E —X(u,v) . E =0

i.e. the two vectors that span the tangent space at a point p are orthogonal to p
itself. This is true for every point of the sphere. In other words T,S*(1) = p*.
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Example 2.10 Consider the parametrization of a rotational surface given by
X(u,v) = (f(v)cos(u), f(v)sin(u),gv))

where the generating curve is defined in an interval I and (u,v) € U = {(u,v) €
R?:u € (0,21),v € I}. Then

0X .

Tu - (—f(v)sin(u), f(v) cos(u),0),
0X , , . ,
Ju - (f (v)cos(u), f'(v)sin(u),g' (v)).

form a basis of the tangent space to the surface.

Note that, if we have a local parametrization X near p = X (ug, vg) then we may
consider the curves

x1(t) = X(uo + t,v9), o2 (t) = X(ug,vo + 1)

it is easy to verify that the tangent vector to «; is always given by Z—ﬁ (o1 (t)) and

the tangent vector to &y is %(“Z(t))- These curves are called coordinate curves
in S. In particular

0X 0X

and the tangent space to S at p is the image of R? = Ty, v, R? under the linear
map dX (ug,vo). Thus dX(ug, Vo) is linear isomorphism between R? and the
tangent space at p to S. The linear map dX~!(p) : T,S — R? is then well defined.

Let f:S; — S» be a smooth map between surfaces. Then we want to define the
differential of f at a point p. This will be a linear map between T, 51 and Ty ,)S>.
Let o : I — S; be a curve such that «(tp) = p and &' (fp) = v € T,S1. We know
that we can describe it locally as «(t) = X(u(t),v(t)). Then B = f o « is a curve
on S, such that S(tg) = f(p) we define

af(p)(v) = B (to)

it is possible to prove that d f (p) is well defined, i.e. the image of v does not
depend on the choice of the curve « and this is a linear map 1,51 — Ty(,)S2. In
fact we can write

df(p) = (d(f o X))(ug, vo) o (dX) 1 (p)

which is a composition of well defined linear maps.
This is a good definition as many properties that are known to be true in the
case of maps R" — R™ remain true. In particular:
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Proposition 2.4 Let f: S, — S», g : S2 — S3 be smooth map between surfaces.
Then, if p € S;

(i) d(g o f)p) =dg(f(p))cdf(p)
(ii) If df (p) is a linear isomorphism then f is a local diffeomorphism of a
neighborhood of p in S onto a neighborhood of f(p).
(iii) If S is connected and d f (p) = 0 for all p in S then f is constant.
(iv) If f: S — R has a local maximum or minimum at p then df (p) = 0.

We will not prove these facts here, but using them we can easily prove one a
fundamental result in linear algebra, at least in the case of R3, that we will use
later in these notes:

Theorem 2.3 Letv — A-v be a linear map in R3. If the matrix A is symmetric
then there is an orthonormal basis of R3, {e1,e>,e3} such that A - e; = Aje;,
i.e. e; are eigenvectors for the linear map with eigenvalues A;.

Proof: Define a map f : S?(1) — Rby f(v) = (A-v) - v (i.e. we take the dot
product of A - v and v). This is a smooth map and if v is a point such that
df (v) = 0, we have that, for every curve « on S$2(1) such that x(0) = v

0

, a a
afw)(«'(0)) = Ef(a(t))t:o = a0 ((A-x(t)) - x(t)) =
(A-x'(0)-v+(A-v) - &(0)

the fact that A is symmetric implies that, for every v, w € R3,
A-v)-w=A-V-w=vi- Al w=v-A-w=v-(A-w)

hence df(v) = 0 if and only if, for every vector w, tangent to S?(1) in v, we
have (A -v) - w = 0, i.e. A- v is orthogonal to the tangent space at v to S?(1).
From the description of the tangent space to a sphere (Example 2.9), this implies
that A - v is parallel to v, i.e. A-v = Av for some A (i.e. v is an eigenvector) and
f(v) =Av - v = A is the corresponding eigenvalue.

If f is constant then df(v) = 0 for every v € S2(1). Hence every vector is an
eigenvector corresponding to the eigenvalue f(v) and the proof is trivial since
the linear map is just a multiple of the identity. If f is not constant, using the
fact that the sphere §2(1) is compact, we have that f has a maximum at some
point e; and a minimum at e> with e; # e>. At these points we have df = 0
hence e; and e, are eigenvectors, moreover

Sfler)er-ex=(A-e1)-ex=e1-(A-e2) = f(ex)er e
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and, since f is not constant, this is possible only if e; - e> are orthogonal. Now
let e3 = e; X e». Then {e;, e, e3} is an orthonormal basis of R3 and

(A-e3)-e1=e3-(A-e1)=f(e1)ez-e1 =0

(A-e3)-ex=e3-(A-e2) =f(ex)ez-e2=0

hence A - e3 is orthogonal to both e; and e, so it must be parallel to e3. Then e3
is an eigenvector of our linear map. [l

Let S be a surface. Given a basis of the tangent space T,,S at p € S, we would
like to add a third vector to obtain a basis of R3, this basis should vary ’smoothly’
when we move the point p on the surface

Definition 2.7 Let S be a surface. A vector field V on S is a smooth map S — R3.
If V(p) € TyS for every p in S then we say that V is a tangent vector field. If
V(p) L TpS we say that'V is a normal vector field.

Note that if a surface is orientable and the orientation is defined by a vector field
N, then we have an opposite orientation defined by the field —N.

Definition 2.8 Let S be a surface. We say that S is orientable if there exists a unit
normal vector field N on S.

Example 2.11 Any plane and the sphere S%(1) are orientable surfaces. In the case
of the plane the normal field is constant, while in the case of the sphere, we can
define N(p) = p.

Example 2.12 Let S = {(f(v) cos(u), f(v)sin(u),gv)),u € [0,2m],v € I} be
a rotational surface. Then, taking the cross product of the two vectors that span
the tangent space (see Example 2.10) we obtain a vector that is orthogonal to the
tangent space:

V= (f(w)g (v)cos(u), f(wv)g (v)sin(u),—f (v))

then ||V]|1° = f(v)?(g’' (v)? + f(v)?) # 0 since we assume that the surface is
regular and f (v) > 0. Hence we can normalize and define an orientation of S by
choosing N = V/||V]].

Example 2.13 Let S = {(cos(u),sin(u),v),u € [0,2m],v € R} be a cylinder.
Then, as one may deduce by the formula in the previous example, or by direct
computation, the normal field at a point p is just the projection of p onto the xy
plane: N = (cos(u), sin(u),0).
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Example 2.14 It is possible to prove that the Moebius strip, defined by
v v
2 2
is a non-orientable surface: the intersection of S with the xy plane is a circle
«(t) and, assuming that S is orientable, we would have a smooth normal field
N(x(t)) at the points of the circle. However it is possible to show that if we start
with N (x(0)) and we move the point around the circle once, when we are back to
x(21) = x(0) then N(21t) = —N(0) hence N is not even continuous. This is not a
proof and we will not give a rigorous proof here.

S=01+ Cos(%))cos(u), (1+ COS(%)) sin(u), fracv?2 sin(%))

Note that orientability is a global property for a surface. Given a local parame-
trization X : U — § it is always possibile to define a smooth normal vector at the
points of X(U), as we have done in the case of rotational surfaces, by letting

1 0X 0X
NX(u,v)) = Wﬁ Xﬁ.
|m><a—v’ |

(2.2)

Hence any surface that can be covered by just one local parametrization (for
example the graphs) is orientable. Problems may arise when we try to ’glue’
together the normal fields defined in different parametrizations.

(i) Let S be orientable with the orientation is defined by a normal field N. If
X : U — S is a local parametrization then we have a normal field N on
X(U) defined by (2.2). We may have N = +N. If the plus sign occurs
then we say that the parametrization is compatible with the orientation.
In the other case we may consider a new parametrization ¥ : U" — S
defined by Y(u,v) = X(v,u) (i.e. we switch the role of u and v). Then
the cross product in (2.2) will change sign and the parametrization will be
compatible with the orientation.

(ii) Given two different parametrizations X; and X, near a point p € S, we
have two normal fields N; and N, defined by the formula (2.2). Clearly,
at a point p € S we have Ni(p) = £N2(p). If N1(p) = Na2(p) for all p
we say that the two charts are define the same orientation on S. In the
case of the Moebius strip it is possible to cover the surface with two local
parametrizations, but the intersection of the images of X; and X; is not
connected, in one of the two connected components the orientation is the
same, on the other one we have opposite orientations. It is possible to
prove that a surface S that can be covered by local parametrization X;(U;)
such that X;(U;) n X;(U;) is connected is orientable.

(iii) Given two different parametrizations X; and X, near a point p € S we
have a diffeomorphism X;, such that X; = X, o X;» (Where this map is well
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defined). Then an easy computation following from (2.1), shows that the
normal vectors defined by (2.2) coincide if and only if

ou v’
det (g% g;e) - 0.
dv dv

This gives us a way of checking if two local parametrizations are compa-
tible without computing the normal vector. In particular a surface S is
orientable if and only if S can be covered by local parametrizations such
that the determinant of the change of coordinates is positive.

We conclude this section with the following important fact
| Theorem 2.4 Every compact surface S C R3 is orientable.

Note that there are smooth two dimensional manifolds that are non-orientable,
like the projective space or the Klein bottle. But these manifolds cannot be
smoothly embedded in R3.

The first fundamental form

Given a symmetric bilinear form F on a vector space V, we have a quadratic
form, that we will denote againby F : V — R, defined by F(v) = F(v, v). Knowing
F(v) for each v € V we can recover F(v,w) for v,w € V in fact from

Flv+w) =Fv+w,v+w) = F(v,v)+2F(v,w)+F(w,w) = F(v)+2F(v,w)+F(w)

we have the polarization formula
Flv,w) = %(F(v +w) - F(v) - F(w).

For example, if F(v,w) is the standard dot product in R" then F(v) is the
squared norm of v. If {vy,...,v,} is a basis of V then the form is completely
determined by the matrix

F(vi,v1) F(vi,v2) ... F(vi,vn)
- F(vp,v1) F(vz,v2) ... F(v2,vy)
F(vr;,vl) F(vyn,vn)

Infact,if v =a;v1 +... + apvy and w = byv; + ... + byv, then
b,
F(v,w):(a1 an)-F-
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We introduce a simplified notation for the functions defined on S and their
derivatives. If F : S — R" is a smooth function then, instead of writing F(p) for
p € S, we will use a local parametrization X : U — S such that p € X(U) to write
F(p) = F(u,v), i.e. we identify F with F o X. We will also replace the standard
notation for the partial derivatives if F is a function of u and v we let
_OF _OF
T ou’ VT ov
In particular, given a local parametrization X : U — S, X;, and X, form a basis of
the tangent space at the points of X (U).

We now want to define two bilinear symmetric (or, equivalently, quadratic)
forms on the tangent space of a regular surface.

Fy

Definition 2.9 Let S be a regular surface. Then the first fundamental form of S at
p is the bilinear symmetric form defined on T, S by the restriction of the standard
euclidean product in R3:

Iy(v,w)=v - -w
for every v,w € T,S.

Let p € Sand let X : U — S be a local parametrization of S such that p =
X(ug,vo). Then Xy (uo,vo) and X, (uo, vo) form a basis of T,S, and the first
fundamental form at p is completely determined by the functions

E:Xu'Xu, F:Xu'Xy, G:Xy'Xv.

In fact, if wy = a1 Xy + a2 Xy, w2 = b1 Xy + b2 Xy, € TS, we have

I, (wy,wp) = (al az) . (I]i g) . (Z;)

Note that, since the Euclidean scalar product is positive definite, the matrix re-
presenting the second fundamental form is positive definite, i.e. E > 0,G >
0,EG — F2 > 0. The matrix associated to the first fundamental form depend on
the parametrization. If X; : U; — S (with coordinates (u,v)) and X, : Uy —
S (with coordinates (u’,v’)) are two local parametrization in a neighborhood
of a point p € S then we have a smooth change of coordinates Xi>(u,v) =
(¢p1(u,v), ¢ (u,v) and, from X; = X» o X;» follows

Xy = Xow b1y + Xov 2y, X1y = Xow b1y + Xov b2y
If we compute the coefficient of the first fundamental form we get

E = Xlu ) Xlu = (X2u’¢1u + X2v’¢2u) ) (X2u’¢1u + X2v’¢2u) =
P1oE + 21, b2 F + oG’
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F o= Xiy- X1y = Xowpry + Xow d2y) - (Xoyw 1y + Xoyprpay) =
= d)lud)lvE, + (¢lu¢2v + qSZuqblv)F, + ¢2u¢2le

G = Xy Xip=Xoywdry + Xov2y) - (Xoyw by + Xopp2y,) =
= P15E +2d1, P2, F + 2o G

or, in matrix form
E F _ (¢lu) 4)21,1) . E F . (¢lu) d)lv)
F G) ¢1v) 4)21}) F G ¢2u) 4)21})

Li(p) = dXi, - I - dX12.

or

This formula will play a role later, when we will discuss integration on surfaces.
Now we want to show that the first fundamental form is related to the measure
of distances on a surface. We start from the length of a curve: let «: [a,b] - S
be a regular curve. Then we know that we may write x(t) = X (u(t),v(t)) hence

o112 = [Ju/ Xy + V' Xp |12 = T Xy + V' Xp|) = W2E +2u'v'F +v'°G

and

b
L(x) = J \/u’ZE +2uv'F + v'%G.
a

Since the distance between two points on S is the infimum of the lengths of
the curves joining the two points, it is clear that the first fundamental curve
completely determines the distance between points on S. A f map between
two surfaces in R3 is an isometry if the distance between points is preserved
by f. We have a complete description of the isometries of R3. In particular
all these isometries are smooth maps (we have only proved that isometries are
continuous) and they preserve the length of curves. This is true in a much more
general context, we state the result for the case of surfaces:

Theorem 2.5 [Myers-Steenrod] A map f between two surfaces is an isometry
if and only if f is a smooth map that preserves the length of curves.

We will need an infinitesimal version of this result

Lemma 2.1 A differentiable map f : S; — S» between two surfaces is an
isometry if and only if df : T,S1 — Ty )S2 preserves the scalar product.
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Proof: 1f f is an isometry, p € S; and v € TpS1, let «: I — S; be a regular curve
such that x(tg) = p, &' (tg) = v. Then, for t close to tg

t t
| neces)irds = Lo, = 10f o @i, = | Hdfm @ sl ds.
0 0

If we take the derivative w.r to t, at t = ty, we get

vl =11 (o)l = lldf (p) (e (Eo)) || = lldf (p) (V)|

hence d f(p) preserves the norm of the vectors. Using the polarization formula
we can conclude that d f (p) preserves the scalar product.
For the opposite implication, let 8 = f o «, then we have

L(B) = L 1B ()] dt = L df (' (0))]] dt = L e (B)]] dt = L(e)

and f is an isometry since it preserves the length of the curves. O

An immediate consequence of this infinitesimal description of the isometries
between the surfaces is a relation between the two first fundamental forms. He-
re we only assume that f is a local isometry, i.e. for every p € S; there is a
neighborhood V of p in S; such that f is an isometry between V and f(V):

Corollary 2.1 A differentiable map f : S; — S> between two surfaces is a
local isometry if and only if

Ip(wi,w2) = Iz (df (p)(wr1),df (p)(w2))

holds for every p € 1 and wy, wy € T, S1.

This allows us to construct maps that are local isometries between surfaces
but are not induced by isometries of R3, i.e. we have intrinsic isometries between
surfaces:

Corollary 2.2 Let S, and S» be regular surfaces parametrized by X, : U — S
and X, : U — Sy. If
Ey=E, Fi=F, G =G

then oX1X2‘1 is an isometry between S; and S».

Proof: Let f:1 — U be aregular curve and let &; = Xj o 8, o2 = X» o 8. Then
o1 = X712

2 N X1y + V' X112 = wE + 2u' V' F + 026Gy
15

7
||(X1

W2E + 2u'V'Fo + V'2Go = ||u' Xoy + V' Xoy 112,

[lex)
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Then f preserves the length of tangent vectors, the length of curves is then also
preserved. O

Example 2.15 Let U = {(u,v) € R2:u € (0,2m)} and let
X1 (u,v) = (u,v,0), X (u,v) = (cos(u),sin(u), v)

Then S = X1 (U) is an open subset of a plane in R3, while S> = X>(U) is a subset
of a cylinder. We have

X1, =(1,0,0), Xi, =(0,1,0), Xp, = (—sin(u),cos(u),0), X, =1(0,0,1)

andE; = E» =Gy =Gp =1,F = F» =0. Hence S; and S» are isometric. Note that
this isometry cannot be induced by an isometry of R? since every isometry of R3
maps planes into planes. The plane and the cylinder are not globally isometric,
in fact the two surfaces are topologically distinct, the first fundamental group of
the plane is trivial while the one of the cylinder is not: every circle in R® can be
continuously deformed to a point while there are circles in the cylinder that are
not contractible.

The first fundamental form of a surface allows to compute distances on the
surface, by integrating the norm of tangent vectors to curves. Hence it is related
to the ’intrinsic’ geometry of the surface, i.e. to quantities that can be computed
without knowing how the surface is embedded in R3.

The second fundamental form

We studied the curves in R3 using the Frenet frame. The starting point is the
variation of the tangent space to the curve. We now want to study the variation
of the tangent space to a two dimensional surface S. Since any surface is locally
orientable and the tangent space is completely determined by the normal vector,
it is enough to study the variation of a unit normal field on S. This will lead us
to the definition of another bilinear form on T,S.

Definition 2.10 Let S be an orientable surface. The Gauss map on S is the map
N :S — S2(1) defined by p — N(p).

Example 2.16 If S is a plane then the Gauss map is constant. On S%(1) the Gauss
map is the identity. On a cylinder the Gauss map is not constant and the image of
the Gauss map is a circle (see Example 2.13).

The Gauss map is a smooth map and we may consider its differential at a point
p € S. This will be a linear map dN : T,S — Tn(»)S%(1). But the characterization
of the tangent space to $?(1) (Example 2.9) tells us that Tx()S?(1) is orthogonal
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to N(p). The space TS is orthogonal to N (p) by definition, hence the two spaces
coincide.

Definition 2.11 Let S be an orientable surface. The Weingarten map on S at the
point p is the linear map Sy : T,S — T, S defined by
Sy = —dN(p).

The Gauss curvature K (p) and the mean curvature H(p) of S at p are defined by

K(p) =det(s,),  H(p) = S (Sy).

Note that given an endomorphism, the determinant and the trace can be compu-
ted using any matrix associated to the linear map w.r. to a basis of the vector
space. Then we define the second fundamental form of S by

I, (Wi, w?) = Sp(wy) - w2 = —dN(p) (wy) - wo.

With respect to the {X;,, X, } basis we have

AN) (Xy) = %N(uo Ftv0) = Ny d(N)(Xy) = %N(uo,vo Lt =N,

and

7
d(N)(Xu) 'Xv :Nu 'Xv = E(N'Xv) _N'Xvu = _N'Xvu

d
d(N)(Xv)'Xu:Nv'Xu:E(N'Xu)—N'Xuv =-N-Xuv =N Xy
if we let
e=—-Ny - Xy, f=-Nu-Xy=-Ny- Xy, g=-Ny- Xy

then, if w; = a1 Xy + a>X, and wy = b1 X, + b>X,, we have

IIp('WhWZ) = <6L1 a2> . <; g) . (Z;) .

In particular, the second fundamental form is a symmetric bilinear form on T,S.
Note that we can also compute the coefficients of the second fundamental form
as

e=N - Xyu, f=N- Xy, g=N- Xy
and these expressions are easier to compute since, in general, the expression for

the normal vector N is complicated and here we avoid taking derivatives of this
term. We now want to derive a formula for the Weingarten operator, since the
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Gauss curvature and the mean curvature are defined in terms of this operator.
Since d(N)(Xy) - Xy = AN (Xy) - Xy, with respect to the {X,, X, } basis this linear
operator is represented by a symmetric matrix

o= (i 2]
where
AN (Xy) = Ny = —(an Xy + a2 Xy), AN(Xy) = Ny = —(a12Xy + a»Xy)
from the first equation, taking the scalar product with X;, on both sides, we get
e=—-Ny-Xy=anXy - -Xy+apXy, -Xy=anE+apF
similarly

f=-Nu-Xy =anXy- Xy +apXy- Xy =anF+anrG

g=-Ny Xy =apXy Xy+apXy- Xy =apF+anG

S Y A B A
ai ax») \F G f a)

By taking the determinant of the right end side we obtain a formula for the Gauss
curvature in terms of the coefficients of the first and the second fundamental
form:

or, in matrix form:

2
e —_—
K= 15?;7—]1;2 (2.3)

E F\"' 1 G -F

F G  EG-F2\-F E
we can compute the product and obtain the following formula for the mean
curvature:

since

H - eG-2fF+Eg

- 2(EG-F?
Example 2.17 Let S be a plane in R3. Then, at every point of p € S, we have a
constant normal field N (p) = Ny. It follows that dN = 0 and both the Gauss and
the mean curvature vanish identically.
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Example 2.18 Let S = S2(r) be the sphere of radius v centered at the origin.
Then, for p € S, we have N(p) = %p. It follows that N = %I is a linear map,

hence dN = N. The determinant of —dN, i.e. Gauss curvature, is constant equal

to %, while the mean curvature is equal to —%.

Example 2.19 We have already seen (see Example 2.13) that the normal vector at
p = X(u,v) = (cos(u),sin(u), v) in the cylinder is N(u,v) = (cos(u), sin(u), 0),
we have

Xu = (_Sln(u),cos(u)’o)’ XU = (0’0’ 1)
qu = (_Cos(u)l - Sln(u)lo)l X’IA’U = (01010)- X'U'U = (01010)
henceEzG:l,F:O,e:—1,f:g:0henceK:OandH:%.

Example 2.20 Consider the helicoid, defined by S = {v cos(u),v sin(u),u) for
u € [0,2rr] and v € R. We have

Xy = (—vsin(u),v cos(u), 1), Xy = (cos(u),sin(u),0)

and a normal field defined by

N = #(— sin(u), cos(u), —v).

Vv1+v2

We also have

Xyy = (v cos(u),—vsin(u),0), Xy = (=sin(u),cos(u),0), Xy = (0,0,0)

hence
E=1+v% F=0, G=1
e =0, f= # g=0.
V1+v2
It follows that the Gauss curvature is equal to
_ 1
(1+v2)2

while the mean curvature H is zero. A surface with zero mean curved is called
minimal.

We proved that the matrix associated to the Weingarten operator with respect
to the basis {X;, X, } is symmetric. It follows that the spectral theorem applies
and it is possible to determine an orthonormal basis {e;,e>} of T,S at every
point p € S such that S,(e1) = kie1, Sp(ex) = koer. The vectors e, er are
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called principal directions at p while the eigenvalues k; and k, are the principal
curvatures at p .

As in the case of the curves it is possible to derive geometric information on
S from the knowledge of the curvature, there are cases when this is particularly
efficient:

Definition 2.12 Let S be a surface. A point p € S is umbilical if the principal
curvatures are equal at p. If every point of S is umbilical then S is called umbilical.

Proof: Let p € S. Since the eigenvalues ki, k» of S, are equal we have that, w.r.
to the basis ej, e», Sp is associated to the matrix

ki O
(0 k1> i
i.e. S, and dN(p) are multiples of the identity on T, S and we can write dN(p) =
A(p)I, where A(p) is a smooth function on S (in fact A(p) = —k;(p)). We first

work in a local parametrization X : U — S of S. Let v = aXy + bX, € TS then
dN(p)(v) = Av hence

Theorem 2.6 Let S be a connected umbilical surface. Then S is an open subset
of a sphere or of a plane.

it follows that
Nu = AXM, Nv = AXv (2.4)

we take the derivative of the first equation with respect to v and the derivative
of the second one with respect to u:

Nyv = Ap Xy + AX 0, Nyuw = AuXy + AXyy

but N, = Ny, and Xy, = Xy, hence taking the difference of the two equations
we get

AvXu = 2\uXv

since X,, and X, are linearly independent this is possible only if A,, = A, = O i.e.
A is a constant function on the local parametrization of S.

We have two cases
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(i) If A = 0 then dN = 0 hence N(p) = Ny is constant. Let (19, Vo) € U and
let f(u,v) = (X(u,v) — X(uo,vo)) - No. Then
E:XM'NZO, E:XU'NZO
ou ov
hence f(u,v) is constant. Since f(ug,vo) = 0 we have that X(u,v)
belongs to a plane orthogonal to Ny and passing through X (ug, vg).
(ii) If A # O consider the function f(u,v) = X(u,v) — %No. Then, using 2.4
af 1 of 1

%:XM_XN'M:O, %:X‘U:XNU:O

and f(u,v) = q is constant. Then
X (u,v) =q|l= ’IlN(u v)' =1
’ A ’ A

i.e. the points X (u, v) lie on a sphere of radius % centered in q.

Now we want to prove that this result is global. Given two points on the surface
we can connect them with a curve [a,b] — S. The trace of the curve is then
compact (since the image of a compact set via a continuous map is compact)
and can be covered with a finite number of local parametrizations. When two
parametrizations overlap we get that they must cover a portion of the same
plane or of the same sphere. Hence S is a subset of a plane or of a sphere. O

Now we describe the second fundamental form in different ways that will help
us to derive geometric consequences from the value of the principal curvatures
of a surface S. Let x : I — S be a bi-regular curve parametrized by arclenght.
Then &' (t) = k(t) n(t), where k(t) is the curvature of « and n is the normal
vector in the Frenet frame of «.

Definition 2.13 Let S be a regular orientable surface and let x : I — S be a
bi-regular curve. Then we define the normal curvature
Curve!Normal curvature of x at a point p = x(tg) € S by

kn(to) = k(to) cos(0(tp))

where k is the curvature of «x and 0 is the angle between the normal vector n of
« and the unit normal N (p) of S at p.

Note that the sign of the normal curvature depends on the choice of the orienta-
tion of S. Since n and N are both unit vectors we have an equivalent definition

kn(to) = & (to) - N(«x(to))
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i.e., up to sign, k, is the length of the projection of &’ on the normal to the
surface. Denote by N (t) the restriction of N to the points of x(t). Then, from
the definition of differential if follows that dN (&’ (tg)) = %N (x(t)) =1, = N'(to).
Moreover, since o' (t) is tangent to S, we have «'(t) - N(t) hence

O0=c"(t)-N@#t)+&'(t) N (t) =" (t) - N(t) + &' (t) - AN (' (1)).
Hence
II(o (tp)) = —dN (' (tg)) - &' (tg) = &” (to) - N(to) = kn(to).

The left hand side of this equation only depends on the value of v = «(ty), it
follows that, if B(tg) = x(tp) and B’ (ty) = v then & and S have the same normal
curvature at t = ty and the normal curvature is in fact a function k,, (v) defined
on the tangent space. In particular, to compute k,(v) we can choose any curve
through p that is tangent to v. Let x(t) be the plane curve determined by the
intersection of S with the plane through p spanned by v and N(p). This curve
is the normal section of S at p in the direction of p, we can parametrize & with
arclength and so that v = «'(tp). Since « is a plane curve the normal vector
to « lies on the plane and, being orthogonal to v, must coincide with +N(p).
It follows that n(tg) - N(p) = =1. and k,;, = k. The normal curvature of the
normal section coincides, up to sign, with the curvature of «. The value of the
second fundamental form at p in the direction of v € T,S is (up to sign) the
curvature of the corresponding normal section.

Let e1,e2 € TS be the principal directions of S at p and let v € T, S be an
unit vector. Then (since the basis is orthonormal) we can write v = cos(8)e; +
sin(0)e, and

—dN(p)(v) Sp(cos(0)er +sin()er) = cos(0)Sy(e1) +sin(0)Sy(ez) =

cos(0)kie; + sin(0)koe>

and we have the Euler formula for the normal curvature

kn(v)

IIy(v) = -dN(p)(v) -v =
(cos(0)kieq +sin(O)ey) - (cos(O)ey + sin(O)er) =
cos(0)%k; + sin(0)%ko.

Since v is uniquely determined by 6 we can write k, (v) = k, (0) and, taking the
derivative w.r. to 0

k;,(0) = —2cos(0) sin(0)k; + 2sin(0) cos(0)kz = 2 cos(0) sin(0) (ky — ky)

if k; = k then k,, is constant equal to k;. Otherwise we have critical points of
ky only if cos(0) = 0 or sin(0) = 0. It follows that the principal curvatures k;
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and k» are the minimum and the maximum value that the normal curvature can
assume at the point p.

Definition 2.14 Let S be a regular orientable surface in R3. A point p € S is
elliptic if K(p) > 0, hyperbolic if K(p) < 0, parabolic if K(p) = 0 but H(p) = 0
and planar if K(p) = H(p) =

If a point p € S is elliptic then K(p) = k1 (p)k2(p) > 0 and k; and k, have the
same sign. It follows that all the normal curvatures at p have the same sign,
hence (up to a change of orientation in S), we may assume that for any normal
section at p, we have n = N. It follows that the normal sections are all curved
‘the same way’ near p and they all stay on one side of the tangent space at p to
S. Conversely if K < 0 we have normal sections at p that lie on both sides of the
tangent space at p.

Example 2.21 The origin is an elliptic (resp. hyperbolic) point for the graph of
the function f(x,y) = x2 + y? (resp f(x,y) = x%2 — y?). All the points of a
cylinder are parabolic while all the points of a plane are planar. Note that the
normal curvature of a curve « is determined by the second derivative of «. If
the second derivative of « vanishes then we may have a planar point on S even
if the surface is not a plane. For example, if we consider the rotational surface
(v cos(u),vsin(u),v?), withu > 0 and v € (0,21), the resulting surface is
regular (even if the graph of the generating function intersects the z axis) and the
origin is a planar point.

We will now describe two constructions that lead to new definitions of the
normal curvature. Let f : S — R be a smooth function. Then, for p € S we may
consider a curve « : I — S such that x(0) = p. Let w = &’ (0). We define the
Hessian of f at p by

Hy(p)(w) = (f o) ¢=0.

dt2

This is a map defined on T,S. In local coordinates, if x(t) = a(u(t),v(t)), we
have

_ d of , of ,
Hf(p)(w) - dth(u(t) v(t))t 0= dt a—uu +$v

_ Bf e, 8 2f o 3f .. of

= au2 u'v’ +-av21) + auji + av'v

a ov
f 82 ' ’ r”
_ <— auav).<“)+(a_f ﬂ).(”):
of v’ u v v’
ouov ov?
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The second summand depends on the choice of the curve, not only on the tan-
gent vector w so, in general, H¢(p) is not well defined. But if p is a critical point
of f, i.e. %(p) = %(p) = 0 then the Hessian is well defined and coincides,
formally, with the standard Hessian of a function R? — R2.

Let S be a regular orientable surface and let p = X(ug,v9) € S in a local
parametrization of S. We define the function

fu,v) = (X(u,v) — X(uo, vo)) - N(uo, vo)

then

of .\ _ . _ of _ . _
au(v)—Xu(v) N(p) =0, 30 =Xv(p)-N(p)=0

and p is a critical point of f. The function f measures the projection of X (u,v)—
p on the normal vector at p, i.e. the (signed) height of X (u,v) relative to the
tangent plane at p. Let w € T,S be a unit vector and let & : I — S be a curve,
parametrized by arclength, such that x(0) = p and «’(0) = w. Then we have

2
IIy(w) = kp(w) =" -N(p) = %(a(t) - «a(0)) - N(p) = Hr(p)(w).

For a real valued function of several variables the Hessian at a critical point
gives information about the nature of the critical point. E.g., if the Hessian is
positive/negative definite then the point is a local minimum/maximum. If the
point p is elliptic this is exactly the case since the principal curvatures have the
same sign. It follows that the local picture of the surface, as graph with respect
to the tangent space at p, is similar to the one of a paraboloid at the origin, i.e.
the surface lies on one side of the tangent space.

Example 2.22 We consider a torus T? c R3, described as rotational surface:
X(u,v) = ((rcos(v) + R)cos(u), (rcos(v) + R) sin(u),r sin(v))
foru,v € [0,2] and R > v. Then

Xy(u,v) = (—(rcos(v) + R)sin(u), (r cos(v) + R) cos(u), 0),

Xy (u,v) = (—rsin(v) cos(u), —r sin(v) sin(u),r cos(v))

and

N(u,v) = (cos(u) cos(v), sin(u) cos(v), sin(v))
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Xyuu = (—(rcos(v) + R) cos(u), —(r cos(v) + R) sin(u), 0),
Xyv = (rsin(v) sin(u), —r sin(v) cos(u), 0),

Xyy = (rcos(v)cos(u), —r sin(u) cos(v), —r sin(v)).
Hence
E = (rcos(v) +R)2, F=0, G =72
e=—(rcos(v)+R)cos(v), f=0, g=-r

and the Gauss curvature is given by

_ cos(v)
" v(rcos(v) +R)’

The denominator is always positive, hence we have K > 0 at the points where
cos(v) > 0. This are the points on the ’exterior’ of the torus, and it is clear that
the surface lies on one side of the tangent space. The points with K = 0 are the
ones of the top and lower circles. The tangent space at these points contains the
circles. The points with K < 0 are the ones in the ’interior’ of the torus. There the
tangent space intersects the surface.

Calculus on surfaces

Denote by C*(R™) the set of smooth real valued functions on R"™ and let w €

R™ be a nonzero vector. Then we can associate to each function f € C*(R") its
partial derivative in the direction of w: %. This is another function in C® (R")

and we can think of the vector w as an operator on the set of smooth functions:

_of _
w(f) = 3 af(w).

We are not proving it here, but the knowledge of this map uniquely determines

the vector w, for example if f(x,y) = x° + 3xy — y + 1 and we know that
g—w = 2x + 3y then it is clear that w = (1,0) and we are taking the derivative w.r.

to the x variable. This operator has the following properties

(i) Linearity: Vf,g € C*(R"), Va,b € R: w(af + bg) = aw(f) + bw(g).
(ii) Leibnitz rule: Vf,g € C®(R™): w(fg) = w(f)g + fw(g).

We can replace the fixed vector v with a vector field X on R" and let

Xf(p) = %(v) =df(p)X(p))
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and a vector field X can be seen as a differential operator on C*(R"). Denote
by X(R") the set of smooth vector fields on R™. Then we have the following
properties:

(i) Linearity: VX,Y € X(R"), Vf € C*(R"), Va,b € R: (aX + by)(f) =
aX(f) + bY(f).
(ii) Tensoriality: VX € X(R"), Vf,g € C*(R™): (fX)(g) = fX(g).

From the last property follows, taking f(p) = 0, that if X(p) = 0 then X(g) =

0 at p. Hence if two vector fields X1, X»> coincide at p then 0 = X (g)(p) —

X2(g)(p), i.e. the value of X(g) at p only depends on the value of X at p.
Denote by {ey,..., ey} the standard basis of R™. If

X(X1,.eyXn) = (@1(X1, .00, Xn), ooy An(X1, .0, Xn) = . a4€;
then X acts on a function f by
0
X(f) =D aiei(f) = Zai_f
i T 0Xi

IfYy = (bi(x1,...,Xn),...,bu(x1,...,xn) is another vector field then we may
take the derivative, with respect to X, of the function Y (f):

Xy(f)zx@bjaa—i)—z (Zab of ., _of )

0x; axJ b 0x;0x;

similarly

YX(f)ZY(Z%%) :zbi (z aaji-l—a' of )
j i)

] axi an JanaXi

hence

(XY =YX)(f) = D (

ij

b, 0\ _of
"ox;  '0x; ) 0x;0xi

and XY — Y X is a well defined vector field (while XY and Y X are not, due to the
presence of the second derivatives) denoted by [X, Y] and called Lie bracket of
the field X and Y. Note that if the component of a;, b; of the two vector fields are
constant, then [X,Y] = 0 (hence XY = YX), e.g. [aixi’ %] = 0 and this reflects
the well know fact that the mixed partial derivatives with respect to coordinate
fields are equal.

A vector field Y = (b1(x1,...,Xn),...,bn(x1,...,Xxy) is defined by a set of n
real valued functions, so we may define the derivative of the vector field Y with
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respect to the vector field X by
DxY = (X(by),...,X(by))

then DyY is again a vector field in R™.

Example 2.23 Let

_ o o 5,0 e a2y O a2 0

X = (xy, 2y)—(xy)ax Zyay, Y = (x, 3y)—xax 3y ay
Then

DxY = (X(x),X(-3y%)=

9y o O AR N PN N
((xy)ax(x) Zyay(x),(xy)ax( 3y°) Zyay( 3y°)) =

0 0
2y _ 2
(xy,12y°) —xyax + 12y 2y

for example, at the point p = (1,2), we have DxY (p) = 2% + 48%.

It is possible to give a different, more geometric, description of DxY. Let p € R"
and let v = X(p). If «is a regular curve in R" such that x(0) = p and «’(0) = v
then we may consider the restriction Y (t) of the vector field Y to the points of
x(t) and

DxY(p) = %Y(a(t))t:o.

Example 2.24 We consider X,Y from the previous example and let p = (1,2).
Then X(p) = (2,—4) and we may consider the curve x(t) = (1 + 2t,2 — 4t)
passing through p at timet = 0 and such that «’' (0) = X(p). We have

Y(t) = (1 +2t,-3(2 — 4t)?)
and
0 0

DxY(p) = %(1 +2t,-3(2 —4t)%)—0 = (2,48) = 25 + 48@.

In particular the value of DxY at a point p can be determined knowing only the
value of X at p and the values of Y along any curve through p tangent at X(p).
The following properties of the derivative of a vector field are easy to prove:

(i) Linearity: VX,Y,Z € X(R"), Va,b € R:

Dx(aY +bZ) =aDxY + bDxZ, D(aX+by)Z =aDxZ + bDyZ.
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(i) Leibnitz rule: VX,Y € X(R"), Vf € C*(R"):
Dx(fY) = X(f)Y + fDxY.

(iii) Tensoriality: VX,Y € X(R"™), Vf € C®(R"):

Dx)Y = fDxY.
(iv) Torsion free: VX,Y € X(R"):

DxY -DyX =[X,Y].
(v) Compatibility with the metric: VX,Y, Z € X(R"):
X(Y-Z)=(DxY)-Z+Y - (DxZ).

Since, to define DxY, Y does not have to defined in an open set of R", it make
sense to study DxY for X,Y,€ %(S), where S is a regular surface in R3. The
result is, in general, a vector in R" that it is not tangent to S, while we would like
to obtain an intrinsic object. A result in this direction is the following

Proposition 2.5 Let S be a surface and let X,Y € X(S), then the bracket of
the two vector fields (computed in R3) is tangent to S, i,e

[X,Y] € X(S).

If, in particular, X and Y are coordinate vector fields, then it is possible to
prove that [X,Y] = 0.

Example 2.25 Let X : U — S be a local parametrization of a regular surface S.
LetX = X, andY = X, , then

2 ox v o _
DXY_au 6v’6v’6v)_xm’

and we know that, in general, X, has a component along the normal to the
surface.

Definition 2.15 Let S be a regular surface and let X, Y € X(S) then we define the
covariant derivative of Y with respect to X by

VxY = (DxY)'"d

where Z14"9 denotes the orthogonal projection on the tangent space to S.
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Again, the value at p of VxY only depends on the value of X at p and the values
of Y along any curve through p tangent to X (p). It is possible to verify that the
5 properties of DxY still hold for the covariant derivative (assuming Proposition
2.5 the proof is an easy consequences of the formulas in R™).

It is convenient to introduce a different notation that will allow simplify some
formula and the generalization to higher dimensions. Let V be an Euclidean
vector space (i.e. a vector space equipped with a positive definite symmetric
bilinear form), we denote the scalar product of X,Y € V by < X,Y > and if
{v1,...,v5} is a basis of V we let

Gij =<Vi,Vj >

fori,j=1,...,n. This defines a symmetric positive definite matrix G. Then G is
invertible and we denote by gk! the entries of G~1.

Example 2.26 Let v € V and suppose that we know the scalar product of v with
each element v; of a basis of V. Let

<V,Vi>=ai

it is possibile to write v as linear combination of the elements of the basis of V:
vV = A1V +...+ AUy, We want to determine the relations between the coefficients
A; and a;. We have

n n n
a; =<v,v; >=< z Ajvj,vi >= Z Aj <V, Vi >= z giji\j

j=1 Jj=1 Jj=1
it follows that
ax A1
=G -
an An
or
Al ay
=G
An an
hence
n P’y
?\j = Z g”ai.
i=1

This shows that it is possible to recover the coefficients of v as linear combination
of the elements of a basis by knowing the scalar products of v with these elements.
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We can show that the properties 1),...,5) of the covariant derivative allow us
to completely determine V:

H Proposition 2.6 Let S be a surface and let V be an operator X(S)x%(S) — %(S)
that satisfies the properties 1),...,5) definded above. Then V = V.

Proof: Given X,Y € X(S) it is enough to show that VxY is completely determi-
ned by the properties 1),...,5) (hence it is unique) showing that < VxY,Z > is
determined for every Z € X(S). We have

<VxY,Z> = X<Y,Z>-<Y,VxZ>=

= X<Y,Z>-<Y,[X,Z]>-<Y,VzX>=
X<Y,Z>-<Y,[X,Z]>-Z<Y,X>+<X,VzY >=
X<Y,Z>-<Y,[X,Z]>-Z<Y,X>+

+ <X,[Z,Y]>+<X,VyZ>=
= X<Y,Z>-<Y,[X,Z]>-Z<Y,X>+<X,[Z,Y] >+
+ Y<X,Z>—-<VyX,Z>=

X<Y,Z>-<Y,[X,Z]>-Z<Y,X>+<X,[Z,Y] >+
+ Y<X,Z>—-<|[YX],Z>—-<VyxY,Z>

Hence

2<VxY,Z> = X<Y,Z>-7Z<Y,X>+Y<X,Z>-—
- <[YX)],Z>-<Y,[X,Z]>+<X,[Z,Y] >.

This is known as Koszul’s formula for the covariant derivative. Note that the
bracket of two vector fields is uniquely determined on S by the inclusion S ¢ R3.
O

This shows that the covariant derivative of two vector fields only depends on the
scalar product (and the derivatives) defined on the tangent space to S. In other
words the covariant derivative is an intrinsic quantity (in spite of the fact that
our original definition involves a derivative in R3)

Let S be a surface and let X : U — S be a local parametrization. Sometimes we
will use the notation (11, u») (instead of (u,v)) for the coordinates in U, as this
allows the use of summations. Moreover we let

Xl = Xul’ X2 = XuZ
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Definition 2.16 Let S be a surface and let X : U — S be a local parametrization of
S. We define the Christoffel symbols of S (relative to the parametrization X) by

Vx,Xj = > TEXk
k

fori,j=1,2.

The vectors Xp,X» span, locally, the tangent space to S. Since the covariant
derivative of two tangent vector fields is a tangent vector field we have that Vx, X
must be a linear combination of X; and X». Then l"ikj are just the coefficients of
this linear combination. For example

Vx, X2 = T X1 + T3 X5,
Proposition 2.7 Let X : U — S be a local parametrization of a surface S and

let Tf; be the corresponding Christoffel symbols. ThenT/; = T}; and

1
= 5 > g™ (Xigji + Xjgu — Xi9ij)- (2.5)
1

Proof: 1) Since X; and X are coordinate vector fields we have
0 = [Xi,Xjl=VxXj-VxXi=
DXk = T X =
k

k

Kk
2. (I — T X
k

Since X; and X» are linearly independent the coefficients of this linear combina-
tion must vanish.

2) At each point of X(U), the vectors X; and X, span the tangent space to
S. This is an Euclidean vector space (with the scalar product induced by the
scalar product in R3, i.e. the second fundamental form). Given three indices
i,j,l € {1,2}, we have

Xlgij = X <Xi,Xj >=< VXlXi,Xj > + <Xi,VXlXj >=

< DT Xi X > + < Xi, DT Xy >=
k k

> Thgni + 2. T gix
K P
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We can permute the indices and get two other relations

Xigji = Zrikjgkl + zrﬁgjk,
K K

Xigii=, rﬁgki +> rﬁglk-
k k
We sum these last two relations and we subtract the first one:

Xigj + Xj9u — X19ij =2, rikjgkl-
K

Now we multiply on both sides by g!™ and sum over I:

> g™ (Xigji + Xjgu — X19ij) =2 rikj > gug'™.
1 X 1

Note that
z gklg tm
l

is the product of the k-th row of the matrix G and the m-th column of the matrix
G~1. Since G - G™! = I we have

> gug'™ = Skm
1

and the previous formula reduces to

zglm(Xigjl + Xjgi — X19i5) = Zrir;‘l-
1

O

Note that from 2) we get another (compare with Koszul’s formula) proof of
the fact that the covariant derivative (completely determined by the Christoffel
symbols) only depends on the first fundamental form of S.

One of the crucial tools in the study of curves was the Frenet frame, a basis of
R3 defined at every point of the curve. The way this frame changes from point to
point can be used (via the Frenet equations) to study the geometry of the curve.
We want something analogue for the case of surfaces. At every point of a local
parametrization we have a well defined frame X1, X», N = X; X X» and we want to
study the way this frame changes on S. This is done by studying the derivatives
with respect to the two variables 1; and 1, that we use to define the parame-
trization (the analogue, for a curve «(t), was the derivative with respect to the
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parameter t). Here we introduce a different notation for the second fundamental
form:

Ann=e=Xyu "N, A=A =f=Xuw N,A22 =9 =Xyp - N.

Proposition 2.8 Let X : U — S be a local parametrization of a surface S. Then
@)
Dx,Xj = > TKXi + AijN, (2.6)
k
(i1)
Dx,N = - > g/*A;j Xx. (2.7)
Jjk

Proof: 1) We have

norm

(DXin)mng + (Dx.x;) _
Vx,Xj+ <Dx;Xj,N >N =

= DX+ < o0_oX
k

Dx,X;

—N>N-=
aui auj

D TEX+ < Xij, N > N = D TEXi + AyjN.
k k

2) Since the norm of N is constant we have
0=X; <N,N>=2<Dx,N,N >

hence Dy,N is orthogonal to the tangent vector, and must be a linear com-
bination of the vectors X; and X,. Since < N,X; >= 0 is constant we also
have
0 = X; <N,XJ' >=< DXL.N,XJ' > + <N,DXL.XJ' >=
<Dx,N,Xj >+ <N, > TEXp + AjjN >=
k

<Dx,N,X; >+ <N,A;jN >=<Dx,N, X; > +A;j.

and
< DXL.N,XJ' >= —Aij.
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It follows (see Example 2.26) that the coefficient of Dx,N as linear combination
of X7 and X, are given by
Al
G ',
()

Dx,N = - > g/*A;j Xx.
ik

or

0

In the theory of curves we showed (see Theorem 1.3) that the curvature and
the torsion can be prescribed and completely characterize a curve up to rigid
motions. We would like to have a similar result for surfaces, where the role
of the curvature and the torsion is taken by the two fundamental forms. In
general the coefficients g;j of the first fundamental form and A;; of the second
fundamental form are subject to some extra condition:

Proposition 2.9 Let S be a regular surface and let X : U — S be a local parame-
trization of S. Then the coefficients of the first and the second fundamental
form are subject to the following compatibility conditions:

Xoe () = x5 (th) + > (xFrd, - Thrt,) = zg’” (AijArp — AnAjp)
P
fori, j, k,l € {1,2}, known as Gauss equations. And

Xi(Aif) = X;(Au) + > (ThAw —ThAn) =0
l

fori, j, k € {1,2}, known as Codazzi-Mainardi equations.

Proof: We take the derivative, with respect to Xy of (2.6):

Dy, (Dx.X;) = (z X, + AN ):

zDXk (rinl> + Xk (Aij)N + AijDx, N =
l

ZXk (rilj) X+ ZriljDXle + Xk (Aij)N + AijDx, N =
l l

> X (T)) X+ > 1 (Z /X, + AklN> +
l l 14
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+

X (Aij)N = Aij > g Arp X1 =
pl

> (Xk () + 2 Thn, - Ay Zg‘”Akn) X1+
p p

l

+

(Xk(Aij) + Zrilekl> N
l

(note that, in the last step we renamed some of the indices). We obtain similar
formula switching the role of k and j:

Dy, (Dx,Xk) = >, (Xj (rh) + X ThTE, — Au Zg’”lAjp) X) +
14 14

l
+ (Xj(Aik) + zr}kAﬂ) N.
l

But our fields are coordinate fields hence

0 0 0X 0 0 0X
axk 0x; axJ axJ 0x; axk

Dy, (Dx,X;) = = Dy, (Dx,X)

hence we can compare the normal and the tangential part of the corresponding
expressions. For the tangential part:

Xi (T)) + %r}’}r,ﬁp Aij Zg Akp = X; (Th) + Z - Aik%gPlAjp
or
Xie (1)) = X5 (Th) + % (thrl, —ThTt,) = % g (AijAry — AnAjy ).
For the normal part:

Xi(Aij) + D TL AN = X;(Ag) + Z HA;I
l

or

Xi(Aij) = Xj(Ap) + Y (TL A —ThAj1) = 0.
l

Then we have the following result (we omit the proof here)
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Theorem 2.7 [Bonnet] Let gij, Aij be smooth functions defined in an open set
V C R?, fori,j = 1,2, such that the matrix G = (g;;) is positive definite. As-
sume that these function satisfy the Gauss and Codazzi-Mainardi equations.
Then for every q € V there exists a neighborhood U C V of q and a diffeo-
morphism X : U — X(U) c R3 such that X (U) is a regular surface that has
gij and A;; as coefficients of the first and the second fundamental forms. Mo-
reover, if U is connected and X : U — X(U) is another surface with the same
fundamental forms then X (U) and X (U) differ by an isometry of R3.

Another fundamental result of the theory of surfaces states that the Gauss
curvature, that, locally, is defined by the ratio of the determinants of the two
fundamental forms, is an intrinsic quantity. In other words K is completely
determined by the first fundamental form (and its derivatives):

Theorem 2.8 [Gauss-Theorema Egregium] Let S be a regular surface. Then
the Gauss curvature K of S is invariant by local isometries.

Proof: Using Corollary 2.1, it is enough to show that the Gauss curvature only
depends on the first fundamental form. Consider a local parametrization X :
U — S of S and the corresponding Gauss equation

X (1)) = X5 (Th) + X (TFrt, —ThTL,) = 3 97! (AijAwy — AuAjp)
14 14
and choosei=j=1,k=1= 2, then
X2 (1"121> - X1 <1"122) + Z <rf1r22p - r1p2r12p) = ngz <A11A2n - AlZAln) =
14 14

= g% (A11A21 — A12A11) + g% (A1 A — ApRAr) =
9% (AnAs - Ah)

where we used the fact that the second fundamental form is symmetric, i.e.
Aij = Ajl'. Hence

A11Ay — A%, = ﬁ (Xg (r) - xi (1%) + > (thir3, - r{’zrfp)> .
p

The left hand side is the determinant of the second fundamental form and the
right hand side only depends on the first fundamental form. Hence we can
conclude using the formula (2.3) for the Gauss curvature. O
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Example 2.27 Let S be the xy plane in R3 with the obvious parametrization:
X(u,v) = (u,v,0). Then

X1 =(1,0,0), X»=1(0,1,0)

Since X, and X» are constant vectors, every derivative will vanish and we have
Dx,Xj =0 for everyi,j € {1,2}. Hence l"ikj =01,j,k e{1,2}.

Example 2.28 Let S be a rotational surface parametrized by
X(u,v) = (f(v)cos(u), f(v)sin(u),gv)).
Then
X1 =Xy = (=f()sin(u), f(v)cos(u),0), Xz =X, = (f'(v)cos(u), f (v)sin(u
Hencegii =E=f(w), gin=F=0andg» =G = ' (v)? + g’ (v)?. Then

1
G = (f(v)z ’ 2 0 ’ 2) ) G_l = (f(v)z ? )
0 fw?2+g W) 0 somgor

and

I = % ;g” (X191 + X191 — Xi911) =
= % (X1g11 + X1911 — X1911) = %Xu(f(v)z) =0.

Iy = % ;glz (X191 + X191 — Xign) =
= %922 (X1912 + X1912 — Xogn1) = —f,({,()lé){:;zz,)r

r, = % ;g” (X1g21 + X2911 — X1912) = J;((::))-

2, = % gg” (X1921 + X291 — X1912) = 0.

I, = % ;g” (X2g21 + X2g21 — X1g22) = 0.

I3, = % gg” (X221 + X221 — X1922) =
s
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Parallel transport and geodesics

Given a vector v in R" we can define a vector field V by letting V(p) = v
for every p € R"™. We can define the same vector field by saying that V(p) and
V(q) only differ by a translation (to be precise V(q) is the image of V(p) under
the differential of the translation that maps p to q). If @ : I — R™ is a curve in
R™ then the restriction V(t) of V to the points of the trace of « is a constant
vector field hence satisfies the differential equation Dy )V (t) = %V(t) = 0,
viceversa, a vector field V(t) along « that satisfies that equation has constant
components, hence V(t;) and V(t,) are parallel in R" for every choice of t; and
t>. On a surface, in general, we do not have a notion of translation that can help
us to define a field that is always parallel to a given vector, we will then use a
differential equation:

Definition 2.17 Let S be a surface and let « : I — S be a regular curve. A smooth
vector field V along « is parallel along o if
V(X’v = O

for everyt el.
Proposition 2.10 Let S be a surface an let « : I — S be a regular curve. If the

vector fields V| and V, are parallel along « then < V1,V> > is constant along
.

Proof: We show that < V1, V> > is constant by taking the derivative with respect
to the parameter t of the geodesic, this is the same as

& <V1,Vo>=<VuVi,Vo >+ <V],VaVo >=0.

As an immediate consequence we have that

(i) If V is parallel along « then the norm of V is constant along «,
(ii) If V7, V» are parallel along « then the angle between V; and V> is constant
along «.

regular curve such that x(0) = p then there exists a unique parallel vector

H Theorem 2.9 Let S be a surface and letp € S, v € T,S. If x : I — S is a
field V(t) along « such that V(0) = v.
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Proof: Let X : U — S be a local parametrization and suppose first that the trace
of « is contained in X (U). If x(t) = X(u1(t),u(t)) we can write

&' (1) =ui(OX1 +u() Xz, V() =a1()X) +ax(t) Xz
for some smooth functions a; (t),a>(t). Then
VoV = Vuoxitunx,V = w1V V +uy(t)Vy,V =

= Zu (HVy,V = Zu (D)Vx, (a1X1 + axXz) = > ujVy, (a;X;) =
ij

- Zu (Xi(apX; +a;VxX;) =

- Zqu(a»J)XJ+Za'JZ Xk =
- Z Zu;Xi(ak)Xk + Z (Z aJ”lrtlj) Xie =
k i ko \ij
d
= Z( ak+za1 111)
k ij

where, in the last step, we used the chain rule to take the derivative of aj with
respect to t. Hence V is parallel if and only if

d“" + Zaju Tk = (2.8)

itij

holds for k = 1,2. This is first order a linear ODE that can be solved uniquely
given the initial condition V(0) = (a;(0)X; + a>(0)X>) = v and the solution is
defined in the whole interval I where the curve « is defined. The definition of
parallel vector fields along o« does not involve a parametrization and this concept
is independent on the parametrization we choose to verify that V is parallel along
«. Hence if the trace of « is not contained in a parametrization and we want to
define V at «(t), we can cover the image of [0, t] under « (a compact set since
the image of a compact set under a continuous map is compact) with a finite
number of local parametrizations and the equation can be solved on each of
them. Due to the uniqueness of the solution V is well defined at «(t). O

Example 2.29 If S is the xy plane in R3 with the usual parametrization, then the
Christoffel symbols are identically zero. Hence the equation (2.8) just says that
the component of a parallel vector field along any curve must be constant and we
find the usual notion of parallelism in R?.
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Definition 2.18 Let S be a surface andletp € S,v € T,S. Givenacurve x:1 — S
such that x(0) = p, the unique parallel vector field V along « such thatV(0) = v
is called parallel transport of v along «.

Example 2.30 Let S be the torus parametrized by

Xu,v) = ((R+7rcos(v))cos(u), (R +rcos(v))sin(u),r sin(v))

it is possibile to compute the Chri-
stoffel symbols, the only non-
zero ones are:

1"121 = 1 sin(v) (R + v cos(v)),
v

v sin(v)

=T =-——5——"——.
12— "2l R + 7 cos(v)

We will consider three curves
on S and determine some pa-
rallel vector fields. Let ug €
(0,217) and let & (t) be a coor-
dinate curve u = ugp: fig. 2.5

x1(t) = ((R +7rcos(t)) cos(ug), (R +rcos(t)) sin(ug), v sin(t))
the field X, restricted to «; is
Xyu(t) = (—(R+rcos(t))sin(ug), (R + v cos(t)) cos(ug),0)

cannot be parallel since it does not have constant norm. We let

1

Vith) = 15T

Xy = (=sin(up), cos(uo),0)
(green in fig. 2.5) then
d tang
Vavi= (Svio) =0
i.e. V1 is parallel along ;. Similarly if we consider the upper circle:

x(2)(t) = (Rcos(t),Rsin(t),r)

any tangent field that has constant components is parallel (for example the red
one in fig. 2.5). In both cases the fields have constant components as vectors in R3
so the derivative w.r. to the parameter of the curve is always 0, but, in general,
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a field with constant components does not remain tangent to the surface. If we
consider the central circle (v = 0)

x(3)(t) = ((R+7r)cos(t), (R +17)sin(t),0)

and we let V3 = &3 = X, (the blue one in fig. 2.5) then V3 is parallel along «z, we
have

hence we have u| = 1,u), = 0 and a, = 1,a; = 0. The system of ODE requires
thenTK =0 for k = 1,2. Since T2, = 0 for v = 0 we have that Vs is parallel. This
also shows that the tangent vector field to a curve v = vy is parallel if and only if
v=0orv =rr.

Remark 2.3

(i) We used a local coordinate system to derive an equation for parallel vec-
tor fields V along a curve «, but the fact that V is parallel along « is
independent on the chosen parametrization.

(ii) A vector field V (t) restricted to a curve «x on a surface S is parallel if V' (t)
does not have a component tangent to S. Then if N(t) is the restriction of
a normal field to S to the points of &, we have V' (t) = A(t) N(t) for some
function A(t).

(iii) If ¢ : S1 — S» is a local isometry then a vector field V (t) is parallel along
« : I — Sy if and only if the vector field A (x(t)) (V) is parallel along 5(t) =
¢ o x(t). This follows from the fact that we have local parametrizations
X1:U = 851 and X, : U — S» such that the Christoffel symbols for S1 and S»
are the same at the corresponding point and, if we write x(t) = X1 (y(t)),
B(t) = X2(y(t)) then the ODE for parallel vector fields along the two curves
is the same.

Proposition 2.11 If two regular surfaces S, and S» are tangent along a curve
ox:I—851n8 (i.e. Tuir)S1 = Ta(r)S2) then a tangent vector field V (t) is parallel
along « on Sy if and only if it is parallel along « on S>.

Proof: This is an immediate consequence of the previous remark. In fact if S;
and S» are tangent along x(t) and V(t) is parallel on S then V' (t) = A(t) N1 (t),
where N (t) is normal to S;. But then N; is also normal to S; and V is parallel
on S». O

Example 2.31 Let us consider the fields defined in the Example 2.30. The curve
oy is tangent to both S and a plane, hence a vector field along «» is parallel if
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and only if it has constant components as vector in R3. The curve «3 lies also on a
cylinder tangent to the torus. The cylinder is locally isometric to the plane, and the
pre-image of «3 is a segment in R?. Since the tangent vector to a line is parallel
in R2 we can conclude that Vs is parallel on S.

Example 2.32 From the previous example it follows immediately that the tangent
vector to a great circle on a sphere S? is parallel along the great circle: given a
great circle we have a cylinder tangent to the sphere along that circle.

Example 2.33

Let S be a regular surface and let « : I — S be a regular curve. Once we have
a nonzero parallel vector field V along «, it is easy to construct all other parallel
vector fields:

(i) Since V (t) is parallel then ||V (t)|| is constant and nonzero. Let W(t) be a
smooth unit vector field tangent to S and orthogonal to V (t).

(ii) Let to € I and let Z(t) be the unique parallel vector field along «x such
that Z(tg) = W(ty). Then, since the parallel transport preserves the length
and the angles of parallel vector fields, we have that ||Z(t)|| = ||Z(ty)|| =
[|W(tg)|l = 1 and Z(t) is orthogonal to V (t). It follows that Z(t) = W(t)
and W (t) is also parallel along «.

(iif) Letv = aV(to) + bW (to) € TS«t,) be a tangent vector to S. Define the field
U(t) =aV(t)+bW(t). Then

VaonyUlt) =Vamn(aV(it) + bW () =aVeryVIE) + bV nyW(t) =0
hence U (t) is the unique parallel vector field along « such that U(t)) = v.
Definition 2.19 Let S be a regular surface and let « : I — S be a regular curve.
Then « is a geodesic if &' (t) is a parallel vector field along .

From the definition it follows immediately that, if « is a geodesic, then ||| is
constant i.e. « is parametrized with constant speed.

Proof: This is an immediate consequence of the existence result for parallel
vector fields. In a local coordinate system we have, with the notations of (2.8),
v = u] and v, = u) hence « is a geodesic if and only if:

uy + D ujuT =0 (2.9)
ij

Theorem 2.10 Let S be a surface and letp € S, v € T,S. Then there exists a
unique geodesic x : (—€,€) — S such thate > 0, x(0) = p and &’ (0) = v.
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holds for k = 1, 2. This is first order a nonlinear ODE that can be solved uniquely
given the initial condition v (0), the solution is only guaranteed to exist in an
interval centered in 0. O

Example 2.34 Let X (u1,u2) = (u1,u2,0), u,u» € R, be a parametrization of the
x7y plane S in R3. The Christoffel symbols vanish and «(t) = (u1(t), u(t),0) is
a geodesic if and only if uy (t) = uy (t) = 0. If p = (a,b,0) and v = (v1,v,,0) €
T,S, the geodesic through p, tangent to v, is the straight line

x(t) = (a,b,0) +t (vy,v2,0).

In general it is very difficult to solve the equation (2.9) explicitly, we will describe
a few examples where the geodesics can be found using geometric arguments:

Example 2.35 We can describe the geodesics of the sphere S° without using the
equation (2.9). Let «(t) be a geodesic on S?, parametrized by arclength. From
[l (t)|| = 1 it follows that < «'(t),x”’(t) >= 0. Taking the derivative of 1 =
[lx(£)]]1?2 =< a(t), x(t) > we obtain < «(t),’(t) >= 0 and taking one more
derivative

O=<a(),x(t) >=<ax®),a’(t) >+ <), (t) >=1+ < x(t), " (t) >

so that < «x(t),«x’” (t) >= —1. If & is a geodesic then «'(t) is a parallel vector
field along « i.e. the covariant derivative V w &’ vanishes. This is equivalent to the
fact that &’ (t) does not have a component along the tangent space to S°. Since
N(t) = x(t) is a unit normal field at the points of the curve

o' (t) =< o’ (t),N(t) > N(t) = =N (t) = —«x(t)

and « is a solution of the differential equation '’ (t) + «(t) = 0. It is easy to check
that the unique solution such that x(0) = p € §2 and &’ (0) = v € TpSZ is given
by

o(t) = cos(t) p +sin(t) v

and «(t) is a great circle on S2,
Example 2.36 Let S = {(x,Vy,z) € R3 : x2 + y2 = 1} be a cylinder in R3 and let

x(t) = (x(t),y(t),z(t)) be a geodesic parametrized by arclength. Then x (t)% +
y(t)2 =1 and

xx'"+yy =0
taking one more derivative we obtain

X/2+y/2+xx//+yy// =0
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since « is parametrized by arclength: x'* + y'* + z’*> = 1 and

xx" +yy" =1-2"% (2.10)

Since « is a geodesic, &'’ is parallel to the normal vector (x(t),y(t),0) at every
point of « hence
x"(t) = lambda(t) x(t), »"(t)=lambda(t)y(t), z"(t)=0

for some smooth function A. We will describe the geodesic such that x(0) = p =
(1,0,0) and &’ (0) = v = (0,a,b) € T,S. From the third equation it follows that
z(t)=btand z' (t) = b, hence, from (2.10), using the fact that ||v|| = 1:
xx" +yy" =1-b*=-a?
then, since « lies on the cylinder,
—a® = A)x () + Ay () = A (x (D) + ¥ (1)?) = A(t)
and A(t) = —a? is constant. Then we can integrate the ODE’s:
x" +ax =0, vy +ay=0
with our initial conditions, and we obtain x (t) = cos(at), v (t) = sin(at), so that
x(t) = (cos(at),sin(at), bt).
If b = 0 the geodesic is a round circle, if a = 0 a vertical straight line, otherwise

«(t) is an helix.

Given a point p € S and v € T,S we have a geodesic «(tf) tangent to v
at p. If we rescale the vector v, then the corresponding geodesic is just a
reparametrization of «:

Proposition 2.12 Let S be a regular surface, p € S and, for v € T,S, denote
by o, (t) : (—€,€) — S the geodesic such that x(0) = p and &' (0) = v. Then,
for A € R\ {0},

oy (1) = oy (AL)

is the geodesic through p, defined in (-5, %), tangent to Av.

Proof: Let B(t) = oty (At). Then B(0) = p and '(0) = A
alpha, (0) = Av

Vg/ﬁ/ = Vau, (?\O(;,) = ?\ZV,X;J(X;, =0

hence B is a geodesic. From the uniqueness of the solutions of the ODE (2.9) it
follows that o, (t) = B(t). |
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Corollary 2.3 Let S be a regular surface, p € S then there is a neighborhood
V of 0 € TS such that for every v € V, the geodesic &, (t) is well defined for
t=1.

Proof: Let v € T,S be a unit vector, let €(v) be the maximal interval such
that o, (t) is well defined in [—€(v),e(v)), where p = &, (0). Then €(v) is a
continuous function (follows from the continuous dependence on initial data
in the ODE (2.9)) defined in the unit circle, i.e. in a compact set. Let a be the
minimum of e(v). Then every geodesic spreading from p with unit speed is
defined in (—a, a). It follows that if 6 < % and ||v]|| < 6 the geodesic o, (t) is

well defined inI = (-%,%5) and 1 € 1. O

Definition 2.20 Let S be a regular surface, p € S and let V be a neighborhood of
0 € T,S such that for every v € V, the geodesic x,(t) is well defined for t = 1.
Then we define the exponential map at p: exp, :V — S by

expp(V) = xy (1), expp(0) = p.

Theorem 2.11 Let S be a regular surface, p € S. Then the exponential map at
p:expy 1V — S is a local diffeomorphism from a neighborhood of the origin
inT,SinsS.

Proof: The regularity of exp, follows from results on the dependence of solu-
tions of ODE’s from initial data. We want to use the inverse function theorem to
show that exp,, is a local diffeomorphism. For this purpose we have to evaluate
the differential of exp, at 0 € V. We identify the tangent space at 0 to T,$ with
T,S itself. Let v be a tangent vector at 0 € V then B(f) = tv is a curve in V that
is tangent to v at t = 0. The image of B(t) is the curve

expp(B(t)) = expy(tv) = oy (1) = &y (£)
i.e. the geodesic starting from p with speed v (in the last equality we used

Proposition 2.12). By definition

dexpy(0)W) = S oy (1) = v

and the differential of exp,, at 0 is the identity map. This is clearly an invertibile
linear map and the result follows. O

Since exp, : V — S is a local diffeomorphism, defined in a neighborhood V
of 0 € T,S, we can use it to parametrize a neighborhood of p in S. We can
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parametrize V using the standard cartesian coordinate, then the corresponding
coordinates (1, v) on for the points of S are called normal coordinates, while if
we use polar coordinates in V then the coordinates in S are called polar geodesic
coordinates.

If we use the polar geodesic coordinates (p, ) in S, with p € (0,¢€), 0 € (0, 21),
then, by definition, the coordinate curves 0 = 6y are the images of segments of
straight lines through the origin in T, S, i.e. geodesics in S. The images of the
curves p = po are called geodesic circles in S.

Proposition 2.13 Let S be a regular surface and letp € S. Let p € S and
V C TpS such that exp, : V — S is a diffeomorphism. Then, using the
polar geodesic coordinates (p, 0) in S we have the following properties of the
coefficients of the first fundamental form of S:

E=1, F=0, lmvJG=0, lim(/G),=0.
p—0 p—0

Proof: The first statement is obvious since X, is tangent to a unit speed geodesic.
Since X, and Xy are coordinate vector fields we have [X,, X¢] = 0 and

Xp(F) = X, <Xp,Xo>=<Vx,Xp,Xo>+<X,,Vx,Xg>=

1 1
= —§X9<Xp,Xp >= —EXQ(l) =0.

Hence F does not depend of p we can compute it by taking the limit of < X,, Xg >
as p — 0. But it is easy to show that then Xy — 0 (it is tangent to the geodesic
circles) while X, tends to a unit vector. Hence the limit of F is 0.

We omit the proof of the properties of G, it is possible to find it in the reference
books. O

The fact that the coefficient F vanishes in polar geodesic coordinates is known
as Gauss Lemma . This means that the radial geodesics from p meet the geodesic
circles orthogonally, exactly like in the polar coordinates in an Euclidean space.

Proposition 2.14 Let S be a regular surface and letp € S. Let p € S and
V C TpS such that exp, : V — § is a diffeomorphism. Then, using the polar
geodesic coordinates (p, 0) in S the Gauss curvature of S can be computed as

_ (\/E)pp

K(p,0) = Ne
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Proof: We omit the proof of this result. The proof follows from the computation
of the Christoffel symbols of S. O

We have then

Corollary 2.4 [Minding] Two surfaces Si, S» that have the same constant
Gauss curvature are locally isometric.

Proof: let p; € S and p, € S and parametrize two neighborhoods of these
points using polar geodesic coordinates, using the same range for the p and 6
variables. From the previous results we have that the coefficients E; = E» = 1
and F; = F» = 0 of the first fundamental form are equal. The coefficients G; and

G» satisfy the ODE

Since K is constant we consider the following cases
1) K = 0. Then (/Gi)pp = 0i.e. (\/G;), is a function f;(0) of the variable 0.
We have

1= limGi), = lim £i(0)
and f;(0) is constant equal to 1. We can then integrate once more w.r to p:
JGi = p + fi(0)

for some function f;(0). But we also have
0= 1im \/Gy) = lim f;(0)

hence ﬁ(e) = 0 and G; = p2. The coefficients of the first fundamental forms are
the same and the two surfaces are parametrized in the same neighborhood of
the origin in an Euclidean space. Hence S; and S» are locally isometric.

2) K > 0. We can integrate w.r. to p and find

\JGi = Ai(6) cos(VKp) + Bi(0) sin(+Kp)
for some functions A;, B;. Since /G — 0 as p — 0 we have A;(0) = 0. Then
(JGi)p = VKB (0) cos(vVKp)
and, since (+/G), — 0as p — 0,

1 .
\/GT-: ﬁsm(ﬁp)
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hence the coefficients of the first fundamental form are the same at the corre-
sponding points and the two surfaces are locally isometric. We omit the proof
for the case K < 0, which is similar. O

One of the important properties of geodesic is the following:

H Proposition 2.15 Let S be a regular surface and let B(t) be a geodesic. Then
B is locally length minimizing.

Proof: Here we omit some of the details of the proof. Let p be a point on
the trace of § and assume, for simplicity, that p = B(0). Consider a normal
geodesic neighborhood exp,, (V) of p and denote again by B : [0,L] — exp, (V)
a connected segment of B whose image lies entirely in exp, (V). Then B(t) =
exp, (tv) for some v € T,S. Let g = B(L). And let ¢[0,L] — S be another
curve such that «(0) = p, x(L) = g with «(t) € exp, (V) (we assume that the
trace of « lies in the coordinate neighborhood to simplify the proof, in fact it is
possible to show that this is not really necessary, up to a shrinking of V). We
can parametrize «(t) : (0,L] — exp, (V) C S using polar geodesic coordinates
ox(t) = X(p(t),0(t)), (where we assume that & does not pass through p twice,

otherwise we consider just a component of «) then
<o, o >=<p'X,+0'Xp,p' Xp +0'Xog>= p2+GO%>p”?

and the equality holds if and only if 8’ = 0. Then

L L
L(O()=limj ||o<’(t)||dtzlimj lp'(t)|dt
-0 Je -0 Je

on the right hand side we have the length of a curve such that 0 = 60 is a
constant, and, if p” > 0, this curve is the unique geodesic joining p and g. Hence
B minimizes the distance between p and qg. O

The converse is also true, any length minimizing regular curve «, parametrized
by arclength, is a geodesic.

Example 2.37 In a sphere a geodesic exp, (tv) remains length minimizing until it
reaches the antipodal point —p. After that the minimizing geodesic is exp, (—tv)
so the previous result cannot be extended to a global one.

Let X : V — exp, (V) be a normal geodesic neighborhood of p, and let a1, o2
be two different geodesics, parametrized by arclength. Then, for every fixed py,
o1 (po) and x2(po) belong to the same geodesic circle in S (note that a geodesic
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circle, in general, is not a geodesic) hence can be connected by a curve para-
metrized by X(pg,s) , with s € [0p,0;]. The length of this geodesic circle is
then

0> 0>
Lot (), o (£)) = L [ Xol|ds = L JGds.

We know something about the behavior of the coefficient /G, close to p = 0, we
have that the initial slope at p = 0, is equal to 1, while the second derivative, with
respect to p is equal to —K+/G. Intuitively we see that the sign of the curvature
controls the speed at which the two geodesic are spreading out of the point p. If
K < 0 then the length of the geodesic circle connecting two points of the curves
is increasing since /G is a convex function. If K = 0 the length of the circle
increases linearly. If K > 0 then /G is a concave function and we have two
possible behaviors: the length of the geodesic circle may continue to increase
(this can be seen in a paraboloid, for the geodesics starting at the origin) or, at
some point, it will start to decrease (e.g.in the sphere, where two great circles in
p will meet at the antipodal point —p).

We have seen that the curvature of the manifold may force two geodesic that
start at the same point to meet again at a different point (like in the case of the
sphere). It follows that the exponential map cannot be a global diffeomorphism
from the tangent space into the manifold, in fact it fails to be injective (points on
two different lines through the origin have the same image) (this is also related
to the fact that geodesic are only locally minimizing). Nevertheless, if the metric
has some reasonable properties, the exponential map is defined in the whole
tangent space:

Theorem 2.12 [Hopf Rinow] Let S be a regular surface, then the following facts
are equivalent

(i) S is a complete metric space.
(i) any two points in S can be connected by a length minimizing geodesic.
(iii) the exponential map at a point p € S is defined in the whole tangent space
Tp,S.
(iv) every geodesic is defined fort € R.

Recall that, using the first fundamental form, we can define the length of the
curves in S, hence a distance in S. S is then a metric space and it is complete if
and only if every Cauchy sequence is converging.

| Corollary 2.5 Every compact surface is complete
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Proof: Let x(t) be a geodesic parametrized by arclength such that «(0) = p.
Suppose that the geodesic is only defined in a maximal interval (on the right) of
the form [0, tg). We want to prove that ty = +c0. Given a sequence of points t,
in [0, tp) such that t,, — ty we have that t,, is a Cauchy sequence in R. Hence,
given € > 0 we can find ny € N such that

th — tm| <€, vYm,n > ny

since the geodesic is parametrized by arclength we have that the length of the
arc o of o between «(ty,) and o(ty,) is [tn — tim| hence, since o is one of the
curves joining the two points

llee(tn) — a(tm) 1] < L(e") = [tn — tm| <€

if m,n are large enough. It follows that «(t,) is a Cauchy sequence on S, the
compactness of S implies that we can find a converging subsequence (that we
still denote by x(t;)) such that «(t;;) — p. We let then «(ty) = p. This shows
that we can extend « continuously to ty, but it is possible to prove that this
can be done in a smooth way. From the existence theorem for geodesic we have
that there exists a geodesic in S such that y(ty) = p and y’(tg) = &’ (tp) and y is
defined in (—¢€, €). From the uniqueness part of that theorem we have that y = «.
Hence « is defined in [0, tp + €). Since ty was assumed to be maximal we have
a contradiction unless ty = +o. The result now follows from the Hopf-Rinow
theorem. O

Let & be a curve (parametrized by arclength) on an oriented surface S. We
have that «’ is a unit vector tangent to S and N («x(t)) is a unit normal vector. It
follows that the vector field defined at the points of « by

U(t) = o' (t) x N(x(t))
is a unit vector field tangent to S and orthogonal to «’. In other words
{o/,N(a(t)),U(t)}
is an orthonormal frame at the points of «(t). It follows that we can write
& (t) =a(t)o(t) + b(t)N(x(t)) + c(t)U(t)

but since '’ (t) L ' (t) (since the length of « is constant) we have a(t) = 0.
Moreover «’’(t) - N(x(t)) is by definition the normal curvature of «. Hence,
using the symmetries of the triple product, we have

" (t) = kyN+&" - (&’ XxXN)U = kyN+N- ("' x&')U = kyuN+|N|| " x| cos(0)U
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where 0 is the angle between N and "’ x «’. We define the geodesic curvature
of o to be

ky =l x «| cos(0)

so that
& (t) =knN+kyU

(note that the sign of k,; depends on the choice of the orientation of S). Then the
curvature of « is

k(t) = kn(£)? + kg (t)?.
We have the following properties of the geodesic curvature:

(i) If x is a plane curve then k,, = 0, hence, up to sign, the curvature of «
coincides with the geodesic curvature.

(ii) A curve, parametrized by arclength, on S is a geodesic if and only if &’ (t)
is a normal vector. This happens if and only if k; = O since the geode-
sic curvature measures the length of the tangent part of «”’. Hence the
geodesic curvature measures the failure of « to be a geodesic.

Integration on surfaces

We give, without proofs, some results about the definition of integral of a
function defined on a surface, i.e. given a function f : § — R, we want to define
the integral of f over S. We try to find an analogue of the integral of a real valued
function defined in an open subset U of R™. If f: U — R is bounded we have the
integral

dexl...dxn
U

and, if ¢ : U" — U c R" is a diffeomorphism we have the change of variable
formula:

L]fdxl...dxn - JU’fod)ldet(dd))ldxi...dx;l

the absolute value of the determinant of the Jacobian of ¢ has a geometric mea-
ning that, in the case of two variables, corresponds to the area of the image of
a square with unit sides under ¢. In the case of a surface we have that a local
parametrization plays the role of the diffeomorphism ¢, mapping a two dimen-
sional open subset of R? into an open subset of a surface. In general it is not
possible to cover the entire surface with just one coordinate neighborhood so we
will have to find a way of making this local construction global.
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Definition 2.21 Let X : U — S be a local parametrization and let f : S — R be a
function such that the support of f, i.e. the closure of the set {p € S : f(p) = 0}
is contained in X(U). Then f is integrable if the following integral exists

L]fo () (1, 1) | X X Xo || dut .

Here X, X X, is the area of the parallelogram spanned by X;, and X, at each
point of X(U). This parallelogram is the image of a square spanned by (1,,0)
and (0, 1) in the tangent space at a point of U under the differential of X. Using
the change of variable formula in R? it is easy to show that this definition of
integral does not depend on the particular choice of the parametrization. If the
function f does not have support in X(U) we have to use a partition of the
unity:

Proposition 2.16 Let S be a regular surface and let V; be open subsets of S
such that

@®»Ss=Uv
(ii) every point of p has a neighborhood that interesects finitely many V;

Then there are functions f; : S — R such that

(i) the support of f; is contained in V;
(ii) fi(p) =0 foreveryp € S.
(iii) foreveryp € S,> fi(p) =1

we say that f; form a partition of the unity subordinated to the covering V;
of S. It is possibile to prove that a partition of the unity always exists on S.
Given a covering of S by coordinate neighborhoods V; = X;(U;) and function
f S — R we have that f - f; has support in V; hence we can use the previous
local definition of integral and set

Jsf N Zjviffi'

This formula remains valid if the covering of S leaves out a 'zero measure set’.

By letting f = 1 the previous formula defines the area of a surface .

Example 2.38 Let X : (0,21) X (-5, %) — S2 be the local parametrization
X(u,v) = (rcos(v) cos(u),r cos(v) sin(u),r sin(v))

this parametrization covers the entire sphere with the exception of a half circle,
this set does not contribute to the area of the sphere and we have

Xu XXy = (r? cos(v)? cos(u), r2cos(v)? sin(u),r2 sin(v) cos(v))
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it follows that || Xy X Xy || = v2 cos(v)? and we can compute the area of the sphere:

2w % 27T
J J r2cos(v)dudv = J 22 du = 4mrr2.
o J-T 0

The Gauss Bonnet theorem

The Gauss Bonnet theorem shows that there is a relation between the Gauss
curvature of a surface and the topology of the surface. In the case of plane curves
we see that it is possible, in some case, to associate a number, determined by the
curvature, to a given plane curve, and this number is linked to the structure
of the trace of the curve. Let « : [0,L] — R? be a simple closed plane curve,
ie. x(0) = x(L) and x(t1) +# x(t2) for {ti,t>} = {0,L}. It is possible to prove
(Jordan’s theorem) that « divides the plane in two regions, only one of them is
bounded and we say that « is positively oriented if the normal vector points in
the direction of the bounded region. Then we have

Theorem 2.13 [Turning tangents] Let o : [0,L] — R? be a simple, closed and
positively oriented curve in R%. Then

L
J kdt = 2T.
0

Proof: Assume that « is parametrized by arclength. Then, if 0(t) is the angle
between ' (t) and the positive direction of the x-axis, we have

o (t) = (cos(O(t)),sin(0(t)))

and
o' (t) = 0'(t) (—sin(0(t)),cos(0(t)))

our choice of the orientation implies that 6’ > 0 and we have:
k(t) = [la”’ (t)]| = 0'(t)
hence

L L
J kdt = J 0’ (t)dt = 0(L) — 0(0)
0 0

but, since the curve is simple and closed, the difference between the two angles
must be 27. O
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Given a simple closed curve it is possible to find a curve with the same trace that
winds around several times (see (1.5)) in this case the integral of the curvature
will be an integer multiple of 21, i.e. by computing the integral of the curvature
we may know how many times the curve winds around, this is a topological
information about « (see the definition of fundamental group of a circle).

There is a non-smooth version of the previous result. If a curve « : I — R? is
only piecewise smooth and we have breakpoints for t = ty,..., t;;, then we may
define the exterior angle at t; as the angle 0; between the two vectors

o' (t;))- = lim «'(¢), &' (t)y = tlign o' (t)
—t;+

el
if the curve is simple and closed then the integral of the curvature is less than
277, but this can be compensated by adding the sum of the exterior angles:

L
J kdt + > 0; = 2m.
0 i

Example 2.39 Let & be the boundary of a triangle in R?. Then the sides of the
triangle are straight line and the curvature is zero. The previous formula reduces
to

Zgi = 2TT.

Since the exterior angles 0; at the three vertices are related to the interior angles
¢i by 0; = T — ¢, it follows that > ¢; = T, if we replace the triangle by a
polygon with n sides, the same formula shows that the sum of the interior angles
is (n—2) 7. This facts can be proved by using elementary geometry but, using this
formula, the proof is immediate. Note that the sides of a polygon are geodesics in
R,

There is a topological classification of the compact oriented surfaces in R3.
Each such surface is characterized (up to diffeomorphism) by an integer, called
genus of the surface. Intuitively the genus counts the number of ’holes’ in the
surface. For example the sphere has genus 0, the torus has genus 1... The genus
is then a topological invariant of a surface and we can use it to define another
topological invariant, called the Euler characteristic of the surface S :

xX(S)=2-2g

where g is the genus of the surface. For example, the Euler characteristic of the
sphere is 2, the one of the torus is 0.... The (first version) of the Gauss Bonnet
theorem relates the Gauss curvature of the surface to the Euler characteristic in
a very simple form:
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Theorem 2.14 [Gauss-Bonnet I] Let S be a compact orientable surface in R3.
Then

LK =21X(S).

It follows that if we deform a round sphere, this deformation can create points
where the curvature is not constant, positive or negative. But if the curvature is
decreased in some area then there must be some other area where the curvature
has increased since the total integral of the curvature is constant equal to 4rr.
This also shows that it is not possible to deform a torus so that the curvature is
positive at all points, in fact the integral of the curvature remains equal to 0. We
also have an important consequence

H Corollary 2.6 Let S be a compact oriented regular surface such that K > 0.
Then S is homeomorphic to a sphere.

Proof: Tt follows from the Gauss Bonnet theorem that the Euler characteristic of
S is positive. Since x(S) = 2 — 2g this is only possible if g = 0. O

Now we can state a different version of the Gauss Bonnet theorem, that applies
to surfaces with boundary. We will not give a rigorous definition of surfaces with
boundary. While a regular surface is locally diffeomorphic to an open connected
sets in R?, we allow some coordinate neighborhoods in a surface with boundary
to be modeled by open sets in the half plane {(x, y),y = 0}. The image of the
boundary points of this set (i.e. the points on the x axis) will define the boundary
of the surface. In most applications, for us, a surface with boundary is just the
result of removing (open) regions bounded by closed simple curves on a regular
surface:

Definition 2.22 A regular region R in a regular surface S is a compact set given
by the union of closures of connected disjoint open subsets of S such that the
boundary of R is the union of piecewise smooth simple curves.

We will assume that the boundary curves are ’positively oriented’, this is an ana-
logue of the choice of the orientation for simple closed. Intuitively, this means
that if one is walking on the curve in the "positive’ direction and with one’s head
pointing to the normal vector N to the surface, then the region R remains to the
left. It can be shown that one of the two possible orientations of the curve makes
it positively oriented.
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Theorem 2.15 [Gauss-Bonnet II] Let S be a compact orientable surface in R3
and let R be a regular region whose boundary is the union of positively orien-
ted piecewise smooth curves «;. Denote by 0;; the exterior angles at the
singular points t; for the curve ;. Then

LK+§J;kg+29u=2ﬂmR)

where kg denotes the geodesic curvature of the curve ;.

This is an extremely powerful tool, but first one has to know how to compute
the Euler characteristic of a regular region!

Definition 2.23 A triangle in a regular surface S is a region T homeomorphic to
a disc such that the boundary of T is a piecewise smooth curve that has three
singular points with nonzero exterior angles. A triangulation of a region R in S
is a family {T;} of triangles in S such that R is the union of the triangles and the
intersection of two distinct triangles T; and T; can only be empty, a side (one of
the smooth arcs in the boundary of the triangle) or a vertex (one singular point of
the boundary).

It is possible to prove that every regular region R in a regular surface admits a
triangulation. Given a triangulation it is possible to compute the number F of
faces (i.e. the triangles), the number E of the sides, and the number V of the
vertices. Then we define the Euler characteristic of R

X(R)=F—E+V.

This quantity does not depend on the particular choice of the triangulation of R,
hence it is a topological invariant of R.

Example 2.40 Let R be the unit disc in the plane centered at the origin. We can
divide it in 4 triangles defined by the intersections with the 4 quadrants. Then
we have F = 4, E = 8, V = 5 (one vertex in the origin and four vertices on the
boundary). Then x(R) = 1.

Example 2.41 We can divide each hemishpere of the sphere S? in 4 triangles that
have a common vertex at a pole and the other vertices on a great circle (similar
to the previous example). It follows that F = 8, E = 12,V = 6. Hence x(S?) = 2.

Example 2.42 Let R be a truncated cylinder. We can divide it in two parts by cut-
ting with a plane parallel to the axis, each of them is homeomorphic to a square,
and we can subdivide it in two triangles. Then we have F = 4, E = 8 and V = 4.
Hence x(R) = 0.
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Corollary 2.7 Let S be a surface with K < 0. Then two distinct geodesic
1, X2 cannot intersect twice bounding a region R homeomorphic to a disc.

Proof: We apply the Gauss Bonnet theorem to the region R. Since «; and &y are
geodesic we do not have a contribution of the geodesic curvature and

JK+91+92=2T(
R

since the geodesic cannot be mutually tangent, we have that the exterior angles
are smaller than 7r. The fact that the integral gives a negative contribution leads
to a contradiction. O

H Corollary 2.8 Let S be a surface, homeomprhic to a cylinder, with K < 0.
Then S has at most one simple closed geodesic.

Proof: Here we only give a trace of the proof. First one has to show that the two
geodesic do not intersect (using the previous corollary). Then we have that the
two geodesic bound a region homeomorphic to a cylinder R, we apply the Gauss
Bonnet theorem to the region R and

[ k=0
R

a contradiction, since K < 0. O

Given a triangle on a surface, assuming that the sides of the triangle are
geodesics, one has from the Gauss Bonnet theorem:

JK+91+92+93=27T
T

since the triangle is homeomorphic to a disc. If ¢p; = ™ — 0; are the interior
angles this implies

¢1+¢2+¢3=W+JTK

hence the sum of the interior angles of a geodesic triangle in a sphere is larger
than 7.

We will now sketch the proof of the Gauss Bonnet I theorem. It is possible to
show that, in a neighborhood of a point in S, we can find a local parametrization
X : U — S such that the first fundamental form is of the form

I Alu,v) 0
B 0 Alu,v)
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i.e. E = G and F = 0. This has some geometric consequence: given (u,v) € U
such that X(u,v) = p € X(U), the field %(u,v) = (1,0) and d%(u,v) =(0,1)
form an orthonormal basis of the tangent space at (u,v) to R?. The differential
of X maps these two fields into X (p) and X, (p) and the first fundamental form
determines how the differential of X has deformed this orthonormal basis. In the
case of our parametrization we have that this deformation is just a rescaling by
A(u,v), i.e. a similarity, and such a map preserves the angles between vectors.
A map with this property is called conformal .

We will assume, for simplicity, that each triangle T in a triangulation of S is
contained in the image of a conformal parametrization. Let x(t) : [0,L] — S be
the boundary of T and let &(t) be its pre-image under X, i.e. &(t) = (u(t),v(t))
is a curve in U ¢ R? such that «(t) = X(u(t),v(t)). The fact that the parame-
trization is conformal implies that the exterior angles 0; at the singular points
of o and & are the same. Furthermore a computation shows that the geodesic
curvature kg of « is related to the curvature k of & by the formula

_ b
T 2A

The formula for the Gauss curvature in a conformal coordinate neighborhood
has a particularly simple expression:

kg Ay v = A, u') + k.

1
K = —ﬁAlog(A)

and we can compute
L 1 L
kg + > 0; = —(Auv’—Avu’)+J k+> 0
i i

oT 0 2A 0

By the turning tangents theorem (and the fact that the parametrization is con-
formal) we have for the last two summands

L~
[ k+> 0; =2m.
0 i

Moreover by Green’s theorem (the first integral on the right hand side can be
seen as the integral of a function on the pre-image T of T in R?)

L , , d (Ay 0 (Ay
Oﬁ(?\uv —Avu) = JTE(§>+£<§>dudv—

1 1
JT EA(log(A))dudv = JT ﬁA(log(A))?\dudv =

-
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since the determinant of the first fundamental form that appears in the formula
for the integral of a function defined on a surface is, in this case, exactly A. Hence
we proved

K+{ kg+ > 0;=2
JT 6Tg ; Tl'

if we sum over all the triangles T; of the triangulation of R (note that this number
is equal to the number of faces F in the triangulation, we get

JRK+%LTJkg+§;9i=2nF

Now note that, since S has no boundary, each side of the triangles in the sum of
the contribution of the geodesic curvatures, is counted twice, once for a triangle
T; and another one for a triangle Ty that shares that side with T;. But the as-
sumption on the orientation of the triangles implies that the two orientations, in
T; and Ty, are opposite. It follows that the two contributions will cancel and we
are left with

J K+> > 0;=2mF
R I
We have three exterior angles for each triangle hence
3 300= Y3 - b = 3Fm - 33 o
i i i

but at each vertex the sum of the interior angles of the triangles that have that
vertex in common is 27t hence

ZZGi:3FTr—2TrV
i

and

J K=2wF-3nF+2nV
R
it is possible to prove, by induction, that 3F = 2E, hence

J K=2mF-2m2+2mV =2mx(S).
R



88 | Chapter 2 Surfaces

RN |

Changing the metric

In the last section we studied the intrinsic geometry of a surface S in R3. In the
formulas we computed quantities that only depended on the first fundamental
form, i.e. the inner product induced on T,S by the inclusion of § in R3. If
we replace the first fundamental form by a different symmetric positive definite
bilinear form on TS, the formulas for the curvature will still make sense. By
doing this change we only allow some freedom in the way we measure the length
of vectors in T, $ and this can make sense in some practical situations. Think of
a map, this can be seen as a subset of R?, a flat object. But motion on the map
is not equivalent to motion in the real space represented by the map, since, in
general, the map represents a ’curved’ piece of world and we cannot estimate the
distance between points from their representatives on a map. This suggests that
the length of a segment in the map should be measured differently according to
the curvature of the space that it represents.

Definition 2.24 Let S be a regular surface in R3. A Riemannian metric on S is
defined by the assignment of a symmetric positive definite bilinear form g(p) in
the tangent space T, S at each point of S. We require that g depends smoothly on
the point, i.e. if X,Y are smooth vector fields on S, then g(p)(X(p),Y(p)) is a
smooth function S — R.

If we choose the usual basis {X;,, X, } of the tangent space at a point p € S given
by a local parametrization, then g(p) is still represented by a 2 X 2 matrix. We
will then use then use the same notation used in the case of the inner product
induced by standard product in R3:

E(p) = g(p)(Xu, Xu), F=g({p)(Xy,Xy), G(p)=9(p)( Xy, Xy)

and the formulas for the quantities defined by the first fundamental form, like
the Christoffel symbols and the Gauss curvature still make sense. In the particu-
lar case F = 0 one can prove that the formula for the Gauss curvature takes the
form

1 0 E, ) 0 ( Gu ))
K=—r—|[=— — | —= 2.11
2VEG (av (JEG " ou \VEG 2.11)
and we will use it as the definition of the curvature of a Riemannian metric in
the following examples.

Example 2.43 Let S be the Poincare half-plane, defined by

S={(x,y)e[R{2:y>0}



Changing the metric §2.9 | 89

| I

this is an open subset of R?, hence with the induced metric this is just a flat space.
But we can define a new metric, at point p = (u,v) we let
gp) = % <>
where < -,- > is the standard scalar product in R?. We are just rescaling the
standard first fundamental point with a coefficient that depends on the point. At
the points of the form (u,1) this is just the standard inner product of R?, but
when v is large, the norm of a vector that has unit length in the Euclidean space,
becomes very small. If v is close to zero then this length becomes very large. This
means that the length of the tangent vector to a line segment of the form (0,t)
is such that the distance between (0,t1) and (0, t) is huge if t; and t, are *very
small’. At every point of S we have the standard basis X,, = (1,0) and X, = (1,0).
It follows that
E=G= %, F=0

and we can use the formula (2.11) to compute the curvature of S

- (5 (-5) -

Example 2.44 The stereographic projection ¢ from S = S?\ {N} to R? is a diffeo-
morphism. We can use this map to induce a metric on S by pretending that ¢ is
an isometry, i.e. for X,Y € T,S we let

Ip)(X,Y) =<d¢(p)(X),dp(p)(Y) >

where < -, - > is the standard scalar product in R?. This induces a new metric on
an open subset of the sphere and this subset becomes isometric to the plane R?,
hence the Gauss curvature of S is 0.

It is possible to define the covariant derivative and the concept of geodesic using
the formulas developed for the standard metric. Geodesic turn out to be again
locally minimizers of the distance between two points:

Example 2.45 Let S be the Poincare half-plane and let y : [a,b] — S be a curve
connecting two points p1, p» that lie on the same vertical line, p1 = (Ug, V1),
p2 = (Ug,v2). Then if we represent y by (u(t),v(t)),

b b 1
J gy, y)dt = J Tt)\/u’(t)Z +v/(t)2dt =

S U (Pl by
LW v (t)zdt‘L v (D) dtZL v M=

L(y
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(%) 1
= J —dv = L(x)
v
where x(t) is the line segment [vy, V2] — S, defined by «(t) = (ug,t). It follows
that vertical line segments are geodesics. We can identify S with the subset of the
complex numbers {z € C:Im(z) > 0}. Then it is possible to prove that the maps
of the form

az+b

cz+d

—

where a,b,c,d € R and ad — bc = 1, are isometries of S. Since the image of a
geodesic under an isometry is again a geodesic (since isometries preserve distance
they must preserve length minimizing curves) one can consider the images of the
geodesic x(t) = it (the positive v axis) and obtain the geodesics

bd + act® + i

R
It turns out that the geodesics are straight lines parallel to the v axis or half circles
centered at a point of the u axis. For example fora =b =c =1 andd = 2 one
gets the circle of radius % centered at (%, 0).

The formula (2.5) that defines the Christoffel symbols in terms of the metric is

still valid, we have the matrices

1 2
0 v 0
_ [ v? -1 _
G_<O 1;12>, ¢ _(0 UZ)

and one can easily check that the only nonzero ones are
1 1

2 ==, TIHL=I%=I=—-=

=7z i2 =1 =1» v

and it follows that the differential equations satisfied by the geodesics in S are
u//vzzu/v/’ v//v:(v/)z_(u/)z

and the curves (0, e!) are clearly solutions. Here we see that the parametrization
of the vertical straight lines is not the standard one!
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We list some symbols that are used in this text together with the page number
where they first appear.

Description Pg.
txn Cross product 14
Aij Components of the second fundamental form 61
b Bi-normal vector 14
C>(S) Smooth real valued functions in S 53
d(x,y) Euclidean distance 2
df(p) Differential of f at p 27
DxY Derivative of a vector field 55
gij Components of the first fundamental form G = 57
expp(v)  Exponential map at p 73
gk Components of the inverse of G 57
H(p) Mean curvature of a surface 45
Hy,(f) Hessian of a function 51
I,(v,w) First fundamental form 41
II,(v,w) Second fundamental form 45
k(t) Curvature of a curve 15
kn(t) Normal curvature of a curve 15
K(p) Gauss curvature of a surface 45
n Normal vector 14
N(p) Gauss map 44
VxY Covariant derivative of a vector field 55
O(n) Orthogonal matrices 4
Sy Weingarten map 45
T,S Tangent space at p to S 35
T, (x) Translation 3
t Tangent vector 13
T(t) Torsion of a curve 15
[1x]] Norm of x 2
Xy Scalar product 1
X12 Change of coordinates 33
Xu Partial derivative 41

X(S) Vector fields in S 54
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Description Pg.
[X,Y] Lie bracket of vector fields 54
< X,Y > Scalar product in a vector space 57
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