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Abstract

In the noncompact interval J = [a, c0) we consider a linear problem of
the form Lx =y, « € S, where L is a first order differential operator, y a
locally summable function in J, and S a subspace of the Fréchet space of
the locally absolutely continuous functions in J. In the general case, the
restriction of L to S is not a Fredholm operator. However, we show that,
under suitable assumptions, S and L(S) can be regarded as subspaces
of two quite natural spaces in such a way that L becomes a Fredholm
operator between them. Then, the solvability of the problem will be
reduced to the task of finding linear functionals defined in a convenient
subspace of Lj,.(J,R™) whose “kernel intersection” coincides with L(S).
We will prove that, for a large class of “boundary sets” S, such functionals
can be obtained by reducing the analysis to the case when the function y
has compact support. Moreover, by adding a suitable stronger topological
assumption on S, the functionals can be represented in an integral form.
Some examples illustrating our results are given as well.

1 Introduction
In the noncompact interval J = [a, 00) consider the linear problem

L=y (1.1)
yeLL (J,RY), z€S§,

loc

where S is a subspace of AC|oc(J,R™), the Fréchet space of all the locally ab-
solutely continuous functions z : J — R™, L : ACioc(J,R™) — LL (J,R™) is the

loc

first order differential operator defined by (Lz)(t) = 2’ (¢) + A(t)z(t), with A(-)

an xn matrix with entries in the space L] _(J,R) of locally summable functions

from J to R. It is known that, in the case when the problem is considered in a
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compact interval I and S is a finite codimensional closed subspace of AC(I, R™)
(i.e. S is the intersection of the kernels of finitely many linearly independent
bounded real functionals on AC(I,R™)), the Fredholm index of the restriction
of L to S is well defined and equals n — r, where r is the codimension of S in
AC(I,R™).

However, in the problems we are interested here, the codimension of L(.S)
in L (J,R™) may not be finite (see e.g. Example 3.1). Thus, in general, the
restriction of L to S is not a Fredholm operator. Since the theory of Fredholm
operators is a useful tool in the solvability of linear boundary value problems
(see, e.g., [7]), it turns out to be of some interest to investigate whether or not S
and L(S) can be regarded as subspaces of some “natural” and suitable smaller
spaces in such a way that L becomes a Fredholm operator between these two
spaces. To this end, let ACy(J,R™) denote the subspace of AC(J,R™) of those
functions having compact support in J and set Soo = S + ACH(J,R™) (here
the index oo is suggested by the fact that, in order to decide whether or not
a function belongs to the space S + ACy(J,R™), it is enough to consider its
behavior in a neighborhood of c0). Hence, S can be regarded as a subspace of
Seo and, thus, L(S) of L(Ss). Consequently, one can restate problem (1.1) in
Sso as follows:

Lx=y (1.2)
Y€ L(Sw), z€SCS.

By assuming that the codimension of S in S is finite, it is easy to show
(see Section 3) that L : S — L(S) is a Fredholm operator of index m — r,
where m = dimKerL N So, and r = dim S /S. Thus Sw and L(S«) play
the same role as, in a compact interval, AC and L' respectively, and m is
the analogue of n. For this reason, it turns out convenient to restrict our
attention to those y € L (J,R™) which actually belong to L(S). In this
way, after some suitable sufficient conditions for y € L{ (J,R™) to be in L(Sw)
are given, when L(S) # L(S), the solvability of (1.1) will be reduced to
the problem of finding functionals which individuate L(S) in L(S), that is,
real linear functionals defined in a convenient subspace of Li (J,R™) whose
“kernel intersection” coincides with L(S). We will show that, for a large class
of “boundary sets” S, such functionals can be obtained by reducing the analysis
to the case when the function y in problem (1.2) has compact support.

The plan of the paper is as follows. In Section 2 we investigate the solvability
of the equation Lx = y, with x in an asymptotic space; that is, a subspace F
of AC1oe(J,R™) containing ACyH(J,R™). In Section 3, the solvability of (1.2)
is preliminary reduced to that of the same problem with y in the subspace
L{(J,R™) of L _(J,R™) of the functions with essential compact support. In
Section 4 we show that, by adding a suitable topological assumption on the
“boundary space” S, the functionals individuating L(S)NL(J,R™) in L}(J,R™)
can be represented in an integral form. In our main result (Theorem (4.3) below)
we prove, with a stronger topological assumption on S, that the same integral
expressions individuate L(S) in a convenient subspace of L(Ss,). Some examples
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illustrating our results are given.

There exists a vast literature concerning the solvability of linear boundary
value problems on unbounded intervals. For quite recent results on this topic we
suggest, e.g., [3], [4] and references therein. Let us point out that the solvability
of the linear problem (1.1) arises for instance in the investigation of nonlinear
boundary value problems on noncompact intervals and it is, in some sense,
a useful preliminary when such a study is carried out by means of topological
methods. This nonlinear point of view will be considered in a forthcoming paper.
For a different approach to nonlinear problems see [1], [5], [6] and references
therein.

We close the Introduction with some notation.

We denote by AC)oc := ACioc(J,R™), ACy := ACy(J,R"), L] . := L] .
Ly == Ly(J,R™), L5, := L (J,R™).

We will denote by (-,-) the standard inner product in R™ and by |- | the
corresponding Euclidean norm. Moreover, |A| stands for the operator norm of
an n X n matrix A.

Using a well-known standard notation, given f : J — R™ and g : J — Ry,
we will write f(t) = O(g(t)) (as t — o) if there exist M > 0 and b > a such
that | f(t)] < Mg(t) for all t > b.

Given two subspaces A and B of a vector space V', by abuse of notation, we
write dim B/A instead of dim B/(A N B). Moreover, by codimension of A with
respect to B we mean the codimension of AN B in B.

To avoid cumbersome notation, the restriction of a linear operator A : A — B
to a subspace C' of A (as domain) and to a subspace D of B (as codomain) will
be often denoted by A : C — D.

(/;R™),

2 Asymptotic spaces

A subspace of AC),. containing ACy (respectively, of L{, . containing L{) will be

called asymptotic. As the examples below will illustrate, the term “asymptotic”
is justified by the fact that, in order to decide whether or not a function = €
AC), belongs to such a subspace, it is enough to consider the behavior of x
for ¢ sufficiently large. Moreover, a subset E of AC),. will be said strongly
asymptotic if it contains a space of the type AC, = {x € AC)pc : x = O(go)} for
some continuous function ¢ : J — (0,00). An analogous definition can be given
in L as well. Since ACy C AC,, for any continuous ¢ : J — (0, 00), then any
strongly asymptotic space is obviously asymptotic. Clearly, the converse is not
true since, for instance, ACy itself is asymptotic but not strongly asymptotic.
These are some examples of asymptotic spaces:

o {z € ACioc : 2(00) 1= limy_oez(t) = 0};
o ACi. N L'(J,R™);

o {z € AC\oc : @ is bounded };

e {26 ACie: 2/(c0) = 0}
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We observe that the first three spaces are strongly asymptotic as well.
The following space is clearly not asymptotic:

o {z € ACioc : 2(0) = z(o0) = 0}.

However, this space has codimension one in the (strongly) asymptotic space
{:13 € AC)oc : z(00) = 0}.

Others interesting examples are given by the so-called Corduneanu spaces
(see [2]). Namely, given a nonnegative continuous function g : J — R, the space

{z € AC\oc : IM > 0 such that |z(t)| < Mg(t),t € J}

is either asymptotic or not, provided g is strictly positive or vanishes somewhere
in J.
In this section we will study the solvability of the problem

Lx=y (2.1)
yell ., z€E,

where J = [a,00), L : AC\oc — Li is the first order differential operator defined
by
(Lx)(t) = 2'(t) + A(t)x(t),

with A(-) a n X n matrix with entries in L{ (J,R), and F is an asymptotic
subspace of AC).. Given y € L, by a solution of (2.1) we mean a locally
absolutely continuous function z : J — R™ satisfying Lz(t) = y(¢) a.e. in J and
belonging to F.

Clearly, the operator L maps asymptotic subspaces of AC),. in asymptotic
subspaces of L] . The following result shows that a similar assertion holds true

loc®
for strongly asymptotic spaces.

Theorem 2.1 Let E be a subspace of AC\o. and assume that there exists a
continuous ¢ : J — (0,00) such that © = O(p) implies x € E. Then there
exist a continuous function v : J — (0,00) and a linear right inverse K of L|g
defined on the space

Lzlp = {y € Llloc ‘Y= OW)}

such that K(y) = O(), for ally € Ly, In addition, K is continuous in the
subset of L11/) given by

Dy = {y € L. : ly(t)| < Mip(t), for a.a. t€J}, M > 0.

Proof. Let X(t) be a fundamental matrix of Lz = 0. For any y € L] _ such
that | X ~1(-)||ly| € L*(J,R), the function

K =-x() | T XN (oy(s)ds, t>a
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belongs to AC).. and solves the differential equation Lz = y. Thus, it is enough
to find ¢ > 0 such that, when y € L}, one gets |[X~'(-)|[y| € L'(J,R) and
K(y) = O(p). Indeed, the continuity of K in Dy is a consequence of the
Lebesgue Convergence Theorem.

Let us show that, given a continuous ¢ > 0, there exists a continuous ¢ > 0
such that | X~1(-)]s) € L'(J,R) and

|/ B(s)ds < p(t), t>a.

In fact, take any C' function o satisfying 0 < o(t) < ¢(t)/|X(t)| for t > a,
o(00) =0, 0’'(t) < 0fort > a, o € LY(J,R), and define ¥(t) = —o'(t) /| X ~1(t)|.
Consequently,

K ()] < |X(t |/ 9)lly(s)lds < o(t)

as claimed. &

We point out that the proof of the above theorem gives an explicit formula
to get a function ¢ which ensures the solvability of (2.1) whenever y = O(%)).
This formula is deduced from the particular form of the operator K. This, in
some sense, is an universal inverse (i.e. its expression is independent of the space
E) and is a good inverse in the case when the homogeneous problem Lz = 0,
z € FE, admits only the trivial solution. However, when this condition is not
satisfied, an accurate choice of an inverse allows us to deduce a more convenient
formula for the function ¢ (clearly, the bigger is 1, the better).

To illustrate this, consider the following example.

Example 2.2 Consider in J = [0, 00) the system

r+r=y
reF,

where E = {z € ACic(J,R) : & = O(1)} is the space of bounded (locally
absolutely continuous) real functions on J. The problem is solvable for any
y € L (J,R) such that y = O(1). In fact, the inverse

K(y)(t) = / ¢ty (s)ds

of Lz = 2/ +x is such that when y = O(1) one has |K (y)(t)| < M fg e~tds < M,
for some M > 0. Thus, K(y) € E. Observe that if we had used the inverse
of the proof of Theorem 2.1 we would have obtained the following sufficient
condition for the solvability of the system: e'y(t) € L'(J,R), which is more
restrictive than y = O(1).
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3 Algebraic results

Let S be a subspace of AC),. and (as in the Introduction) denote by S, the
subspace of ACj,. given by So, = S + ACy. According to the definition of
Section 2, S, is an asymptotic space which clearly coincides with S if and only
if ACy C S.

In this section we are concerned with the solvability of the following linear
problem:

Lz =y (3.1)
y € L(Sw), T€S.

Assume that
H;) dim S, /S is finite.

This assumption plays the same role as that of assigning, in the compact
intervals, a finite number of independent linear conditions. For instance Hy) is
not satisfied for

S = {:C € AC\oc(J,R) 1 z(n) =0 for all n € N}.

In this case Soo = ACioc(J, R), so that dim S /S = co.
As the examples below show, H;) turns out to be satisfied in many problems
where, however, the codimension of S in AC),. is not finite.

a) Let S = {2 € ACioc(J,R) : (00) = 0}. Then, Soo = S,
dim AC)o./S = 00, dim S /S = 0;

b) Let S = {z € ACioc(J,R) : z(1) = z(00) = 0}. Then,
Soo = {x € ACioc(J,R) : 2(00) = O}, dim AC)o/S = 00, dim S /S = 1;

c) Let S = {z € ACioc(J,R) N L (J,R) : [;~ x(t)dt = 0}. Then,
Soo = ACioe(J,R) N LY(J,R), dim ACjy /S = o0, dim So /S = 1.

The following are the corresponding problems in a compact interval I = [a, b].
a’) Let S ={z € AC(I,R) : z(b) = 0}. Then, dim AC/S = 1;
b’) Let S = {z € AC(I,R): z(a) = z(b) = 0}. Then, dim AC/S = 2;
¢) Let § = {z € AC(I,R) : [ 2(t)dt = 0}. Then, dim AC/S = 1.

Let us point out that, as the example below illustrates, not only the codi-
mension of S in ACj,. but also that of L(S) in L{ _ may not be finite. This
means that, even assuming H), the theory of Fredholm operators does not ap-
ply directly to some of the problems we are interested in. Recall that a linear
operator between vector spaces is said to be a Fredholm operator if it has finite
dimensional kernel and finite codimensional image. The index of a Fredholm op-
erator is the difference between the dimension of its kernel and the codimension

of its image.
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Example 3.1 Consider in J = [1,00) the system

Lx=y
yeLL (JR) z€S8,
where
S = {x € ACioc(J,R) : z is bounded }.
Clearly, S = S, and the functions y,,(t) = t~%/",t > 1,n € N are in L{. (J,R)
but, as one can check, do not belong to L(S). Thus, the codimension of L(.S)
in L] (J,R) is not finite.

To avoid the difficulty presented before, it turns out to be useful to restrict
our operator L between the spaces S and L(S). Actually, the surjective op-
erator L|s_ : Soc — L(S«) is Fredholm of index m = dimKerL N S. Thus,
taking into account Hy), one can immediately show that L|s : § — L(S«) is
Fredholm of index m — r, where we denote r = dim S,/S. In fact, since the
inclusion i : S — Sy is Fredholm of index —r, the composition L|g = L|g__ o
has index indL|s = indL|s__ + indi = m — r. In particular, the codimension of
L(S) in L(Sw) is finite.

Summarizing, we have proved the following.

Proposition 3.2 Let Hy) be satisfied. Denote m = dimKerL N Sy, p =
dimKerLN S, ¢ = dim L(Sx)/L(S) and r = dim Sw/S. Then, L : S — L(Sx)
18 a Fredholm operator whose index indL := p — q satisfies the equality

p—qg=m-—r.
Consequently, g =p—m +r.

The following well-known elementary lemma is stated here for completeness,
since will be used several times in the sequel.

Lemma 3.3 (Quotient’s Lemma). Let A, B and C be vector spaces and 7 :
A — B, v: A — C be linear operators. Assume that 7 is surjective and
Kerm C Kerv. Then there exists a unique linear operator o : B — C' such
that v = o omw. Moreover, o is injective if and only if Kerm = Ker~y, and o is
surjective if and only if so is 7.

Proposition 3.2 above shows that the computation of ¢ can be reduced to
the easier task of calculating the integers p, m, .

We will prove below that, in order to determine such integers, we can reduce
our attention to consider L as an operator acting between the spaces ACy®KerL
and L}, which are independent of S and easier to handle than S., and L(Sx)
respectively, since ACy and L} are spaces of functions having compact support.
For instance, as ii) of Lemma 3.4 will show, the integer r can be computed
by determining the codimension of S in ACy, and so on. We point out that
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the spaces ACy @ KerL and L} are related each other since, as easily seen,
ACy ® KerL = L=(L}).

In Lemma 3.4 and Theorem 3.5 below an algebraic analysis of problem (1.2)
is carried out. As a consequence of this analysis, we prove that L : (ACy &
KerL) NS — L} is still Fredholm and has the same index as L : S — L(S.).
Moreover, since these two operators have the same kernel, the codimensions of
L(S) in L(Se) and L(S) N L{(J,R™) in L§(J,R™) turn out to be the same.

Lemma 3.4 Assume Hy) is satisfied. Then, the following equalities hold:
i) (ACy @ KerL) NSy = (KerL N So) ® ACy;
ii) dim(ACy/S) = dim((ACy @ KerL) N Ss)/S) = dim S /S.

Proof. i) Let us show first that (ACy ® KerL) N Ss C (KerL N Sy) @ AC).
Take x € (ACy) @ KerL) N Sw. Then, there exist zg € ACy and x; € KerL such
that © = g + x1. Since S, D ACy, then 1 = © — zg belongs to S,,. Thus,
z € (KerL N Ss) @ ACy. The converse inclusion is obvious.

ii) Consider the commutative diagram

AC, - S
l !
ACy/S T Su/S

where the vertical arrows are the canonical projections, ¢ is the inclusion, and o
is well-defined and injective because of Quotient’s Lemma. Since So, = S+ AC),
one gets immediately that o is onto; consequently, ACy/S and S, /S have the
same dimension. Consider now the diagram

ACy, 5 (ACy@KerL)NSe -2 Sa
! ! !
ACy/S T ((ACo @ KerL)NSy)/S 2 Su/S

where 77 and 45 are inclusions, the vertical arrows are canonical projections
and, as above, o1 and oy are well-defined and injective. The assertion follows
immediately from the fact that dim ACy/S = dim S/ S. O

Theorem 3.5 Assume Hy) is satisfied. Then, the operator L : (ACy @ KerL)N
S — L} is Fredholm and has the same index as L : S — L(Ss). In addition,
dim L} /L(S) = dim L(Ss0)/L(S).

Proof. The operator L : (ACy @ KerL) N Sy, — L is clearly onto and, by
i) of Lemma 3.4, its kernel coincides with KerL N So.. Thus, it is Fredholm
of index m = dim KerL N S,. Now, as previously, the index of the restriction
L: (ACy & KerL)N S — L} can be computed by means of the composition

(ACy @ KerL) N S 5 (ACy ® KerL) N Soe = L}
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where, by H;) and i) of Lemma 3.4, the inclusion ¢ has index —r (recall that
r = dim S /S). Consequently, the operator L has index m —r either considered
between S and L(Ss) (as previously shown) or between (ACy @ KerL) NS and
L} (recall that L{ C L(Ss)). This proves the first part of the assertion. Now,
by Proposition 3.2 we have m —r = p — ¢, where p = dimKerL NS and
q = dim L(S)/L(S). Hence, we also obtain indL|acyeKerz)ns = P — ¢- On
the other hand, by the definition of Fredholm index,

indL|(ACO@KerL)ﬁS = dim KerL|(ACU@KerL)ﬁS — dim L(l)/L((ACO 5> KGYL) N S)

Observe now that KerL|(ac,@kerr)ns still coincides with KerLNS and, thus, has
dimension p. Moreover, one has L((ACy & KerL) N S) = L(S) N L§. Therefore,
dim L} /L(S) = ¢ = dim L(Sw)/L(S), which achieves the proof. &

4 The main result

In Theorem 3.5 we have shown that q := dim(L(S4)/L(S)) equals dim (L} /L(S))
and, by Proposition 3.2 we have obtained that ¢ can be computed by the formula
g=p—m+r, with p =dim(KerLNS), m = dim(KerL N Sy, ), r = dim(S/S).
Thus, if ¢ = 0 the solvability of (1.1) is equivalent to the solvability of the
associated problem

Lr=y (4.1)
y€e Ll €S

loc

That is, given y € L{ ., (1.1) is solvable if and only if the same is true for

(4.1). Assume now we know how to solve this associated problem, for example
by means of Theorem 2.1, and consider the case when ¢ > 0. We want to find
conditions on y € L(Ss) ensuring the solvability of the original problem (1.1).
We will show that, when S satisfies some reasonable conditions, this can be
done by imposing y to belong to the kernel of ¢ linearly independent functionals
expressed in a convenient integral form.

Theorem 4.1 below shows that such “integral” functionals exist in the special
case when y has compact support. Moreover, with an additional topological
assumption on S, the same functionals can be adapted to ensure the solvability
of problem (1.1) (see Theorem 4.3).

To this end, given any b > a, consider the following closed subspace of ACYy:

ACyp = {x € ACy : z(t) = 0 for t > b}.

We will say that S is locally closed in Sy if SN AC|4 ) is closed in Sy, for any
b>a.

Theorem 4.1 Let S be a subspace of AC\o. such that

Hy) dim So./S is finite;



10 Fredholm linear operators EJDE-1999/77

Hs) S is locally closed in So.

Suppose the codimension q of L(S) in L(S) is nonzero. Then there erist
ai,...,aq € LS such that, given y € L}, y € L(S) if and only if

/Oo<ai(t),y(t)>dt -0, Vi=1,...,q.

Proof. By Theorem 3.5, ¢ = dim L} /L(S). Hence, there exist ¢ linearly inde-
pendent functionals on L{, say A1,..., Ay, such that y € L(S) N L} if and only
if A;(y) =0 for all i = 1,..,q. Let us show that any J; is locally continuous, i.e.
Vb > a any J; is continuous in the Banach subspace

L[la,b] ={yeL:y(t)=0foraa. t>b}

of L. Since L(S) N Lj, ; has finite codimension in L{, , it is enough to prove
that it is closed in Lla o Observe first that the subspace AC|, ;) ©KerL of ACis.
is a Banach space, Léing the sum of a Banach space and a finite dimensional
space, and that the restriction L : AC, 4 @ KerL — L[la’b] is continuous, onto
and has finite dimensional kernel. Moreover, since AC|, ) is contained in S,
by assumption Hz) it follows that S N AC|, ) is closed in AC|, ;. Hence, it
is not difficult to prove that, KerL being finite dimensional, the subspace S N
(AC[q4,5) @ KerL) is closed in AC|, ;) @ KerL. Thus, recalling that a continuous
Fredholm operator between Banach spaces sends closed subspaces into closed
subspaces, it follows immediately that L(S N (AC[, ) @ KerL)) = L(S) N L[la,b]
is closed in Lla o> as claimed.

Let b; — ob, b; > a, be an increasing sequence of numbers and set I; =
[a, b;]. Since Ligy,) is the dual of L[{Lbj]7 then, for any j €e Nand i =1,...,q,
there exists o € Ly, such that Ai(y) = ij (al(t),y(t))dt for any y € L[la,bj].
Clearly, if j < k, then o}(t) = a}(?) a.e. in [;. Hence, for any i =1,...,q, one
can define a; € L{%. by setting a;(t) = o’(t) for t € I;. Now, if y € Lg, there

loc

exists j € N such that y(¢) = 0 for a.a. ¢t > b;. Thus,

o0

A(y) = / (ol (1), y(t)) dt = / (as(t), (),

j a

so that y € L(S)N L if and only if [ (o (1), y(t))dt =0 forany i =1,...,q. &

We give now an example illustrating how one can find the functions «a; of
Theorem 4.1.

Example 4.2 Consider in J = [0, 00) the system
r+r=y
xr=0(1) =z(0)==z(1)e

Here,
S ={z € ACioc(J,R) : z = O(1) and z(0) — z(1)e = 0}



EJDE-1999/77 M. Cecchi, M. Furi, M. Marini, & M. P. Pera 11

and
Soo = {x € AC)1oc(J,R) 1 x = O(l)}.

Moreover, it is easy to verify that r = 1, m = 1 and p = 1, so that ¢ =
p—m+r = 1. In order to find the function a of Theorem 4.1, consider in L}
the inverse

o(t) = Koly)() =~ [ eyl
t
One has z(0) = — [ e*y(s)ds and z(1)e = — [[* e*y(s)ds. By imposing the
boundary condition x(0) = z(1)e, one obtains f01 e®y(s)ds = 0. Thus,

et it telo,q]
O‘(t){o if t>1.

Notice that, given two subspaces F and F5 of a vector space F, if F; and Fy
have the same finite codimension and one is contained into the other, then they
necessarily coincide. Referring to Theorem 4.1, let Fy = L(S) N LY and Fy, =
{ye Ly [{a(t),y(t))dt =0 for all i =1,...,q}. Assume that the functions
«; are linearly independent. Then, F» has codimension ¢ in Lj. Consequently,
if in Theorem 4.1 one of the two conditions “if” or “only if” is satisfied, then
the other one is satisfied as well.

Now, we are ready to state our main result which depends on the preliminary
investigation in the compact support context contained in Theorem 4.1 above.

Given a positive continuous function ¢ : J — R, let us denote by A, the
closed subset of AC).. given by

Ay ={z € ACic : |z(t)| < @(t), t € J}.
We have the following
Theorem 4.3 Let S be a subspace of ACc such that
Hy) dim S /S is finite;

HY) there exists a continuous real function ¢ : J — (0,00) such that A, is
contained in Soc and SN Ay, is a closed subset of ACoc.

Suppose the codimension q of L(S) in L(Ss) is positive and let a1, . .., aq € LS,
be as in Theorem 4.1. Let ¢ : J — (0,00) be continuous and satisfying the
following properties:

a) la;|p € LY R), foralli=1,...,q;
b) there exists a linear right inverse K of L|s_, defined on the space
Ly ={y € Liwc 1y = 0(¢)}
and continuous in the subset
Dy ={y € Lige : ly(t)] <9(t), for a.a. t € J}
of Ly, such that K(y) = O(p), for ally € Lj,.
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Then, given y = O(v), the problem

Lx=y
y € L x€S

loc»

has a solution if and only if

/Oo<ai(t), y(t)dt =0, foranyi=1,...,q.

Before giving the proof of Theorem 4.3, let us make some comments about
its statement.

Remark 4.4 Assumption H}) above is stronger than Hy) of Theorem 4.1. To
see this, observe first that the condition that SN A, is closed in AC),. for some
¢ > 0 clearly implies that SN Ay, is closed in ACyq for all M > 0. To get Ha)
we need to show that if {z,,} is a sequence in SN AC|, ;) converging to z € Seo,
then z € SN AC|q ). Obviously, z € AC|, ). Let us show that x belongs to S
as well. First, notice that there exists ¢ > 0 such that |z, (¢)| < c for alln € N
and t € [a,b]. Let M > 0 be such that ¢ < Mp(t) for all ¢ € [a,b]. This means
that {x,} is a sequence in SN Az, which, as observed above, is closed in AC)q..
Thus, = belongs to S, so that S is locally closed in S, i.e. Hs) is satisfied.

Finally, let us point out that condition H}j) is clearly not equivalent to Hy)
as one can immediately see by taking S = ACj.

Remark 4.5 The existence of a function 1 satisfying b) of Theorem 4.3 is
ensured by our Theorem 2.1 above. Moreover, by reducing 1, if necessary, we
can also assume that a) is satisfied.

Proof of Theorem 4.3. Define Qq : L{ — RY by

Qoly) = (/

a

oo

(O yO)s., [ lag(e).0)ar).

By Theorem 4.1, given y € L{, one has Qo(y) = 0 if and only if y € L(S). Con-
sequently Qg is onto, its image being isomorphic to the g-dimensional quotient
Ly/L(S). Let

Ly ={y € Lipe : y = O(¥) }

and Qy : Ly, — R? be the linear extension of Qo given by

Qu(y) = (/

a

o0

(@000t [ lag(0).y(0)r).

We need to show that Qyu(y) = 0 if and only if y € L(S) N L}/}. This will
be obtained by proving the existence of a convenient linear operator onto R?
coinciding with our integral operator @ in Lllb and whose kernel is L(S). In
order to construct such an operator, as previously let r denote the codimension
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of S in S... Hence, there exists a surjective linear operator R : Soc — R" such
that z € S if and only if R(z) = 0. Observe that the restriction R|s¢, of R to
AC) is still surjective. Indeed, since SN ACy = KerR|a¢,, the image of R|ac,
is isomorphic to the quotient ACy/S, which, by Lemma 3.4, has dimension 7.

Let Ko : L{ — ACj be the restriction of K to the pair of spaces L{ and
ACy. Since So, D ACy, the composition T : Ltl) — R” given by T'= Ro K is
well-defined. Observe that T is onto, since Ky is an isomorphism and R|ac, is
onto. Moreover, KerT is contained in KerQo = L(S) N L} (indeed if T'(y) = 0,
then Ko(y) € SN ACy so that y = (Lo Ko)(y) € L(S) N L§). Consequently,
because of the Quotient Lemma, there exists a unique p : R” — R? such that
Qo = poT. Since K(L}/)) is contained in S, the composition @ := po Ro K
is an extension of Qo to Ly,.

Let us show that, similarly to the case of Qq, one has Ker@Q = L(S) N L’(l/)'
Observe first that, since @ is onto, then Ker@ has codimension ¢ in Lllp. The
same is true for L(S) since it is easy to see that Lj /L(S) is isomorphic to
Ly/L(S) (or, equivalently, to L(Ss)/L(S)). Therefore, it is enough to prove
that, for instance, Ker@ is contained in L(S)N Lzlzr To this end, take y € Ker@),
so that (Ro K)(y) € Kerp. Clearly, (Ro K)(L(S)N L},) D (Ro Ko)(L(S) N L)
and (R o Ko)(L(S) N L§) = Kerp. Hence, (Ro K)(y) € (Ro K)(L(S) N L},).
Thus, there exists § € L(S)QL}L such that K(y—g) € KerR = S. Consequently,
y—g=(LoK)(y—9) € L(S)N L}/), which implies that y belongs to L(S) N L}p
as claimed.

Let us now go back to the map Q : qul) — R introduced previously. By
using the Lebesgue Convergence Theorem, it is immediately seen that @ is
continuous in any subset of Lzll) of the form

Dy = {y € L. : [y(t)| < Mip(t), for aa. t € J}, M >0.

Let us show that @ is continuous in Dy, as well. To this end, consider the
(closed) subset

Apyp = {z € ACioc : |2(t)| < Mo(t),t € J}, M >0
of AC\oc and let AC,, be the vector space
ACW = {LL’ € ACoe i x = O(g@)} = UM>0AM¢.

Suppose AC, equipped with the finest topology which makes any inclusion
Ayy — AC, continuous. That is, U C AC, is open in AC, if and only
if U N Apy is open in Apg, for all M > 0. It is not hard to show (apply,
e.g., Theorems 3.3F and 3.3G of [8]) that, with this topology AC, becomes a
Hausdorff topological vector space.

By assumption H5), SN A, is closed, which clearly means that S is closed in
AC,. Consequently, the quotient space AC,/S is a finite dimensional Hausdorff
topological vector space. Hence, there exists an injective map o : AC,/S — R"
such that R = oo, where 7 : AC, — AC,/S is the canonical projection. Such
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a map o is clearly continuous, since AC,,/S is Hausdorff and finite dimensional.
Therefore, R : AC, — R" is continuous and, so, any restriction of R to Ay, is
still continuous. Observe now that in Ay, the topology induced by the one of
AC,, clearly coincides with the usual topology of A, (as a subspace of AC,).
Since K : Dy — Ay is continuous (see Theorem 2.1), @ is continuous in
Dy as claimed. Consequently, @y and (), which are both defined in L}[),
continuous in Dyry, VM > 0, and coinciding in L{ N Dpsy (which is dense in
Dry), must coincide in Dz and, thus, in L%b = Un>0Dnry. That is, for any
y € L, one has

Qy) = (/aoo<oz1(t),y(t)>dt,...,/aoo<aq(t),y(t)>dt).

This implies faoo<ai(t),y(t)>dt =0forany i =1,...,q if and only if y €
L(S)N L}/}, which is the assertion. &

The following example illustrates our main result.

Example 4.6 Consider in J = [0, 00) the problem

r—xz=y
x € L'(J,R)
Joa(t)dt =0

Here, Soo = LY(J,R), 7 =1, m =0, p=0, so that ¢ = p —m +r = 1. In order
to find the function « of Theorem 4.1, consider in L{ the inverse

xmzkmwwz—élmfw@w.

By imposing the condition

AmKawwmzo

one obtains

/000 (/too ete_sy(s)ds)dt

/000 (/09 ete_sy(s)dt>ds

/00(1 —e ")y(s)ds = 0.
0

Thus, a(t) =1 — et

Let ¢ : J — (0,00) be any continuous L' function. Observe that, as a
consequence of the Lebesgue Convergence Theorem, the assumption HY) is sat-
isfied for such a . Let us find a function ¢ as in Theorem 4.3. First of all we
must have |a|t) € L1 (J,R), which implies ¢ € L'(J,R). In addition, take ¢ be
C!, positive and such that the function o(t) = p(t)e~" satisfies the following
conditions:
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e o/(t) <0 fortelJ;
o o/ € L'(J,R).

For example take o(t) = 1/(1 +t2).

As in the proof of Theorem 2.1, the function 1 (t) = —o’(t)e is such that
K(Dy) is contained in A, where K : L}/} — S is the natural extension of Ky
defined above, and, by the Lebesgue Convergence Theorem, is clearly continuous
in Dw.

Therefore, all the assumptions of Theorem 4.3 are satisfied, so that we may
conclude that, if y = O(¢) and [~ (1 — e~*)y(t)dt = 0, then our problem has a
solution.

Remark 4.7 In many situations, the assumption
H3) Se strongly asymptotic and S closed in Seo,

which is clearly stronger than H}), is satisfied. However, as the following simple
example shows, assumption Hs) might not be satisfied in some cases which turn
out to be of some interest in the applications. Take, for instance,

S = {x € L'(J,R) N AC)oc(J,R) : /00 x(t)dt = 0}.

Thus, S is not closed in Soo = L*(J,R)NAC)oc(J, R), but, by taking a continuous
¢ > 0 such that [~ ¢(t)dt < co, one obtains immediately that A, is contained
in Soo and SN A, is closed, i.e. Hj) is satisfied.
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