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Abstract

We study photon transport in an interstellar cloud, contained in
a region V C R?® bounded by an unknown surface ¥. Assuming that
the cross section and the sources are given, we identify the shape of
3}, provided that the value of the photon number density is known at
some location far from V. The mathematical techniques employed to
solve this inverse problem are rather simple and are based on some
monotony properties of the photon density.

1 Introduction

Interstellar clouds are astronomical objects that occupy large regions of the
galactic space: the diameter of an average cloud may range from 107! to 10
parsec, i.e. from 103 to 10° times the diameter of the Solar System. Clouds
are composed of a low density mixture of gases and dust grains (mainly
hydrogen molecules with some (1-2%) silicon grains). Typical particle den-
sities may be of the order of 10* particles/cm?, i.e. 1075 times the density
of earth atmosphere at sea level. Such a mixture of particles is exposed to
UV-radiation produced by stars within the cloud or external to it [DW97].

Since interactions between UV-photons and particles play a crucial role in
the chemistry and in the evolution of interstellar clouds, it is of great interest
to study

a) the spatial distribution of UV-photons within a given cloud;

b) the spatial behaviour of some physical quantities (such as the cross
sections and the photon sources) or the form of the ingoing photon
density;



c¢) the shape of the surface 3 that bounds the cloud.

As far as a) is concerned, the evaluation of the photon number density,
as a function of space, energy and time variables, is a classic problem in
transport theory. It requires the knowledge of the cross section, of the sources
(including the ingoing photon density) and of the shape of ¥ [Pom73].

On the other hand, in problem b), the cross section and/or the sources,
or the ingoing density are unknown and must be evaluated starting from the
knowledge of the (outgoing) photon density, measured at a location “far”
from the cloud. This is a typical inverse problem in photon transport theory,
see for instance [Ago91, Bal00, Cho92, CS99, Dre89, Gon86, GN92, Hs88,
Lar88, McC86, MS97, MK94, Sha96, Sie01, YY89, Zwe99].

Finally, in problem c), a geometric quantity (the equation of the surface
¥)) is the unknown, see for instance [BMRO02]. This is a less common inverse
problem in photon transport theory and will be studied in the following
sections. More precisely, starting from the knowledge of the cross sections,
of the sources and of the ingoing density that characterize the interstellar
cloud under consideration and of some a prior: information on the shape of
Y., we shall determine the surface ¥ which bounds the cloud, provided that
the value of the UV-photon number density is known at a location far from
the cloud.

2 The integral form of the transport equation

Let our interstellar cloud be contained in a closed bounded region V C R3,
bounded by the closed “regular” surface ¥. Assume that V' is strictly convex
(ie. VX' ,x" € X, then \x' + (1 — \)x” € V; VA € (0,1), where V; is the
interior of V' =V; N X, see Figure 1).

Under the assumptions that the total cross section o, thr scattering cross
section o, and the source ¢ are given positive constants within V' and are
zero outside, the integral version of the transport equation for UV-photons
has the form, [Pom73]:

n(x,u) = Q(x,u) + (Bn)(x,u), (x,u) e Vx8 (1)
where
Qe w) = {1 —exp[oR(x.u)]} 2)
co RO
) = 2 [ dr exp(=on) /S n(x—ruu)dd.  (3)



Moreover, if x ¢ V' we have

n(x,u) = n(z,u)

n(x,u) = 0
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Figure 1: The region V = V; N¥ C R3, occupied by the inter-
stellar cloud, and the “large” region V).

In (1 -5), n(x,u) is the number density of photons that are at x and
move with velocity parallel to the unit vector u € S, where S is the surface
of the unit sphere. Moreover, R(x,u) is such that x — R(x,u)u € X V(x,u) €
V x S, see Figure 1, with R(x,u) = 0 if x € ¥ and u is directed towards
Vi; the surface ¥ is assumed to be regular enough to ensure that R(x,u) is
a continuous funcion of (x,u) € V x S, see also property b) in Section 3
and (ii) of Remark 3.1. Finally ¢ = 05/0 (¢ < 1 because 0 = 0,5 + 0. where
o. > 0 is the capture cross section), yxu = {y:y =x —ru,r > 0} is the
half straight line passing through x and parallel to u, and z € ¥ is the “first”
intersection of () with X if x ¢ V and Yxw) NV # (), see Figure 1.

For a reason that will become clear later on, equations (1),(4) and (5)
will be studied in the real Banach space X = C(Vjy x §) with a norm
| £l = {max | f(x,u)|, (x,u) € Viy x S}, where Vj; is a “large” closed convex
region of R3, bounded by a “regular” surface 3, and such that Vj;, the
interior of Vj;, contains V.

Correspondingly, it is convenient to modify (1)-(5) as follows:

n(x,u) = Q(x,u)+ (Bn)(x,u), (x,u)e€ Vy x5S, (6)
Qx,u) = 3{1 —exp[—oR(x, )]}, (x,u) €V x 8, (7)

Qlx,u) = 3{1 —exp[~oR(z,)]}, x €V \V, vow NV; % 0(8)

Q(Xa u) = 0, x € Vy \ v, V) M Vi= (Z)a (9)
R(x,u)
(Bn)(x,u) = | ar exp(—a’r’)/n(x—ru, u’) du’,
47 0 S
(x,u) e Vx5, (10)
R(z,u)
(Bn)(x,u) = < ar exp(—ar)/n(z —ru,u’) du’,
47 0 S
xeVu\V, Yxuw NV #0, (11)
(Bn)(x,u) = 0, xeVu\V, Yoy N Vi = 0. (12)

We remark that @) € X and Bn € X Vn € X because we assumed that
the region V is strictly convex.
From (7-9) we have

0<Q(x,u) < 3{1 —exp(—08)}  Y(x,u) € Viy x S
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where 6 = max {R(x,u), (x,u) € V x S} is the diameter of V. Hence,
4q
QI < L1~ exp(-09)} (13)

Moreover, (10-12) give

6
(B, )| < colnl] [ exp(~ov) dr = {1 exp(~a8)} ]
0
Vne X, VY(x,u)eVy xS
and so
I1BI < e {1 - exp(—od)} < e < 1 (14

i.e. the linear operator B is strictly contractive [BMMO98]
Inequality (14) implies that the unique solution n € X of equation (6)
has the form

n(x,u) = ((I — B)'Q)(x,u), (x,u) € Vjy x S (15)

i 1<l 1 (—09) 1

q — exp(—o q

3 < = : 1
I H_l IB]]| — 0 1l—c{l—exp(—0d)} “ol—c (16)

The results, listed in Lemmas 2.1-2.4, will be used in the sequel.

Lemma 2.1

(i) Qe Xy ={f:f€X fx,u) 20 V(x,u) € Viy x S}
(X is the closed positive cone of X );

(i) Q(x,u) > 0 if x € Var and o) N Vi # 0;

(iii) /SQ(x,u)du>0 Vx € Viy.

Proof. (i) immediatly follows from definitions (7-9).

(ii) holds because R(x,u) > 0 Yu € S if x € V;, and R(z,u) > 0 if
x €V \'V; and v NV; # 0.

(iii) follows from (ii). O

Lemma 2.2

(i) Bf € X, Vf e Xy;

(1) zf/f y,u)du’ > 0Vy eV, then (Bf)(x,u) > 0 V(x,u)
with x € Vi and Yy N Vi # 0.



Proof. (i) and (ii) directly follow from definitions (10-12). O
Lemma 2.3

(i) (1= B)\f € X, Vf € X,;

(i) if f € Xy and / fly,u')du’ > 0Vy €V, then (I — B)~ f)(x,u) >0
s
V(x,u) with x € Vay and yxu) NV; # 0.

Proof. Since ((I — B)™'f)(x,u) = i(ij)(X,u) > f(x,u) + (Bf)(x,u),
Vfe X, (i) and (ii) follow from Lerjn:r(;la 2.2. O

Remark 2.1 Lemmas 2.1 and 2.3 imply that the photon density n(x,u),
given by (15), is such that n(x,u) > 0 V(x,u) with x € Vis and yxuNV; # 0.
In any case, n belongs to X, as it must be from a physical viewpoint.

We shall now prove that n(x, u) increases as x “approaches” the boundary
surface X, in the sense specified in the following lemma. The crucial role of
this result will become clear in Sections 3 and 4

Lemma 2.4 Let (x,u) € VxS, with u such that yxwNV; # 0. Ify = x—pu
with 0 < p < R(x,u), see Figure 1, then n(x,u) > n(y,u).

Proof. Since both x and y = x—pu belong to V' and vx,u)NV; D vy,uNVi #
0, (6)+(7)+(10) give

n(xu) = nly.u) = {1 —exp[-oR(xu)]} — T {1 - exp[-oR(y.u)]} +
co R(x,u)
+ — dr exp(—or) / n(x —ru,u’) du’ —
47 0 S
co [Ew
- — dr exp(—or)/n(y —ru,u’) du’
47 0 S

where R(y,u) = R(x,u) — p. Hence, if we put

A(x,u) = n(x,u) — n(y,u) = n(x,u) — n(x — pu,u)



we obtain

A = {211 exp-ap)expl-oR(y. w] +

co R(x,u)
+ — dr exp(—ar)/n(x— ru,u’)du’ § +
4m R(y,u) S
co [BEyw
+ — dr exp(—or) / A(x —ru,u’) du’ (17)
4 0 S

because A(x —ru,u’) = n(x —ru,u’) —n(x —ru—pu,u’) = n(x—ru,u’) —
n(y —ru,u’).

It is not difficult to check that the unique solution A(x,u) of the integral
equation (17) belongs to the closed positive cone of the Banach space C(V x
S). Moreover A(x,u) > 0 V(x,u) € V x S with yxu NV; # 0 because the
known term in (17) is positive. O

3 The family of the boundary surfaces X,

Assume that the value n = n(x, 1) of the photon density at (x, @) is known,
where x is “far” from V' (i.e., x € Vjy \ V) and 1 is such that vy NV, #
(): 7 may be the result of experimental measurements made by terrestrial
astronomers. The question is whether it is possible to determine the shape
of the boundary surface ¥ from the knowledge of the measured value n.

To answer this question, we introduce the family of closed surfaces

f:{zh: QO(.T,y,Z;h):O,hE [hm7hM]}7 (18)
with the following properties:

a) Xj is a closed surface, i.e. if (p,a,3) are spherical coordinates and
®(p, a, 5; h) = 01is the corresponding equation of ¥, (thus ®(p, o, 5; h) =
o(x,y,z;h) with = p sina cos 3, y = p sina sin 3, z = p cos a), then
we have that ®(p, a + 27, 5 + 2m; h) = p(z,y,2;h) Y(p, o, B) € Vi

b) ¢(x,y, z; h) is a continuous function of (z,y, z; h) € Vas X [hm, by, and
the point (z,vy, z) is external to X, if and only if p(z,y, z;h) > 0;

c¢) the region V},, bounded by X, is bounded, closed, strictly convex and
contained within V), the interior of Vj;

d) if h < K, V}, C Vi, where Vjy; is the interior of Vi, (ie., if (z,y, 2)
is such that ¢(z,y,z;h') = 0, then ¢(x,y,2;h) > 0). (See also the
Appendix)



Remark 3.1 (i) assumption c) is necessary because we shall be working in
the Banach space X = C(Vy x S), where Vi is a “large” closed and convex
region such that Vi, C Vi, C Vi, C Vi

(ii) Let x = (x1,29,23) € Vi, and assume that u = (uq, ug, uz) is such that
Yoo Wai # 0 (with ui +uj+u3 = 1). The intersection point of Y(xu) with ¥
is (r1 — Ruy, ko — Rug, x3 — Rug), where R = R(x,u, h) satisfies the equation
©((x1 — Ruy,x9 — Rug, x3 — Rug; h) = 0 (such a point is unique because V},
is strictly convex). In an analogous way, let X' = (2, xh,x%) € Vi, and take
u' = (uf, uh, uh) such that Yo wy N Vi # 0. The unique intersection point of
Yoy With Xy is (2] — R'ul, o — R'ub, oy — R'uy), where R' = R(x/,u’; 1)
satisfies the equation o(x] — R'u), oty — R'ub, 2y — R'ul; h') = 0. Since ¢ is
continuous due to assumption b), we have

0 = oim . p(ry — R'uy, 25 — Rluy, oy — Rlug; b)) =

= @(z; — (im Ruy , 29 — (lim R")uy , 23 — (lim R )us; h').
Hence, we have at the same time
o(x1 — Ruy, x9g — Rug, x3 — Ruz) =0

and
o(xy — im(Ruy , o — (im R"uy , x5 — (lim R )ug; h’) = 0.

On the other hand, the intersection point of vxu) with Xy is unique and so
we obtain that

x; — lim R'vu; = x; — Ru, 1=1,2,3, (uf +u3 4+ uj =1).

As a consequence, limR' = R i.e. R(X',u’;h) — R(x,u;h) as (x',u’;h) —
(x,u; h).

We conclude that R(x,u;h) is continuous (and hence uniformly continu-
ous) on some closed and bounded set 2, = Vi, x S x [h, h].

(111) If x(h,h') = max {[R(x,u; 1/) — R(x,u; h)], (x,u) € V}, x S} is the
“mazimum crossing” of the region Vi \ Vy, see Figure 2, then (ii) implies that
X(h,h') — 0. In this sense, we can say that the family F is “continuous”
with respect to the parameter h.



Figure 2: The regions V}, and Vj, with h < b/, and the “large”
region Viy (Vi D Va,, ). [R(x,u; ') — [R(x,u; h)] is the length of
the crossing of the region Vj, — V},/, corresponding to (x,u) € V}, x
S. Incase a), y, = zp— R(zp, u; h)u and yj, = z — R(zp, u; h)u.

For clarity, we now rewrite (6)-(12) observing that, if V' = V},, the quan-
tities n, R, @ and B depend on (x,u) and on the parameter h € [h,,, hy]
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nx,wh) = Qu(x,u;h)+ (Byn)(x,w;h), (x,u) € Vi; x S, (19)
Quix,wh) = Z{l-exp[-oR(xwh)}, (x,w)€VhxS, (20)
Qulx,ush) = {1 - expl-oR(z, w b))},

X €V \Vi, Yxuw NV #0 (21)

Qh(x, u; h) = 0, x € Vuy \ Vi, Yix,u) N Vii = @, (22)
R(x,u;h)
(Bpn)(x,u;h) = i dr exp(—or) / n(x —ru,u’; h) du’,
4 0 S
(x,u) € V}, x S, (23)
R(zp,u;h)
(Bpn)(x,u;h) = d dr exp(—ar)/n(zh —ru,u’) du’,
41 0 S
X €V \ Vi, Yxuw NVii #0, (24)
(Bhn) (X7 u; h) = 07 X € VM \ th Y(x,u) N Vhi - @ (25)

Given h, b/ (with h,, < h <k < hy) and (x,u) € V}, x S, let A(x,u) =
n(x,u;h') —n(x,u,h).
Then, (19-25) give

A(X7 u) = F(X, u) + G(X7 u) + (BhA) (X7 'Ll), (26)
where By, is defined by (23) and

F(x,u) = 4 {exp [-oR(x,u;h)] — exp [-oR(x,u; h')]} > 0
o
co R(x,u;h)
G(x,u) = — dr exp(—or) / n(x —ru,u’; ') du’ > 0
4m R(x,u;h) S
because R(x,u;h) > R(x,u; ).

It follows that the unique solution A(x,u) of equation (26) in the Banach
space X, = C(V}, x S) (with norm || f||, = max {|f(x,u)|, (x,u) € V}, x S})
is positive, i.e. A(x,u) =n(x,u; ) —n(x,u;h) > 0V(x,u) € V, x S. (Note
that By, maps the closed positive cone of X}, into itself and that || By, < ¢ <

1.)
Further, we have from (26) that ||A||n < ||F||n + ||G]ln + ¢||Alln and so

1
Alp < ——|IF .
1A ln < 3= LIE s+ 11Glla]
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On the other hand, the definitions of F' and G (with h < A'; the case
h > K’ is analogous) give

0< F(x,u) = g exp [—oR(x,u; h)] {1 —exp [—o(R(x,u; ') — R(x,u; h))]} <
o
< q[R(x,u;h') — R(x,u; h)] < qx(h, h'),
R(x,u;h/)
0 < G(x,u) < co|n exp(—or) dr =
R(x,u;h)
— el {exp [0 R, w )]} — exp [~o R(x, us )] <
< clnllo [RGx,ush) = Rixush)] < ellnll o x(h, W) < gr—x(h, 1)

where x(h, h') was defined in (iii) of Remark 3.1 and we used (16).
We conclude that

[Afln <

a —qc)2 x(h,h') -0 as K —h.

Thus, we can state the following Theorem.
Theorem 3.1

i) If hyy < h < h' < hyy, then n(x,w;h') > n(x,u;h) at any (x,u) €
Vi, X S,’

it) ||n" —n|lp — 0 as A’ — 0, where n = n(x,u;h), ' = n(x,u;h’') and

| - ||n s the norm in X}, 0

To complete the comparison between n(x,u;h’) and n(x,u; h) with h <
B, we still have to examine the five cases, see Figure 2:

a) X € Vi \ Vi,  Yxu) N Vai # 0,
b) x €V \ Vi, Yo N Vii =0,  Yuy N Vi # 0,
¢) X & Vi, Y N Vii # 0,
d) x¢€ Vi, Yy NV Vai =0, Yow N Vi # 0,
= (),

Case a): n(x,u;h’) > n(zp,u;h’) because of lemma 2.4 with V' = Vj;
n(zp, w; h') > n(zp,u;h) because of Theorem 3.1; n(zp,u;h) = n(x,u;h)
because of (19)4(21)+(24). Hence n(x,u;h') > n(x, u; h).

Case b): n(x,u; 1) > n(x,u;h) =0, see (19)+(22)+(25).

e) X ¢ Vh/, f)/(x,u) N Vh/i
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Case c): n(x,u;h’) > n(zy,u;h’) because of (19)4(21)+(24) with A’
instead of h; n(zp,u; h') > n(z,,u; h') because of Lemma 2.4 with V' = Vj;
n(zn,u;h') > n(zp,u;h)) because of Theorem 3.1; n(zp, u;h) = n(x,u;h)
because of (19)+(21)+(24). Hence n(x,u; h’) > n(x,u; h).

Case d): n(x,u;h') > n(x,u;h) = 0 see (19)+(22)+(25).

Case e): n(x,u;h') = n(x,u;h) = 0 see (19)+(22)+(25).

The above discussion and i) of Theorem 3.1 lead to the following Theorem.

Theorem 3.2 If h,, < h < h' < hyy, then n(x,u;h’) > n(x,u; h) V(x,u) €
Vi x S, except when x ¢ Vi and Yixu) N Vi = 0 (in this case n(x,u; /') =
n(x,u;h) =0).

Moreover, ii) of Theorem 3.1 leads to the following property of the photon
density:
Theorem 3.3 n(x,u; /') — n(x,u;h) as ' — h if x € Var \ Vi and vyxu) N
Vhﬂ' - @

Proof: Let (x,u) be such that x € Vi, \ V,, and yxu) N Vi # 0 (hence,
x € Vi \ Vi if I/ is close enough to h, see case c) of Figure 2). From
(19)4(21)+(24) with h substituted by h’, we have

n(wh) = n(zy,w k) = L {1 - expl-o Rz, w )]} +
g

co R(z,,u;h’)
+ — dr exp(—m‘)/n(zh/ —ru,u; ') du’
47 0 S
and also
n(xwh) = 21— expl-o R, i)} +
o
co ! !/ / !/
+ — drexp(—ar)/n(zh/ —ru,u’;h') du
47 0 S
co R(Z}L»u;h)
+ — dr exp(—or) / n(zp — ru,u’; ') du’
47 n S
co R(Zh/ ,u;h/)
+ — drexp(—or) / n(zy — ru,u’; h') du’
4 R(zp,u;h) S

where 1 = |z — 2], see case ¢) of Figure 2, and where
R(Zh,u;h)
/ dr exp(—or’) / n(zp — ru,u’;h') du’ =
0 S

R(zp,u;h)—n
= exp(—an)/ dr’ exp(—or') / n(z, — r'u,u’; ') du’
0 S

12



because, if v’ = r — 7, then z,, — ra = z — nu — r'u = z, — r'u. On the
other hand, from (19)+(21)+(24) we also obtain
n(x,u; h) = n(zy,u;h) _4 {1 — exp[—0oR(zp,u, h)|} +
o

R(Zh,ll;h)
dr exp(—or) / n(zp —ru,u’; h) du’
s

co
AT J,
and so

n(x,u; h) :% {1 — exp[—0R(zn,u, h)]} +

co R(zh’u;h)in
+ — exp(—on) / drexp(—or) / n(z, — ru,u’; h) du'+
4 0 S
co R(zhvuvh)in
+—[1 — exp(—0omn)] / dr exp(—or) / n(z, — ru,u’; h) du'+
4 0 S
co [EBEnuh)
+— dr exp(—or) / n(z, —ru,u’; h) du'.
A7 S Rt wit) - s

It follows that
n(x,u; h')—n(x,u;h) = 4 {exp[—0o R(zp,u; h)] — exp[—o R(zy,u; h')]} +
o

co K / !/ /
+— [ drexp(—or) | n(zy —ru,u’;h')du’'+
S

4 Jq
co R(Zh/,u;h/)
+— dr exp(—or) / n(zp — ru,u’; ') du'—
4 R(zp,u;h) S
co R(Zh,ll;h)*’f]
— —[1 — exp(—on)] / dr exp(—or) / n(z, —ru,u’; h) du’ —
4 0 S
co R(Zhvl-l;h)

dr exp(—ar)/n(zh —ru,u’; ) du’ +
s

4m R(zp,u;h)—n

co

R(Zh7u;h)7n
+47r exp(—m])/o dr exp(—or)

/ (n(zp, —ru,u’; 1) — n(z, — ru,u’; h)] du'.
Thus, we have ’
In(x, w; h)—n(x, u;h)| < q{R(zw,u; 1) — R(zp,u; h)} + conlln+
+co||n||{R(zn,u; h') — R(zp,u; h)} + co||n||[1 — exp(—on)] { R(zn, u; h) — n} +
+eol|nlln + colln” — nll, {R(zn, u; k) —n} .
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Since
0 < R(zp,w; 1) — R(zp,u; h) = |z — 23| + |y — yu| < 2x(h, h')
0 <n=lzw —za| < x(h,}),
0 < R(zn,u;h) —n < R(zp,u; h) < dur,
where d,; is the diameter of V), we obtain from the preceding inequality
n(x, w; 1) —n(x, u; h)| <
<2qx(h, h') + collnllx(h, h) + 2co|[n|[x(h, 1)+
+ co?||nl|x(h, K )orr + ca||n||x(h, h) + co|ln — n||nda =
=[2q + dco||n|| + codurlnl]x(h, h') + codarlln — n/||.

We conclude that n(x,u; h') — n(x,u; h) as b’ — h because x(h,h') — 0
(see i) of Remark 3.1) and ||[n — /||, — 0 (see ii) of Theorem 3.1). O

4 Identification of the boundary surface

As in Sections 2 and 3, we assume that the positive quantities o, ¢ and ¢
(that characterize the physical behaviour of the interstellar cloud) are given.

Then, at each given (x,u) € Vi x S, the photon density is a function of
the parameter h € [h,,, hal, i.e. it depends on the region V}, occupied by the
cloud. As a consequence, we can write

n(x,u;h) = K(h)(x,u), (x,u) € Vy x5S, (27)

where

K(h)(x,u) = (I — By)'Qn)(x,u), (x,u) € Vi xS, (28)

see (19-25).

Note that K is a nonlinear operator acting on h through R(x,u;h), with
domain D(K) = [hy,, ha] and range R(K) C X ;. The main properties of K
are summarized in the following lemma.

Lemma 4.1

i) If h < B/, K(h)(x,u) < K(h')(x,u), V(x,u) € Viy x S, except when
x & Viy and yxwyNVii = 0 (in this case K (h)(x,u) = K(h')(x,u) =0);

i) K(W)(x,u) — K(h)(x,u) as i — h, Vx € Viy and yxu)y N Vi # 0.
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Proof. (i) follows from (27) and Theorem 3.2. (ii) follows from ii) of
Theorem 3.1 and from Theorem 3.3. O

Remark 4.1 Lemma /4.1 implies that

i) K(h)(x,u) < K(M)(x,u) if hyy < h < b < hy, x € Vi and Yxu) N
Vini # 0 (hence, Yy N Vivi # 0);

i) K(W)(x,u)—K(h)(x,u) = 0 ash’ — h, Vx € Vi and Yx,u)\Vh,.: # 0.

=
W

Figure 3: The locations x and x “far” from V},,: x,%x € Vjy —
Vi, @ and a are such that vs.q N Va,: # 0 and ysa N Vi, # 0

As the beginning of Section 3, assume now that the value n = n(x, 1) of
the photon density is known, where x € Vi, \ V4, and vx.a) N Vj,,i # 0 (with
Vari D Vi, » see Figure 3). If we put

~ ~ ~

K(h)(*,4) = K(h),  D(K)=[hm hy], R(K)CR,  (29)
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then Lemma 4.1 and Remark 4.1 imply that K (h) is a continuous and strictly
increasing function of h € [hy,, hagl.
As a consequence, we have

Theorem 4.1 If the family F, defined by (18) and assumptions a) - d), is
“suitably chosen” (i.e., if it is such that K(h ) < h < K(hy)), then a unique
h € [, bt eists, for which K (h) = O

Note that the value i can be found by using some standard successive
approximation method, see also Remark 5.1 in Section 5.

Correspondingly, the surface XJ; is identified, which bounds the region V;
that produces a photon density distribution n(x, u; h) such that n(x,a; h) =

A

n.

5 Concluding remarks

Remark 5.1 Since n(x,a;h

n(zp,a; h), see Figure 8, we have from (27)
and (29) that K(h) = K( (

)(zn, s h). Hence, (28) gives

~— "
—~

R () =(( = Ba) ™' Qu) (8 0) = Qu(2n. 0 h) + Y (BIQw)) (2 ) =

) (30)
= Qu(zn, 1 h) + > _(BlQn)) (2, 1) + O(c™H).
7=1
Relation (30) implies that
K(h) ~ Qn(2n,w;h) + > (BIQn)) (21, 1) (31)
7=1

may be considered as the explicit expression of K(h) as a function of h (with
an error of the order of ¢™*'). Correspondingly, (31) can be used in any
successie approzimation procedure to determine the value of h, such that

K(h) = .

Remark 5.2 If the family F is not “suitably chosen” (from a physical view-
point), it may happen that n < K(h,) or K(hy,) < n. Obviously, in this
case, the family F must be changed.
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Remark 5.3 Assume that another family Fy (with FOF; = 0) is considered,
e.g. F1= { W o (x,y, 2; h)=0,h € [hm,hM])}. This will lead to a value

hy possibly different from h (and so to a surface Zgl)

possibly different from
¥;,). Such a “non -uniqueness” resull is not surprising because X; must be
considered as the “best approximation within F7 of the true physical surface

Ypn, derwed from the unique measured photon density n.

Remark 5.4 Further, assume that another measured value of the photon
density n = n(x,0) is known, with (x,0) # (X,0) and with x € Vy; \ Vi,
and Yxa) N Vi, # 0. Then, the corresponding h may be different from
h because we have that K(h) = K(h)(%,0) = 7 but not necessarily that
K(h)(x,u) = i (however, K(h)(%,1) = n). In other words, if the terrestrial
astronomers are partiiculary lucky, it may happen that they choose a family
F, such that K(h)(x,0) is equal to the measured photon density n(x,u) at
any (x,u) € Vi x S. In this case, K(h)(%,1) = 1 and K(h)(X,0) = #;
correspondingly, V; is really the region occupzed by the cloud (i.e. EE = Y,n).
However, in geneml, ¥; 4s only an approzimate representation of Y.

6 Appendix: Examples of families F

6.1 Homothetic families

Let n(x1, 2, x3) = 0 be the equation of a closed surface ¥, that bounds the
closed, bounded and strictly convex region V, C R?, and assume that 7 is a
continuous function of

(w1, 22, 23) € {(21, 22, 3):
(x1,29,23) = (x/h,y/h,z/h), (x,y,2) € Var, 0 < hyy < h < hy}
(32)

If the family F is defined by
F =0,y 2:h) =0, o(x,y,z;h) = n(x/h,y/h,z/h), h € [, hu]},

then it is easy to see that each X, is homothetic to ¥y. In fact, let P, =
(Th, Yn, 2n) € T, 1e. n(zn/h,yn/h, zn/h) = 0;

correspondingly Ph/ = (Ih/ Yn' Zhl) with Ty — (h/h ).Th, Y = (h/h/)yh,
2w = (h/R')z, belongs to ¥y, and we have that PO = (h'/h)P,O.

Note that F has the following properties:
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a) Il u is a unit vector, let ypu = {y: y = tu, t > 0} be the half straight
line passing through the origin (the center of the homothety). Then,
for each u € S, the intersection points of vy, with Xy, X and X
(with A’ > h) are xo = tou, X, = tpu, X,y = tpu, respectively, with
n(tous, tous, touz) = 0, t, = hty, tpy = h'ty > t,. We conclude that
Vi, C Vis.

b) That the region V},, bounded by ¥, is still strictly convex immediatly
follows from the fact that strict convexity is preserved by homothetic
transformations.

6.2 “Linear” families

Let the “minimal” closed surface ¥y and the “maximal” closed surface ¥,
have equations pg(z,y,2) = 0 and ¢;(x,y, z) = 0, respectively. Assume that
@o and ¢ are continuous V (z,y,z) € Vi and that the regions V; and V7,
bounded by >y and by >, are closed, bounded and strictly convex. Further,
if Vou = {(z,y,2) : po(z,y,2) <0} and Vi; = {(z,y, 2) : ¢1(x,y,2) < 0} are
the interior of V; and Vi, we shall also assume that Vo C Vi; € Vi C V.
Under the above assumption the “linear” family F, defined by

f:{Eh : 90(1'7?/’27}0 = 07

ooy, h) = (1— Wgo(e,y.2) + hor(wy, ), he )y O

has the following properties

a) Y, is a closed surface, see property b) in Section 3, and ¢(z,y, z; h) is
continuous Y (z,y, z, h) € Vay x [0, 1].

b) If P = (,§,2) € %) with 0 < h < 1, then (1 — h)po(Z,9,2) +
he1(7,7,2) = 0. As a consequence, it must be po(P) > 0 and ¢, (P) <
0 because the other possible eight cases (¢o(FP) > 0 and ¢;(P) = 0,

©wo(P) > 0 and ¢1(P) > 0, etc ) can be easily excluded. Hence Vy C Vj;
and V}, C V4,.

c) Assume that P € X, N Y, with h # k. Then, we have that (1 —
h)po(P) + hpi(P) = 0, (1 — k)po(P) + kpr(P) = 0. It follows that
©o(P) = 0 and p1(P) = 0, i.e. P € 9N 3. We conclude that the
¥, containing P is unique because Xy N X; = (). Note that, given P,
the surface Y, is defined by the value of h, such that (1 — h)yo(P) +

hoi(P) =0, i.e. h = po(P)/[¢o(P) + |e1(P)]].

d) The region V},, bounded by X, is strictly convex. To prove this, we
introduce the regions Vg, and Vj,, bounded by the surfaces >y, and
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Y15 (where X, is defined by the equation ¢g(z,y,2) = a and ¥y, by
¢1(x,y,z) = b). Under the assumption that Vy = Viy (bounded by ¥y =
Yoo defined by the equation ¢y(x,y, z) = 0) and Vi = Vi (bounded by
Y1 = Xy defined by the equation ¢;(x,y,z) = 0) are chosen so that
Voa and Vi, are still strictly convex, it is not difficult to show that V{, is
contained in the interior of V{, and V{ in the interior of Vo if a < d’
and b < V.

Assume now that Vj, is not convex. Correspondengly, ¥, may have the
shape represented in Figure 4, and take A, B € ¥;,. Since A € ¥, we
have that (1 — h)po(A) + he1(A) =0, i.e. (1 —h)a+ hb=0. On the
other hand, (1 — h)go(B) + he1(B) = (1 — h)a’ + ht > (1 — h)a + hb,
i.e. (1—="h)po(B)+ he1(B) > 0 and B can not belong to 3. Since the
case in which V}, is convex but not strictly convex may be dealt with in
a similar way, we conclude that Vj, is strictly convex.

Figure 4: If V}, is not convex, ¥, may have the shape rep-
resented above.

e) Vi = {(z,9,2): o(x,y,2;h) <0}. That P = (x1,x9,23) is an inte-
rior point of Vj, if and only if (1 — h)eo(P) + he1(P) < 0 can also
be proved by using the surfaces Yy, and Xg,. In fact, take 1xu =
{y:y=W1v,93), i =2 —tu; 1 =1,2,3, t > 0} and let P, = yxu N
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Y. If Py also belongs to Yo, and to Xy, we have that (1—h)po(Fy) +
hoi(Pr) = (1 — h)a’ + ht' = 0. On the other hand, P belongs to 3,
and to Xy, with a < @’ and b < ¥'; hence, (1 — h)po(P) + he1(P) =
(1—=h)a+hb< (1—h)a" 4+ hd =0.

fYyIf0 < h<h <1, V) C Vpy. In fact, if P € ¥j we have that
(1 =h)po(P)+ hp1(P)=0.
It follows that

(1= h)eo(P) + hpy(P) =
= (L= 1)po(P) + Wp1(P) + (B = h)[po(P) — 1 (P)] =
= (A" = h) [go(P) + 1 (P)[] > 0

because ¢o(P) > 0 and ¢;(P) < 0. Thus, P is external to .

A sufficient condition for the convexity of a linear family F will be stated in
the last Section.

6.3 “Nonlinear” families

We shall give a simple example of a nonlinear family of surfaces ¥, (which
can not be written as a linear combination of the form considered in 6.2, and
which is not a homotethic family).

If g = g(t) is defined by g(t) =t + 1/t, t > 0, let ¢t;(h) and ty(h) be
the solutions of the equation ¢(t) = h, where h is given so that 2 < h; <
h < hy < o0: t1(h) = (h—+vh?—4)/2 and t3(h) = (h + Vh? — 4)/2. Then,
F = {Xn: h € [hy, ho]} is the family of the spherical surfaces ¥ of radius
(ta —t1)/2 = vVh? —4/2 and centered at ((t; + t2)/2,0,0) = (h/2,0,0), i.e.
Shoo(z,y, 2 h) = (x —h/2)? +y* + 22 — (R —4)/4 = 0.

Note that V}, = {(x,y, 2) : ¢(x,y, z; h) < 0} is obviously strictly convex;
moreover, it is easy to check that Vj,, C Vj;, Vi, C Vi, and Vj C Vi, if
h <M.

The function g(t) can be replaced by any convex function that admits a
bounded level set (i.e. by a function ¢g(¢) which has a minimum).

6.4 “Level sets” families

Let G : R* — R be a positive, continous, strictly convex function. Consider
the family

F={3={(z,y,2): G(z,y,2) =h}, 0 <m <h <M}

of the surfaces given by the level sets of G. The family F has the following
properties:
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a) For h > m,let Vj, = {(x,y,2): G(z,y,z) < h}. For the strict convexity
of function G, V}, is an open convex set bounded by Xj;

b) Let hy < hs. Consider Vj,, and V},, (interior of 35, and X, respectively).
The sets V},, are level sets of function GG, hence

Vhl = {(%,y,Z)Z G(%,y,Z) < hl} - {(l’,y,Z)i G<x7y72) < h2} = Vh2
i.e. the family F is monotone.

From the properties of the level sets families, we obatin a sufficient condition
for the convexity of a linear family. Let ¢y and ¢, as in 6.2. Define G =
©o/(po — 1) and consider the level set T, = {(x,y, z): G(z,y,2) = h}. Note
that (x,y,2) € Ty, if and only if (1 — h)go(z,y,2) + hpi(z,y,2) = 0 ie. if
and only if (z,y,2) € X, (see (33))

Hence, the linear family defined starting from ¢y and ¢; concides with
the level set family of G if h € [0, 1]. For the consideration above, a sufficient
condition of the convexity of surfaces X, is the strict convexity of function

G.
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