1 Hyperbolic Chart

We shall consider the hiperbolic chart (xz,y,f): E — R , which are associ-
ated a point 0 € E and an orthonormal basis (e;) of E.
By definition, the transition function with respect to the cartesian chart are:

r=2x
y=y
z=f+ary with a>0

Hence, we obtain
f=z+axy.

2 Metric

The coordinate expression of the covariant and controvariant metrics are

g = (1+ad*y)dr@dr+ (1+ d*2?)dy @ dy + df @ df + a*xy(dr @ dy + dy @ dx) +
+ay(dx @ df + df @ dx) + azx(dy ® df + df ® dy)

0r ® 0z + Oy @ Oy + (1 + a2 + a*y*)0f @ Of — ay(0x @ Of + Of @ Oz) —
—az(Qy @ Of + 0f ® Jy)

Q)
Il

Hence, the coordinate expression of the metric function is
1 , .
G = 5 ((1 + a*y?)i? + 2d’zydy + 2ays f + (14 a®2®)y? + 2azy f + f2>

The volume forme induced by the metric g and by orientation of the chosen
charts has coordinate expression

n =dx A\dy A df

3 Connection

Let us compute the coefficient of the connection V, in hyperbolic coordinates,
by means of the Lagrange formulas.



3.1 Proposition.
All coefficient of V vanish.

PROOF. The covariant curvature of a curve ¢ : R — E is given by

(Vdc), = (14 a*y*)D*c” + 2a*yDc? De® + a*xyD*c? + ayD?*c!
(Vdc), = (1 + a’2*) DY + 2a*x D De* + a*xyD*c* + axD?*c!
(Vde); = D*¢! + ayD*c* + axD*c¥ + 2aDc” DeV

hence the curvature of ¢ is given by

(Vde)* = D*c*
(Vdc)Y = D*c¥
(Vde)! = D*cf

4 Hyperboloid

Now, we supposed that the submanifold () is the hyperboloid H characterised
by the constraint z = azy, i.e. f =0.
We shall refer to the adapted hyperbolic chart (z,y, f).

4.1 Metric
4.1.1 Proposition.

The coordinate expression of the covariant and controvariant metric, of the
metric function and of the volume form of H are

g = (1+d*y?)de @ dx + (1 + a*2?)dy ® dy + a*vy(dr @ dy + dy ® dx)

_ 1+ a*z? L+ a?y?
o= 91 ® 0 dy®a
g 1+ a?2? + a?y? v er1+a2962+012y2 peoT
a’xy
— Or ® Oy + dy ® 0
1+a2x2—1—a2y2( ® Oy + Oy ® Oz)
1
¢t = 3 ((1 +a’y?)i? + 2a’xydy + (1 + a2932)92>

N = (1+a2x2—|—a2y2)%d:ﬂ/\dy



4.2 Connection

let us the compute the coefficient of the connection V1, in the adapted coor-
dinates, by means of the Lagrange formulas.

4.2.1 Proposition.

The non-vanishing coefficient of V1 are

to_ptt = a’y
vy Yr 1 4 a222 + a2y?

Il

rf,Y =¥ — Gl
Y Yz 1+a2:1:2+a2y2

PROOQOF. The covariant curvature of a curve ¢ : R — () is given by

(Vdc), = (1 + a*y*)D*c* + 2a°yDc? Dc* + a*vyD*c?
(Vde), = (1 + a*2*)D*¢? + 2a*xDc? Dc* + a®ryD*c”

hence the curvature of c¢ is given by

(Vdc)* = D*c* + 20y Dc? Dc*
1+ a?2% 4 a?y?
2 2
(Vde)! = D¢V + . D&De

1+ a22? + a2y

4.2.2 Proposition.

The normal versor is

ay ax 2 2 2 2\1
n=— or — oy + (1+a“z"+a 20
(1+a2x2+a2y2)% (1+a2x2+a2y2)% v+ v)2of




4.3 Second fundamental form
4.3.1 Proposition.

The Weingarten’s map and the second fundamental form are

L= (1+ a2 2a_|_ 22)3 <a2:vy(da:®0x+dy®3y)—(1+a2y2)dx®0y—(1+a2a:2)dy®0g;)
asx a“y~)2
a
L= (1 + a22? + a2?) (dx®dy—|—dy®dx>

4.3.2 Corollary.

We have
a ay
N = - de @ dy + dy ® dz) ® O
1+ a’z? + a’y? ( (1+a2x2+a2y2)%< z@dy+dy @ dr) ® Or +
axr

(14 a22? + a%y?) (dz @ dy + dy ® dz) ® Oy +

+(1 + a2® + aZyQ)%(dx ®dy + dy ® dzr) ® 8f)

=

4.3.3 Corollary.

The total and the mean curvature are

2 23
K = detl — — a H=trl = @y

(1+a2? + a?y?)? (1+ a2z? + a2y?)2

4.3.4 Corollary.

The hyperboloid H is a ruled surface and not developable.



4.3.5 Corollary.

The principal curvature and the principal vector are

1

;o a 2 2,2 2.2y 2
A _(1+a2x2+a2y2)3<a xy—l—((l—l—ax)(l—iray)) )
"_ a 2 22 2. 212
A_(1+a2x2+a )g<a:cy ((1+ax)(1+ay)>)
1
N

U,_ax_(1+ax>

4.3.6 Corollary.

The vector conjugate and the vector asymptotic are

v = adx + B0y

' = 0r — éf)y
a

w' = 0z

w” = Oy

The curve coordinate X, and X, are asymptotic.

4.4 Curvature
4.4.1 Proposition.
The curvature tensor is

2a° 2 2,2
RT:_(1+a2x2+a2y2)2 ( a“zydr N dy @ 0r @ de + (1 + a“z®)dx A dy ® 0r @ dy +

—(1 4 a®*y*)dxr A dy @ Oy @ dv — a*zydr A dy @ Oy @ dy).



4.4.2 Corollary.
The covariant curvature tensor is

4a?

R = —
- (1 + a?2? + a?

)2 ((1 + a2 + a*y?)dx A dy @ dx N dy> = 2(RNYn @n.

4.4.3 Corollary.

The Ricci tensor is

CL2

Riceit = —
et (14 a?2? + a?y?)?

( a*rydy @ dx + (1 + a*2?)dy ® dy +

+(1 + a*y?)dz @ dv + a*rydr @ dy). =

CL2

1
- _ t— Z(RN.
(1 +a2x2+a2y2)2g 2< 9

4.4.4 Corollary.
The scalar curvature is

(R = — 207 — 92K
- (1+a2x2+a2y2)2 - )




