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Abstract

We consider a class of abstract evolution problems characterized
by the sum of two unbounded linear operators A and B, where A
is assumed to generate a positive semigroup of contractions on an L'-
space and B is positive. We study the relations between the semigroup
generator G and the operator A + B. A characterization theorem for
G = A + B is stated. The results are based on the spectral analysis of
B(\ — A)~!. The main point is to study the conditions under which
the value 1 belongs to the resolvent set, the continuous spectrum, or
the residual spectrum of B(A — A)~L.

Applications to the runaway problem in the kinetic theory of par-
ticle swarms and to the fragmentation problem describing polymer
degradation are discussed in the light of the previous theory.
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1 Introduction

In this paper we consider the initial value problem in the general abstract
form

of

S~ Af+Bf, t>0

ot (1.1)
f0) = fo,

where A and B are possibly unbounded operators acting on some L!-space
and the unknown vector function f belongs to this space.

In many applications the different nature of the two operators A and B,
often both of them unbounded, makes the problem of the generation of the
evolution semigroup corresponding to (1.1) unsolvable within the framework
of classical perturbation theory. Examples of such a situation are easily found
in kinetic theory, where the loss term is described by the operator A and the
gain term is taken into account by the operator B. The evolution problem
is essentially a balance equation and the Banach space L' is a natural choice
as the norm of a non-negative element gives the number of particles. Other,
not necessarily equivalent norms, may be important if we want to measure
the number of collisions or other physical quantities.

The strategy which can be adapted to such evolution problems involves
semigroup theory and is based on the fundamental work by Kato [Kat54] on
Kolmogoroff equations. In general, the generator G of the evolution semi-
group solving the Cauchy problem is a closed (but not necessarily the mini-
mal closed) extension of A + B, but a full characterization of the generator
requires additional assumptions.

A useful criterion that an extension of A + B is a generator G of a sub-
stochastic semigroup was given by Voigt in [Voi87|. According to this cri-
terion, under appropriate assumptions, a perturbation of the generator of a
substochastic ! semigroup by an unbounded positive operator has an exten-
sion that also generates a substochastic semigroup. Generalizations of the
approach of Voigt were proved and successfully used by Arlotti [Arl87, Arl91]
and Banasiak [Ban00, Ban01].

The perturbation problem with an unbounded operator in kinetic theory
can be approached also within the framework of the general theory for the
existence and uniqueness of solutions in an LP-space setting, as developed
by Beals and Protopopescu in [BP87|, and also in Chapter XI of [GvdMP]|.
This theory was modified and extended in [vdMOO| in order to deal with

'A semigroup {S(t{)}+>0 on an L'-space is called stochastic if it is positive and
IS®) Il = |If|lx for all t > 0 and f > 0 in the Ll-space. Positive contraction semi-
groups on an L!'-space are called substochastic.



the existence issues in the unbounded case. However, for phase spaces, force
terms, collision frequencies, collision loss operators and boundary reflection
operators no depending on time, in the L'-setting and for a positive loss term
not exceeding or even balancing the gain term, the kinetic equations studied
in |BP87, GvdMP, vdM0O| turn out to be applications of the abstract theory
of this article.

In the general case, one can prove that the generator of the evolution
semigroup {S(¢)}+>o solving the Cauchy problem (1.1) is an extension of the
operator T defined by the right-hand side of (1.1). In fact, three mutually
exclusive situations occur: 4) T actually is the generator, ) the generator
is the closure of 7', which implies that {S(¢)}:>0 is stochastic, and i) the
generator is a nonminimal closed extension of 7. As it will turn out, a
necessary and sufficient condition for S to be stochastic, i.e., to satisfy

IS@fI =[£I, vt=0, Vf=0,

is that the generator coincides with the closure of T'. In the basic application
to kinetic theory, the total number of particles is preserved in time if and
only if {S(t)}+>0 is stochastic. So only in this case we can claim that the
obtained semigroup has physical relevance [Ban01], unless we can argue for
physical processes leading to particles leaking from the system in spite of the
apparent existence of detailed balance.

In this paper we study a class of abstract evolution problems determined
by the sum of two possibly unbounded linear operators A and B, where A
is assumed to generate a positive semigroup of contractions on an L!-space
and B is a positive operator. The main purpose of the study is to investigate
the relations between the generator G and the operator A 4+ B. In Section 3
a characterization theorem for all of three main situations discussed above,
ie, G=A+ B, G = A+ B and G is a nonminimal extension of A+ B,
is proved. The results are based on the spectral analysis of B(A — A)~!
and it will in fact turn out that the three situations are characterized by
whether 1 is in the resolvent set, the continuous spectrum or the residual
spectrum of B(A — A)™!, respectively. In Section 4 we revise the existing
treatment of the runaway problem in the kinetic theory of particle swarms
|FvdMPF89, FvdM89| and characterize the generator. In the last section
we apply the general theory to the fragmentation problem describing poly-
mer degradation [ZMcG85|, perform a spectral analysis of the problem and
completely characterize the generated semigroup.



2 Statement of the abstract problem

Let (X, p) and (X, v) be two measure spaces consisting of the same o-algebra
of subsets of ¥ but equipped with two positive Borel measures p and v, where
1 is o-finite and v is absolutely continuous with respect to p. Let X and Y
denote the Banach lattices X = L'(X,du) and Y = L'(X, dv), respectively,
endowed with the standard norms || - ||x and || - ||y. Then X and Y both
consist of (equivalence classes of ) measurable complex-valued functions on X
and their intersection X N'Y can be identified with L'(3, du + dv), where
we have added the measures p and v to produce the positive Borel measure
W+ von 2.
In the abstract setting, we make the following general assumptions:

i) A is the generator of a positive contraction semigroup (a so-called sub-
stochastic semigroup) {Sy(t)}>0 on X.

Let us denote by Ly the resolvent operator (A — A)~! of A such that
Lyf :/ e MSy(t) fdt, feX, Red>0. (2.1)
0

Then we assume that the following two conditions are satisfied:
ii) for all A > 0 we have Ly[X] C X NY, and

iii) for all A > 0 we have

MEsflx + 1Eaflly < Iflxs F>0in X, (22)

Now let B: X NY — X be a positive linear operator.

iv) We assume that B: X NY — X is such that

I1Bflx <[flly, fz0inXNY. (2.3)

We remark that under this assumption the operator B can be unbounded as
an operator acting on X.

Example 2.1 In kinetic theory, A is commonly given by the sum To+ Tr +
Ty, where Ty is the free streaming operator, Tr is the external force term,
and Ty is the absorption (loss) term. The absorption operator is defined by
Ty = —vI, where I is the identity operator and v = v(p) is nonnegative and
belongs to LY°¢(X, du), i.e., v is p-integrable on every bounded subset of 3.



For simplicity we restrict ourselves to the one dimensional setting with

0
constant acceleration so that T = Tr + Ty = —ag- = v(v), with a > 0
v
constant and v € R. Then the operator Ly takes the form
1 r 1 r " " / !/
(Laf)(v) = ol Bl s V(") + N dv" | f(v")dv'. (2.4)

In most applications the operator B is the gain collision operator, which maps
{feL'R): f>0,vf e LY(R)} into {f € L*(R) : f >0} and satisfies

||BfHL1(R) S ||VfHL1(R)7 f Z O fOT f - LI(R) cmd I/f - Ll(R>

Now define for n € Nand A >0

T\f =" Ly(BL\)'f, f>0inX, (2.5)

Jj=0

where {L)}rea>0 and B are assumed to satisfy hypotheses ii)-iv). Then for
f>0in X we have

AT Fllx = A ILABLY flx

§=0
< MIafllx + Y- {IBLY flx = ILA(BLAY flly }
< ALafllx + Z {IZABLAY ™ flly = I LA(BLA) flv }

= ALaflx + Maflly = IE(BLA)" flly
< [ fllx = IBL)" fllx-

Now letting n — oo in (2.5), we define

Tof = lim TV f (2.6)
which satisfies
MTafllx < I fllx — Ba(f), f>0in X, (2.7)



where

B(f) = nh_)nolo [(BLx)" fllx, f>0in X,

extends to a bounded linear functional on X which is necessarily positive.
Thus there exists ¢, > 0 in X* = L>®(X,du) — note that p is o-finite —
such that

B(f)={(f.en), [>0inX.

We now introduce more restrictive assumptions. Let us consider the pos-
itive contraction semigroup {So(t)}+>0 on X whose resolvent {Ly}re o sat-
isfies assumption ii) as well as the following equality:

iii’) for all A > 0 we have

MEIAfllx +IEaflly = Ifllx,  f=0in X. (2.2)

We will also consider positive operators B : X NY — X satisfying the
following equality:

iv’)

I1Bflx =Ilflly,  fz0inXNY. (2.3)

If {Ly}reaso and B are assumed to satisfy assumptions ii), iii’) and iv’),
then all inequality signs in the previous two paragraphs turn into equality
signs and (2.7) turns into the equality

MTafllx = Ifllx — Ba(f), J>0in X. (2.7)

Proposition 2.1 {T)\}\~o is the resolvent of a positive contraction semi-
group on X. Moreover, this semigroup is stochastic if and only if, for some
(and hence all) A > 0, conditions ii), iii') and iv') are satisfied and the linear
functional B = 0.

Proof.  Let {B,,}men be an increasing sequence of bounded positive op-
erators on X such that

lim ||Bf — Bnfllx =0, f>0in XNY.

In fact, choosing an increasing sequence {¥,,}5°_, of p-measurable sets with
union Y on which the Radon-Nikodym derivative of v with respect to p is



bounded, we may choose B,,f = B(fxs,,),> where xg denotes the char-
acteristic function of E. Then standard semigroup theory (i.e. adding the
bounded linear operator By, to the generator A of {Sy(t)}:>0) implies that

Tamf = La(BuLy/f,  f>0in X, (2.8)

j=0

is the resolvent of the positive semigroup {Sg,}i>0 generated by A + B,,.
Applying the theorem of dominated convergence to (2.8), we see that for all
t>0

Now note that the semigroups {Sgm)}+>0 form an increasing sequence of sub-
stochastic semigroups. Thus there exists a positive contraction semigroup
{S(t)}+>0 on X such that

Tim [IS()f = Se()fllx =0, f>0in XNY. (2.10)

Then the first part of Proposition 2.1 follows immediately from (2.9) and
(2.10).

To prove the second part, it is clear that the stochasticity of {S(t)}i>0
implies that for all A > 0 the equality signs hold in the derivation leading
from (2.5) to (2.7) and that (3, = 0. But this is only possibly if iii’) and iv’)
as well as (2.7") hold for all A > 0. Conversely, if assumptions iii’) and iv’)
hold and 3\ = 0 for some A > 0, then, in view of (2.7'), we have for f > 0 in
X

o0 1 1
| e Ul = 15@ sy de = 15l = 3151 =
0

while ||fllx — |[St)f|lx > 0 for every ¢ > 0. Hence, the integrand must
vanish and therefore {S(t)};>0 is stochastic. u

3 Characterizing the semigroup generator G

We now characterize the generator of the semigroup S(¢) in terms of proper-
ties of the operator BL,. We begin by observing that the kernel of I — BL,
is trivial, i.e., that 1 cannot be an eigenvalue of BL).

Indeed, using (2.5) we immediately have

T (I — BLy) = Ly — Ly(BLy)" ™.

’Here we use that p is o-finite and v is absolutely continuous with respect to pu.




Taking the strong limit as n — oo we immediately get for A > 0
T\(I — BLy) = L. (3.1)
Now let us denote the generator of {S(t)}+>0 by G. Then
D(G) = T5[X] D Li[X] = D(A),

and Ker (I — BLy) C Ker L, = {0}, so that 1 ¢ 0,(BL,) (i.e., 1 is not an
eigenvalue of BL)).
In [FMvdMO02] we have established the following result.

Theorem 3.1 Let G denote the generator of the semigroup S(t) whose re-
solvent is T\ defined by (2.6). Then the following statements are equivalent:

1) D(G) =D(A) and G = A+ B;
2) I — BL, is invertible on X for some X\ > 0;

3) I — BLy is invertible on X for all Re A > 0.

Corollary 3.1 The equivalent conditions of Theorem 3.1 are fulfilled if at
least one the following sufficient conditions is satisfied:

a) B is bounded on X;

b) BLy is weakly compact on X;

¢) the norm of BLy is strictly less than one.

Proof. Each of the sufficient conditions implies that I — BL, is boundedly
invertible on X. n

We now link the property of 1 being a point of the resolvent set p(BL)),
the continuous spectrum o.(BL)), or the residual spectrum o,(BL)) of BL)
to three distinct characterizations of the generator G. For convenience we
include Theorem 3.1 as Part 1) of Theorem 3.2.

Theorem 3.2 We have the following characterizations:

1) 1 € p(BL)) for some (and hence all) A > 0 if and only if D(G) = D(A);

2) 1€ 0.(BLy) for some (and hence all) X > 0 if and only if D(G) 2 D(A)
and G = A+ B;

3) 1€ 0,(BLy) for some (and hence all) X > 0 if and only if G 2 A+ B.




Proof. 1t 1 € p(BL,), then I — BL, is boundedly invertible on X and
therefore, in view of (3.1) and Ker T\, = Ker L, = {0}, we have D(G) =
ImT), = Im Ly = D(A), and conversely. Since clearly Im 7\ = Im L, does
not depend on A, we obtain that 1 € p(BL,) for all A > 0 whenever this is
true for some A > 0.

Let us now prove parts 2) and 3), with the exception of the implication
leading from some to all A > 0. A vector w € X belongs to D(A+ B) if
and only if there exist f € X and a sequence {z,}neny in D(A + B) such
that ||z, — w|lx — 0 and ||\ — (A + B))z, — fllx — 0 (in which case
(A— A+ B)w = f). Since D(A) = Im Ly, we write z, = Lyg, for some
gn € X and rewrite the second limit in the form

(I = BLx)gn — fllx = [(A = (A+ B))zn — fllx =0,
so that f belongs to the closure of Im (I — BL)) in X. Moreover,
20 = Tafllx = [1Lxgn — Tafllx = [TA(I = BLx)gn — Tnf|[x
= T3~ BLgn ~ flllx < 51T~ BLx)gu — fllx 0,

so that w = T\ f. In other words,

DATB) =T, [Im (T —BLy)| .

which implies that D(A + B) = D(G) (which in turn equals 7,[X]) if and
only if I — BL) has a dense range in X. It is easily seen that, in general,
GDA+B.

Since G = A+ B and G ;3: A + B are both statements that do not depend
on A, 2) and 3) are each true for all A > 0 if they are each true for some
A > 0. "

We now derive a necessary and sufficient condition for the stochasticity
of the semigroup {S(t)}+>0 generated by G.

Theorem 3.3 Let the conditions ii), iii’) and iv') be satisfied. Then the
semigroup {S(t)}i>0 is stochastic if and only if G = A+ B, i.e., if and only
if either condition 1) or condition 2) of Theorem 3.2 is fulfilled.

Proof. In view of (2.7"), stochasticity of {S(t)}+>0 is obviously equivalent
to requiring that 5\(f) = 0 for every f € X. The latter amounts to requiring
that ¢, = 0. Because for all f>0in X

(BLS) = lim [(BL)"™ fllx = Br(f),

9



we have (I — (BL))*)px = 0 in X* = L>®(X,du). Thus stochasticity of
{S(t)}+>0 is equivalent to requiring that 1 ¢ o,((BL,)*). However, since in
any case 1 ¢ 0,(BL,), we see that stochasticity of {S(¢)}i>0 is equivalent
to requiring that 1 ¢ o,.(BL)). Theorem 3.3 follows now immediately from
part ¢) of Theorem 3.2. u

Constructing T as the strong limit of {T° in)}neN or constructing T as
the strong monotonically increasing limit of {7 ,, }men if By, T B strongly,
always leads to a so-called minimal evolution semigroup. By this we mean
a substochastic semigroup {S()}:>o on X such that its resolvent {7 }re >0
satisfies the identity (3.1) and can be obtained by iterating (3.1). Clearly,
(3.1) is equivalent to the Dyson-Phillips integral formula

S@)f - /OOO S(t— 1) BSo(r)fdr = So(t)f,  f>0in X,  (3.2)

where ¢ > 0, plus the rule that {S(¢)f}:>0 can be obtained by iterating (3.2).

The question is if there exist more than one substochastic semigroup
{S(t)}e=0 on X (with corresponding resolvent {7} e x>0) Which satisfies (3.2)
|or equivalently: for which the resolvent satisfies (3.1)]. Then it is easily seen
by applying infinitely many iteration steps that any such semigroup (resp.,
any such resolvent) satisfies S(t)f > S(t)f (vesp., Tonf > Thf) for every
f > 01in X. Therefore it is justified to call {S(¢)}+>0 (resp., {Th}rearso0) the
minimal evolution semigroup (resp., the minimal resolvent).

When 1 € p(BLy))Uo.(BL)) for some (and hence all) A > 0 and therefore
the semigroup {S(t) }+>¢ is stochastic, the minimal semigroup as discussed in
the preceding paragraph is the only semigroup satisfying (3.1), for the simple
reason that I — BL) has a dense range in X for every A > 0. The situation
might (or might not) change drastically if 1 € o,(BLy) for some (and hence
all) A > 0 and the semigroup {S(¢)}+>0 is substochastic but not stochastic.
To understand what might happen, we consider an alternative substochastic
semigroup {S(t)}>o whose resolvent {7 }reaso satisfies the identity

T,\(] — BL)\) = L)\, Re X > 0. (33)

Then (3.3) is equivalent to the Dyson-Phillips integral equation
St f — / S(t —7)BSy(1)fdr = So(t)f,  f>0in X. (3.4)
0

The important point is that 7y and S(t) may no longer be obtained by
iterating (3.3) and (3.4), respectively.

10



Having found a solution T of (3.3) that is a positive operator on X of
norm < (1/)) (where A > 0), we denote by 1 the function identically equal
to 1 on X, as element of X* = L*°(X, du), and define

Py =1—AT31 € X* = L=(%,dpu), (3.5)

where (T f, @) = (f, Tip) forall f € X and ¢ € X*. Then we easily compute
for f>0in X

(f,(BLx)"¢x) = (BLAf, @x)
= (BLxf,1) = \(BL, f, T}1)
= (BLxf,1) = M\T\BL,f,1)
= (BLxf,1) = X{[Tx — Ly]f,1)
= |BLAfllx — MT5f, 1) + M Lafllx

= fllx = MDuf,1) = (i1 = ATX1) = (£, 85,
which implies that (BLy)*®x = ¢x. Moreover, @, # 0, because otherwise we
would have for all f > 0in X

0= (f.0x) = (£, 1) = M/, TX1) = [Ifllx = AT f ],

which would turn {73} >0 into the resolvent of a stochastic semigroup. In
other words, every substochastic semigroup {S(t)};>0 with resolvent {73} x>0
satisfying (3.3) leads to a positive eigenvector ¢, of (BLy)* at the eigenvalue
1. This eigenvector must necessarily satisfy

0<pr<pr<1,

because the substochastic semigroup obtained by iterating the Dyson-Phillips
integral equation (3.4) is the minimal substochastic semigroup whose resol-
vent satisfies (3.3).

4 Application: The runaway problem

In this section we revise some mathematical aspects of the behaviour of
charged particles moving within a host medium under the influence of a
constant electric field. When the collision process is not sufficient to slow
down the most energetic particles and to force the system towards relaxation,
a travelling wave in velocity space is generated. In this case the particle
swarm exhibits a phenomenon called runaway: electrons are continuously

11



accelerated without limit (for the physical problem see [CPF, Kum84| and
the references quoted therein.)

Necessary conditions and sufficient conditions for the existence, unique-
ness and attractivity of a steady-state solution and the occurrence of travel-
ling waves have been studied in [FvdMPF89, FvdM89|.

Let @ > 0 be the constant electrostatic acceleration and let v be the
collision frequency between an electron and the host medium, where we as-
sume that v € LY°¢(R;dv) is nonnegative. Introduce the Banach spaces
X = LY(R;dv) and X, = L'(R;v(v)dv) with their usual norms.® Define
Tp = —aa%, A=Tpr+Ty = —a,a% — v(v) on suitable domains contained in
X = LY(R; dv), and let

(BN = [ ko) £ (@)
where k is positive and ffooo k(v,v")dv =1 for every v'.

Using the preceding definitions we can write the linear Boltzmann equa-
tion for electron swarms in the concise form

0
a—f = Tpf +Taf + Bf, t>0

equipped by the initial data f(0) = f, € X.

In the following we will explain how the dependence of the collision fre-
quency v(v) upon the speed v for large values of v is crucial in finding the
solution of the problem and characterizing the generator G.

Defining Ly as in (2.4) by

e =5 [ exp{-g@-w -2/ UV(@)d@}f(v’) W, (43)

— 00 a ’

we have for f > 0in X

/ T A o)L f) ) do =

/ F)d' ifRe A>0

_ /Z {1_exp{—%/:o u(ﬁ)d@H Fd it A =0,

31n fact, X, is a Banach space if v is positive a.e.

12



and

/_Oo v(v)(Lof)(v) dv = /_oo f)do' if /Oo V(w)dv = o0

/OO v(v)(Lof)(v)dv < {1 — exp {—%H Ifllx if v € L'(R).
As a result,

1Lif v ¢ LY(R)
IBLAI< 41 - exp {141 iy € L(R).

Therefore, the norm of BL, is less than 1 whenever v € L'(R).

Thus, according to Proposition 3.1, we have G = A + B if at least one of
the three conditions (1) BLy is weakly compact on X for some (and hence)
all A > 0, (2) v is bounded, and (3) v € L}(R), is satisfied. We do not have
any example in which G 2 A + B and hence the semigroup {S(¢) : ¢t > 0} is
not stochastic.

The reader interested to such problem can compare this approach with
the results obtained in [FvdMPF89].

5 Application: The Fragmentation Model

In this section we consider a simple model for the fragmentation process
which arises in many fields such as erosion, polymer degradation and oxi-
dation. Recently, mathematical modelling for molecule fragmentation has
received much attention from mathematicians.

Let ¢(x,t) be the concentration of z-mers as a function of time. Let
F(z,y) denote the intrinsic rate at which an (z + y)-mer breaks up into
an x-mer and a y-mer. Then, according to the model studied in [ZMcG85,
McLLMcB97, AB79|, ¢ obeys

%—f = —p(x) /0%‘ F(y,z —y)dy + 2/00 F(z,y — x)p(y) dy. (5.1)

We consider only the special case in which F(z,y) depends on the total
size (z + y) of the fragmenting object, and in particular the case where
F(x,y) = (x+y)*~! for some constant o € R. For this, formally conservative,
model equation (5.1) reads as follows:

a o0
a—f = —p(z)z” + 2/ v o(y) dy. (5.2)

13



This model was investigated from the analytical point of view in [AB79,
ZMcG85| and using semigroup theory in [McLLMcB97]. A characterization
of the semigroup generator for equation (5.2) was obtained by Banasiak in
[Ban01], by means of an extension of the Kato-Voigt perturbation theorem
for substochastic semigroups.

The case a > 0 corresponds to the stochastic (conservative) semigroup
which is generated by the closure of the operator K, appearing on the right-
hand side of (5.2). For a > 0 one can produce multiple solutions and offer an
explanation of the non-uniqueness in such a model (see [Ban02a|, and also
|Ban02b).

The case a < 0 corresponds to a generator which is a proper extension
of K, and the (generated) semigroup is not stochastic. In this case the
solutions of (5.2) do not conserve mass, as observed for explicit solutions
in [ZMcG86, McGZ87|. The very fast fragmentation of very small particles
creates ‘“zero” size particles with non-zero mass. This phenomenon which
corresponds to an infinitely large fragmentation rate is called “shattering”
transition.

The previous models are formally conservative. However, in many situa-
tions the process involves continuous mass loss, for instance, due to dissolu-
tion of the porous surface of molecules leading to fragmentation. In a recent
paper [BL02|, Banasiak and Lamb apply substochastic semigroup theory to
analyze molecule fragmentation models with mass loss and to give a mathe-
matical validation of the mass loss known in the chemical physics literature
as “shattering” transition and the creation of zero-size particles called “fractal
dust."

In this section we limit ourselves to studying equation (5.2).

Let us study the equation in the Banach space X = L'(R™;zdx), because
the total mass for nonnegative distribustion ¢ is given by

(0.9)

/ o(z)z da.

0

Then, in terms of the abstract theory, A is the multiplication by —z%, which
can be interpreted as a collision frequency, so that

(L) = (A= 4790 = 2L for a0,
Furthermore, Y = L'(R*; 2'*t* dx) and
B =2 [y oty dy

14



so that

(BLp) =2 [ ;’i;a fy)dy. (53)
and
(BLY)) = 150 [ vean (5.4

We easily check the following conditions

MLxellx + [ Laelly = llellx, ¢ >0in X;
IBellx = [lelly,  ¢>0in XNY =LY R 2(1 + 2%)dx),

which correspond with the general assumptions iii /) and iv’).

We apply the previous abstract theory to the fragmentation model (5.2)
to characterize the generator G.

Let f € X be nonnegative and let A > 0. BL, is bounded on X as follows
from the positivity and ii). From (5.3) and (5.4) we have

oo e ¢ a—1
||BLAJC||X=/0 {2/ )\y+ yaf(y)dy} xdr =

oo a—1 Yy [ee] a

Y f(y)/ / Y
= = - 2z dxdy = dy.
/0 Atye Sy Y 0 )\+yaf(y)yy

Hence,
@ 1 if 0
e IIT & =
IBLAllx_x = sup [~—| = § T+ A . (55)
y=0 [A Y 1 if @ %0

Let us now consider the equation (I — ((BL))*)¢ = 0, where ¢ € C.
Putting ¢(z) = [ y¢(y) dy, we solve

Y(x) 26!
Y(x) Ao’ T

We now distinguish three cases, depending on the sign of «.
Case 1: a > 0: We get

U(x) = (A +2*) >/, o(z) = 2eCa* 2\ + 2®)2a L,
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Case

Then

B 2Cma—2
N+ o
_ 2C$a72
N+ 2o

C((BLx)"¢)(2)

/0 ' ye(y) dy

T
A+ zo

Thus, for ¢ € C, the only solution of (I — {(BL))*)¢ = 0 occurs if
¢ = 0 and this is the trivial solution. Hence, for all { € C we have
ker(I — ((BLy)*) = {0}, so that Im (I — (BL,) is dense in X for all
¢ € C. In other words, o,.(BL)) \ {0} = 0.

Further, it is easily seen that for Re s > 2 > 0 the functions f(2) =
(A4 2®)~% belong to X and satisfy BLyf, = = f,. Thus

{zE(C:

i.e., this open disk consists of eigenvalues of BL) only. By the above,
the boundary of this disk is contained in o.(BLy). As a result, we have
1e O'C(BL)\).

= () — 2(N*/

1 1
z— 5‘ < 5} C 0,(BL)),

2: a < 0: In this case the functions ¥ and ¢ take the form

cx® 2cC 1

Y(x) = (1 + Aglof)2/lal? plr) = 2200 (1 + Aglel)t+2¢/lal”

and therefore

C(BL) @) (x) = 22 ) /

22(1 + Azl

2¢C dy B
y1=2C " (1 + Mylel)1+2¢/lel —

B 2C Cy2< Y=z
— 22(1+ Azlel) {1+ Aglel)2/lel] '

y=

Thus ¢ is a solution of the equation ((BL))*p = ¢ if and only if
@ € L®(R*, zdx), which happens for ¢ # 0 if and only if Re{ > 1.
Hence,

2¢

if Re¢ >1

ker(I—((BLy)*) = { 0% {x2(1—<)(1 n M;a|)1+2</|a} ifRe¢ =
{0} otherwise.
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Consequently,

{ZGC:

- —’ > %} C ou(BL) Up(BLy)  (5.6)

1 1
{zE(C: Z_i‘ §§,Z#O}CUT(BL,\), (5.7)
In particular, 1 € 0,(BL)).
Case 3: a =0: We get
2cC
_ 20/ (1) _ 266 2(¢—a—1)/(A+1)
and hence, for ¢ # 0, p € L®°(R*;xdx) if and only if Re( = X\ + 1.

Therefore,

span {z2(¢AN/OFDY ifRe(=X+1

ker(] - C(BL/\)*) = {{0} otherwise.

Hence,
1 1

{zeC: 2_2()\+1)’ = 2<>\+1>}\{0}CUT(BLA).

Moreover, 1 € p(BL,), as a result of (5.5).

The following theorem specifies the semigroup generator G for the three
cases involved in the fragmentation model.

Theorem 5.1 The generator G of the evolution semigroup is given by the
following three cases:

1) For a =0 we have G = A+ B;
2) For a >0 we have G = A+ B 2 A+ B;
3) For a <0 we have G 2 A+ B.

Proof. If a =0, || BL,|| < 1; condition ¢) in Corollary 3.1 is satisfied and
hence from Theorem 3.3 we conclude that G = A+ B. Moreover if a = 0, we
have 1 € p(BL,); thus from Theorem 3.1 we get again G = A+ B. If a > 0
we have 1 € o.(BL,), thus Theorem 3.2 we have G = A+ B. Finally, if
o < 0, we have 1 € 0,(BL,); from Theorem 3.2 we deduce that G 2 A+ B.
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We conclude this section by giving an explicit expression for T). For
a > 0 we first solve the equation (I — BL))f = g for g € X N C*(0, 00) with
22g(z) — 0 as * — oo. Then f € X NCY(0,00) with 22f(z) — 0 as * — o0
and

Fla)+ 2 o) = g (o)
)\ + xa - g )
which can be written in the equivalent form

d d 2091

et A a\2/a - by a)2/a B — .

o O+ 2o @)} = {0+ 2 Prgle)} = (o)
By integration we obtain

F0) = 00) 4 e [ o) 6.9
r)=glx g\y)ay, .
(>‘+xa)2/a x ()\+ya)1_%

where the integration constant vanishes since z2f(z) — 0 and 2g(z) — 0 as
xr — 00. As a result,

_ y(@) 2 © oy
D00 = Lt et | o 69

For ¢ > 0 in X N CY(0,00) with 2%g(z) — 0 as  — oo we easily get

o0 y 1 o0 ya+1 1
T = dy + = dy = =
Malx = [ 2o+ [ Loy =lals,

as to be expected. Hence, (5.9) holds for every g € X. For a = 0 we get in
analogy with (5.8)

2
A+1

f(2) = gla) + xﬁ%/wﬁﬁmw@, (5.10)

where g € X N C(0,00) with z2g(z) — 0 as * — oco. Thus

1
A+

(Thg)(2) [9($)+ 2 v /:Oyﬁ_ig(y)dy}, (5.11)

A+1

where g € X after suitable extension from a dense domain.

For av < 0 the above derivation is somewhat more complicated. Solving
(I—BLy)f =g for g e XNC'(0,00) with g(4+00) = 0 (so that f € C(0,00)
with f(+o00) = 0, but not necessarily f € X), we first obtain

d z* d x? 2z
do {mf(x)} Cda {mg(”} e+ ma)”ig(x)’
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and subsequently

=9(y) dy, (5.12)

x? 1+ )\yla\)HW

lal\2/laf oo

N (14 Azl*) / 2y
=
where the integration constant vanishes. Multiplying (5.12) by z and inte-
grating with respect to x € RT it is easily seen that one cannot choose ¢ in
a dense linear subset of g and have f € X. Thus Im (I — BL,) is not dense
in X, as proved above by different means. Let us now compute T\ and o)
for a < 0. By induction we obtain

(BL)™ )] =2 / °° y(1 ]:L(yx)ym Fa(;’!y)m dy,

where
o g N2 (14 Aglal\
Fa(x’y):2/x m:log{(;) <1+Ay'“') }
Then
(Tuf)(@) = (Laf)(@) + D (La(BLy)™ f) () =
m=0
e @)y L\
- e [t () () o)

where for f > 0in X

(frox) = Ifllx = MTafllx =

@) [ ) [ et
/0 EDvV A /0 (1+Ayla)1+%|/o (14 Adlel) =1

[Tz fx) > y f(y) laly 2 1Y _

_/0 1+)\l“o‘| dz — /0 (1+)\y|a\)1+% [(1+/\J] )l ‘]x:O dy_

:/‘” w4
0 (14 Aglel) T

which implies that

oa(x) = s )\xla\)lJr\cQTl . (5.13)
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