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Abstract

We discuss the Lie algebras of infinitesimal symmetries of the main covariant
geometric objects of covariant quantum mechanics: the time form, the hermitian
metric, the upper quantum connection, the quantum lagrangian. Indeed, these in-
finitesimal symmetries are generated, in a covariant way, by the Lie algebra of time
preserving conserved special phase functions. Actually, this Lie algebra of special
phase functions generates also the Lie algebra of infinitesimal symmetries of the
main classical objects: the time form and the cosymplectic 2–form.

A natural output of the classification of the quantum symmetries is a covariant
approach to quantum operators and to quantum currents associated with special
phase functions.

Key words: covariant classical mechanics, covariant quantum mechanics, quan-
tum symmetries.
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Introduction

Several covariant formulations of Classical and Quantum Mechanics in a curved
spacetime with absolute time have been proposed by different authors (see, for
instance, [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 28, 29, 30, 31, 32,
37, 38, 39, 40] and citations therein).

In particular, “Covariant Quantum Mechanics” is an approach to Quantum Me-
chanics in a curved spacetime fibred over absolute time, equipped with a riemannian
metric on its fibres, and aimed at implementing several features of General Rela-
tivity in this riemannian framework. This formulation started some years ago [20]
and has been further developed by several papers (see, for instance, [19, 21, 22, 23,
25, 26, 34, 35, 36, 41] and citations therein).

The infinitesimal symmetries of Covariant Classical Mechanics have been dis-
cussed in [26, 34, 35, 36]. In the present paper, we discuss the infinitesimal symme-
tries of the fundamental objects of Covariant Quantum Mechanics: the time form
dt , the η–hermitian metric hη and the upper quantum connection Q↑ , which is the
source of all other quantum objects. We find that the Lie algebra of infinitesimal
symmetries of these objects is isomorphic, in a covariant way, to the Lie algebra of
time preserving conserved special phase functions [35]. Moreover, we find that the
Lie algebra of infinitesimal symmetries of the quantum lagrangian L and of the time
form dt coincides with the Lie algebra of the above fundamental quantum objects
and also with the Lie algebra of the fundamental classical objects: the time form dt
and the cosymplectic 2–form Ω . Hence, the results of this paper underline the mean-
ing of the Lie algebra of special phase functions and its distinguished subalgebras
within this approach to Classical and Quantum Mechanics. This again confirms the
covariant approach, which was crucial for the discovery of special phase functions.

We deal with units of measurement on the same footing of coordinates, gauges
and observers. So, in order to make our theory explicitly independent of “units of
measurement”, we use the notion of “spaces of scales” [25, 27].

We consider the following basic spaces of scales: 1) the space T of time intervals,
2) the space L of lengths, 3) the space M of masses. Then, other space of scales are
obtained by tensor products of rational powers of the above basic spaces.

We consider the Planck constant ~ ∈ T−1 ⊗ L2 ⊗ M as a “universal scale”.
Moreover, we will consider a mass m ∈ M and charge q ∈ T−1 ⊗ L3/2 ⊗ M1/2 .
We denote a time unit of measurement and its dual, respectively, by u0 ∈ T and
u0 ∈ T∗ ' T−1 .

1 Sketch of the classical background

The classical background of Covariant Quantum Mechanics is provided by a suit-
able formulation of Classical Mechanics (for a short account of it, see, for instance,
[25], where the reader can find further details).
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3

In the present model, we postulate time as an oriented 1–dimensional affine
space T , associated with the vector space T ⊗ IR , and spacetime as an oriented
4–dimensional manifold E equipped with a time fibring t : E → T .

The time fibring yields the distinguished time form dt : E → T⊗ T ∗E .
We shall refer to spacetime charts (xλ) ≡ (x0, xi) , defined as charts of the

manifold E , which are adapted to the time fibring, the affine structure of T and
the orientation of E and T . Every spacetime chart (xλ) yields a time scale u0 ∈ T .
The associated bases of vector fields and forms are denoted by (∂λ) ≡ (∂0, ∂i)
and (dλ) ≡ (d0, di) . Accordingly, we obtain the linear fibred charts of the tangent
bundle TE → E by (xλ, ẋλ) .

We denote by VE ⊂ TE the 3–dimensional vertical subbundle annihilated by
dt and by H∗E ⊂ T ∗E the 1–dimensional horizontal subbundle generated by dt .
The vertical projection T ∗E → V ∗E is denoted by the restriction symbol ∨ .

The classical motions are the sections s : T → E .
The classical phase space is the 7-dimensional 1st jet space of motions t10 :

J1E → E , equipped with the fibred charts (xλ, xi0) .
The phase space is naturally equipped with the contact map and the complemen-

tary contact map d : J1E → T∗ ⊗ TE and θ : J1E → T ∗E ⊗ VE , with coordinate
expressions d = u0 ⊗ (∂0 + xi0 ∂i) and θ = (di − xi0 d0)⊗ ∂i .

The classical observers are the sections o : E → J1E .
An observer o is characterised by the “observed” contact map and complemen-

tary contact map d[o] :=d ◦ o : E → T∗ ⊗ TE and θ[o] := θ ◦ o : E → T ∗E ⊗ VE ,
with coordinate expressions d[o] = u0 ⊗ (∂0 + oi0 ∂i) and θ[o] = (di − oi0 d0)⊗ ∂i .

Then, we postulate the galileian metric to be a spacelike riemannian metric
g : E → L2 ⊗ (V ∗E ⊗ V ∗E) . With reference to a particle of mass m ∈ M , and to
the Planck constant ~ ∈ T−1 ⊗ L2 ⊗M , the rescaled galileian metric is G := m

~ g :
E → T⊗ (V ∗E ⊗ V ∗E) .

We have the coordinate expressions g = gij ď
i ⊗ ďj and G = G0

ij u0 ⊗ ďi ⊗ ďj ,
with gij ∈ map(E,L2 ⊗ IR) and G0

ij ∈ map(E, IR) .
The spacelike metric g and the spacetime orientation yield the scaled spacelike

volume form η : E → L3⊗∧3V ∗E , with coordinate expression η =
√
|g| ď1∧ď2∧ď3 .

Then, we obtain the scaled spacetime volume form υ := dt∧η : E → T⊗∧4T ∗E ,
with coordinate expression υ = υ0 u0 =

√
|g|u0 ⊗ d0 ∧ d1 ∧ d2 ∧ d3 .

Given an observer o , we define the observed kinetic energy, the observed kinetic
momentum and the observed Poincaré–Cartan form to be, respectively, the sections

K[G, o] := 1
2 G (∇[o],∇[o]) ∈ sec(J1E, H

∗E) ,

Q[G, o] := θ[o] y (G[∇[o]) ∈ sec(J1E, T
∗E) ,

Θ[G, o] := −K[G, o] +Q[G, o] ∈ sec(J1E, T
∗E) ,

with coordinate expressions

K[G, o] = 1
2 G

0
ij(x

i
0 − oi0) (xj0 − o

j
0) d0 ,

Q[G, o] = G0
ij(x

j
0 − o

j
0) (di − oi0 d0) ,

Θ[G, o] = (−1
2 G

0
ij x

i
0 x

j
0 + 1

2 G
0
ij o

i
0 o

j
0) d0 +G0

ij (xj0 − o
j
0) di .
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4 1 Sketch of the classical background

We define a galileian spacetime connection to be a spacetime connection K ,
which is linear, torsion free and which fulfills the conditions ∇dt = 0 , ∇g = 0 and
Riµjν = Rjνiµ , where R is the curvature tensor of K . Its coordinate expression is
of the type

K = dλ ⊗ (∂λ +Kλ
i
µ ẋ

µ ∂̇i)

= dλ ⊗ ∂λ − 1
2 G

ij
0

(
∂0G

0
hj (ẋh d0 + ẋ0 dh) + (∂hG

0
jk + ∂kG

0
jh − ∂jG0

hk) ẋ
k dh

)
⊗ ∂̇i

−Gij0
(
Φ0j ẋ

0 d0 + 1
2 Φhj (ẋh d0 + ẋ0 dh)

)
⊗ ∂̇i ,

where Φ ≡ Φ[K,G, o] = Φλµ d
λ ∧ dµ : E → ∧2T ∗E is a closed spacetime 2–

form, which depends on K , on G and on the observer o associated with the chosen
spacetime chart (xλ) by the condition oi0 = 0 .

Further, we postulate, as gravitational and electromagnetic fields, a galileian
spacetime connection and a closed scaled spacetime 2–form [33]

K\ : TE → T ∗E ⊗ TTE and F : E → (L1/2 ⊗M1/2)⊗ ∧2T ∗E .

With reference to a particle of mass m and charge q , we couple K\ and F into the
joined galileian spacetime connection K ≡ K\+Ke :=K\− 1

2
q
~ (dt⊗ F̂ + F̂ ⊗dt) ,

where F̂ :=G]2(F ) : E → (L−3/2 ⊗M1/2)⊗ (T ∗E ⊗ VE) .
From now on, we shall refer to the joined spacetime connection K .
The joined observed spacetime 2–form Φ ≡ Φ[K,G, o] splits as Φ = Φ\+ 1

2
q
~ F .

We consider as law of motion for a particle, with mass m and charge q , effected
by the gravitational and electromagnetic fields, the equation ∇[K]ds = 0 .

We define a phase connection to be a connection Γ : J1E → T ∗E⊗TJ1E of the
affine bundle t10 : J1E → E .

There is a bijection between time preserving, linear spacetime connections K
and affine phase connections Γ [21].

Each affine phase connection Γ yields the “quadratic” dynamical phase connec-
tion, the dynamical phase 2–form, the dynamical phase 2–vector

γ ≡ γ[Γ] :=d yΓ : E → T∗ ⊗ TJ1E ,

Ω ≡ Ω[Γ, G] :=G y
(
ν[Γ] ∧ θ

)
: J1E → ∧2T ∗J1E ,

Λ ≡ Λ[Γ, G] := Ḡ y (Γ̌ ∧ ν) : J1E → ∧2V J1E .

Therefore, the joined spacetime connection K yields the distinguished affine
phase connection, dynamical phase connection, dynamical phase 2–form, dynamical
phase 2–vector Γ ≡ Γ[K] , γ ≡ γ[K] , Ω ≡ Ω[K] , Λ ≡ Λ[K,G] .

We have the coordinate expressions

Γ[K] = dλ ⊗ ∂λ −Gij0
(
Φ0j + 1

2 (∂0G
0
hj + Φhj)x

h
0)
)
d0 ⊗ ∂0

i

−Gij0 1
2

(
(∂0G

0
kj + Φkj) + (∂hG

0
jk + ∂kG

0
jh − ∂jG0

hk)x
h
0)
)
dk ⊗ ∂0

i ,

Ω[K,G] = (∂0G
0
hj x

h
0 + 1

2 ∂jG
0
hk x

h
0 x

k
0) d0 ∧ dj + (∂iG

0
jh x

h
0) di ∧ dj

+G0
hj x

h
0 d

0 ∧ dj0 −G
0
ij d

i ∧ dj0 + 1
2 Φλµ d

λ ∧ dµ ,
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Λ[K,G] = Gij0 ∂i ∧ ∂
0
j +Gih0 Gjk0

(
∂hG

0
kr x

r
0 + 1

2 Φhk

)
∂0
i ∧ ∂0

j .

We can prove that Ω[K,G] turns out to be closed if and only if K is galileian.
Hence, the pair (dt,Ω) turns out to be a scaled cosymplectic structure of the

phase space [24]. In other words, dt ∧ Ω ∧ Ω ∧ Ω : J1E → T⊗ ∧7T ∗J1E is a scaled
volume form of the phase space and dΩ = 0 .

The cosymplectic 2–form Ω admits an “upper” horizontal potential of the type
A↑ : J1E → T ∗E , according to the equation Ω = dA↑ . Clearly, the horizontal
potential A↑ is locally defined up to a gauge of the type df : E → T ∗E , with
f ∈ map(E, IR) .

For each observer o , we have Φ[K,G, o] = 2 o∗Ω[K,G] . Hence, the observed
potential A[K,G, o] of Φ[K,G, o] turns out to be given (up to a gauge) by the
equality A[K,G, o] = o∗A↑ .

The classical law of motion for a motion s effected by the gravitational and
electromagnetic fields is expressed equivalently by the equations ∇[K]ds = 0 , or
dj1s = γ[K] ◦ j1s .

The classical lagrangian, the classical momentum, the observed classical hamil-
tonian and the observed classical momentum are, respectively, the horizontal and
vertical components and the observed horizontal and vertical components of A↑

L ≡ L[A↑] :=d yA↑ ∈ sec(J1E, H
∗E) ,

P ≡ P[A↑] := θ yA↑ ∈ sec(J1E, T
∗E) ,

H[A↑, o] :=−d[o] yA↑ = K[G, o]−A[G, o] ∈ sec(J1E, H
∗E) ,

P[A↑, o] := θ[o] yA↑ = Q[G, o] +A[G, o] ∈ sec(J1E, T
∗E) .

We have the coordinate expressions

L[A↑] = (1
2 G

0
ij x

i
0 x

j
0 +Aj x

j
0 +A0) d0 , P[A↑] = (G0

ij x
j
0 +Ai) (di − xi0 d0) ,

H[A↑, o] = (1
2 G

0
ij x

i
0 x

j
0 −A0) d0 , P[A↑, o] = (G0

ij x
j
0 +Ai) (di − oi0 d0) .

2 Setting of the quantum theory

Next, we sketch the starting setting of Covariant Quantum Mechanics (for a
short account of it, see, for instance, [25], where the reader can find further details).

We postulate the quantum bundle to be a 1–dimensional complex vector bundle
over spacetime π : Q → E , equipped with a scaled η–hermitian quantum metric
hη : Q×

E
Q→ ∧3V ∗E ⊗ C .

We shall refer to normalised scaled quantum bases b : E → L3/2 ⊗ Q , which
fulfill the condition hη(b,b) = η . Accordingly, we shall refer to scaled linear fibred
charts (xλ, z) , where the scaled complex function z : Q → L−3/2 ⊗ C , fulfills the
condition z(b) = 1 , and to the associated real fibred charts (xλ, w1, w2) , given by
z = w1 + iw2 .

The quantum states are represented by the quantum sections Ψ : E → Q . We
shall write Ψ = ψ b , with ψ ≡ |ψ| exp(iϕ) ∈ map(E,L−3/2 ⊗ C) .
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6 2 Setting of the quantum theory

We define the upper quantum bundle to be the 1–dimensional complex vector
bundle π↑ : Q↑ → J1E over the phase space, given by the pullback Q↑ := J1E×

E
Q .

The η–hermitian quantum metric h yields, by pullback, the η–hermitian upper
quantum metric h↑ .

We say that a complex linear connection Q↑ : Q↑ ×
J1E

TJ1E → TQ↑ is reducible

if it factorises through a system of quantum connections Q[o] : Q ×
E
TE → TQ .

Indeed, Q↑ turns out to be reducible if and only if, in coordinates, Q↑0i = 0 .

We postulate the galileian upper quantum connection Q↑ : Q↑ → T ∗J1E⊗TQ↑
to be a connection of the upper quantum bundle, which is hermitian and reducible
and whose curvature fulfills the condition R[Q↑] = −2 iΩ⊗ I↑ , where I↑ : Q↑ → Q↑

is the Liouville vector field of Q↑ (see also [32]). The closure of Ω turns out to be a
necessary integrability condition for the local existence of Q↑ , because of the Bianchi
identity. The integer cohomology class of Ω turns out to be a necessary integrability
condition for the global existence of Q↑ [41]. The upper quantum connections Q↑

are defined locally up to a gauge of the type i df ⊗ I↑ , where f : E → IR .

With reference to a quantum basis b , the coordinate expression of an upper
quantum connection Q↑ is locally of the type

Q↑ = χ↑[b] + iA↑[b]⊗ I↑

= χ↑[b] + i
(
Θ[o] +A[b, o]

)
⊗ I↑

= χ↑[b] + i
(
−K[o] +Q[o] +A[b, o]

)
⊗ I↑

= χ↑[b] + i
(
−H[b, o] + P[b, o]

)
⊗ I↑

= dλ ⊗ ∂λ + di0 ⊗ ∂0
i + i

(
− (1

2 G
0
ij x

i
0 x

j
0 −A0) d0 + (G0

ij x
j
0 +Ai) d

i
)
⊗ I↑ ,

where χ↑[b] : Q↑ → T ∗J1E ⊗ TQ↑ is the flat hermitian upper quantum connection
induced by the quantum basis b .

Thus, the upper quantum potential A↑[b] appearing in the above expression of
Q↑ is just a potential of Ω and a potential of K , that have been discussed previously.

We suppose the cohomology class of Ω to be integer and postulate a galileian
upper quantum connection Q↑ , as source of all further quantum developments.

We observe that the quantum bases b allow us to parametrise the upper quantum
potentials A↑ , hence the observed quantum potentials A[b, o] .

With reference to two quantum bases b and b́ = exp(iϑ)b and two observers
o and ó = o + v , with v ∈ sec(E,T∗ ⊗ VE) , we have the transition rules A↑[b́] =
A↑[b]− i dϑ and A[b́, ó] = A[b, o]− dϑ+ θ[o] yG[(v)− 1

2 G(v, v) .

From the quantum connection Q↑ we derive, by a covariant procedure, the ki-
netic quantum momentum, the probability current, the Schrödinger operator, the
quantum lagrangian and the quantum Poincaré–Cartan form

Q(Ψ) :=d⊗Ψ− iG]∇↑Ψ : E → T∗ ⊗ (TE ⊗Q) ,

J(Ψ) :=d⊗ ‖Ψ‖2 − reh(Ψ, iG]∇↑Ψ) : E → L−3 ⊗ (T∗ ⊗ TE) ,

S(Ψ) := 1
2

(
d y∇↑Ψ + δ↑

(
Q(Ψ)

))
: E → T∗ ⊗Q ,
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L(Ψ) := − dt ∧
(
imhη(Ψ, d y∇↑Ψ) + 1

2 (Ḡ⊗ hη)(∇̌↑Ψ, ∇̌↑Ψ) : E → ∧4T ∗E ,

Θ[L] :=L + ϑ ∧̄VQL : J1Q→ ∧4T ∗Q ,

with coordinate expressions

Q[Ψ] =
(
ψ ∂0 − iGij0 (∂jψ − iAj [b, o]ψ) ∂i

)
⊗ u0 ⊗ b ,

J(Ψ) =
(
|ψ|2 ∂0 + (i 1

2 G
ij
0 (ψ ∂jψ̄ − ψ̄ ∂jψ)−Ai0[b, o] |ψ|2) ∂i

)
⊗ u0 ,

S(Ψ) =
(

(∂0ψ − 1
2 iG

ij
0 ∂ijψ)− i (A0 − 1

2 AiA
i
0)ψ

−
(
(Aj0 + 1

2 i
∂i(G

ij
0

√
|g|)√

|g|
) ∂jψ

)
+ 1

2

(∂0

√
|g|√
|g|
−
∂i(A

i
0

√
|g|)√

|g|
)
ψ
)
u0 ⊗ b ,

L(Ψ) = 1
2

(
−Gij0 ∂iψ̄ ∂jψ + iAλ0 (ψ̄ ∂λψ − ψ ∂λψ̄) + 2 (A0 − 1

2 AiA
i
0)
)
υ0 ,

Θ[L] = 1
2 i (z̄ dz − z dz̄) ∧ υ0

0 − 1
2

(
Gij0 (z̄i dz + zi dz̄) + i Ai0 (z̄ dz − z dz̄)

)
⊗ υ0

j

+
(

1
2 G

ij
0 z̄i zj + (A0 − 1

2 AiA
i
0)z̄ z

)
υ0 ,

where υλ := i∂λυ and Ai0 :=Gij0 Aj .
In the particular case of a flat spacetime and an inertial observer, S turns out

to be the standard Schrödinger operator.

3 Lie algebra of special phase functions

3.1 Definition. [20, 23] A special phase function (s.p.f.) is defined to be a phase
function f ∈ map(J1E, IR) , such that its 2nd fibre derivative with respect to the
affine bundle J1E → E is of the type D2f = f ′′ ⊗G , with f ′′ ∈ map(E,T⊗ IR) .

In coordinates, a special phase function is characterised by an expression of the
type f = f0 1

2 G
0
ij x

i
0 x

j
0 + f iG0

ij x
j
0 + f̆ , with f0, f i, f̆ ∈ map(E, IR) . Accordingly,

we have f ′′ = f0 u0 .
We denote the subsheaf of s.p.f. by spe(J1E, IR) ⊂ map(J1E, IR) .

We have the following distinguished subsheaves of spe(J1E, IR)

subsheaf of projectable s.p.f. := pro spe(J1E, IR) :=
{
f | ∂jf0 = 0

}
.

subsheaf of time preserving s.p.f. := tim spe(J1E, IR) :=
{
f | ∂λf0 = 0

}
,

subsheaf of affine s.p.f. := aff spe(J1E, IR) :=
{
f | f0 = 0

}
,

subsheaf of spacetime s.p.f. := map(E, IR) :=
{
f | fλ = 0

}
.

3.2 Example. We have the distinguished special phase functions

xλ , A↑i[b, o] = Pi[b, o] = G0
ij x

j
0+Ai , −A↑0[b, o] = H0[b, o] = 1

2 G
0
ij x

i
0 x

j
0−A0 .

3.3 Proposition. For each f ∈ spe(J1E, IR) , we obtain, in a covariant way, the
spacetime vector field, called its tangent lift, X[f ] = f ′′ yd−G](Df) ∈ sec(E, TE) ,
with coordinate expression X[f ] = f0 ∂0 − f i ∂i .

For instance, we have: X[Pi] = −∂i , X[H0] = ∂0 , X[L0] = ∂0 −Ai0 ∂i .
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8 3 Lie algebra of special phase functions

3.4 Proposition. With reference to an observer o and to a quantum basis b ,
we can split each f ∈ spe(J1E, IR) , respectively, as

f = −X[f ] yΘ[o] + f̆ [o] = (f0K0 + f iQi) + f̆ ,

f = −X[f ] yA↑[b] + f̂ [b] = (f0H0 + f i Pi) + f̂ ,

where
f̆ [o] = f̆ and f̂ [b] = f̆ +A0 f

0 −Ai f i .

Thus, each f ∈ spe(J1E, IR) is characterised:
- with reference to an observer o , by its observer and gauge independent tangent

lift X[f ] and observer dependent and gauge independent spacetime function f̆ [o] ,
- with reference to a quantum basis b , by its observer and gauge independent

tangent lift X[f ] and gauge dependent and observer independent spacetime function
f̂ [b] .

3.5 Proposition. We have two distinguished phase lifts of a special phase
function f :

- the holonomic phase lift, which involves only the time fibring of spacetime,
- the hamiltonian phase lift, which involves the cosymplectic structure of the

phase space (here r1 is the natural fibred morphism r1 : J1TE → TJ1E)

X↑hol[f ] := r1 ◦ J1X[f ] , X↑ham[f ] := γ(f ′′) + Λ](df)

with coordinate expressions

X↑hol[f ] = f0 ∂0 − f i ∂i − (∂0f
i + ∂jf

i xj0 + ∂0f
0 xi0 + ∂jf

0 xj0 x
i
0) ∂0

i ,

X↑ham[f ] = f0 ∂0 − f i ∂i +Gij0
(
− f0 (∂0Pj − ∂jA0) + fh (∂hPj − ∂jAh)

+ ∂jf
0K0 + ∂jf

hQh + ∂j f̆
)
∂0
i .

3.6 Theorem. The equality [[ f, f́ ]] := Λ(df, df́) + γ(f ′′).f́ − γ(f́ ′′).f equips the
sheaf of special phase functions with an IR–lie bracket, called special phase Lie
bracket.

This bracket can also be expressed by the following equalities

[[ f, f́ ]] = −
[
X[f ], X[f́ ]

]
yΘ[o] +X[f ].

˘́
f −X[f́ ].f̆ + Φ[o]

(
X[f ] , X[f́ ]

)
,

[[ f, f́ ]] = −
[
X[f ], X[f́ ]

]
yA↑[b] +X[f ].

ˆ́
f −X[f́ ].f̂ ,

[[ f, f́ ]] = X↑[f ].f́ −X↑[f́ ].f + 2 Ω
(
X↑[f ] , X↑[f́ ]

)
,

where X↑[f ] ∈ sec(J1E, TJ1E) is any phase prolongation (in particular, the holo-
nomic lift and the hamiltonian lift) of the tangent lift X[f ] ∈ sec(E, TE) .

In coordinates, we have the following expression

[[ f, f́ ]] λ = X[f ]µ ∂µX[f́ ]λ −X[f́ ]µ ∂µX[f ]λ ,

[[ f, Ĭ f́ ]] = X[f ]µ ∂µ
˘́
f −X[f́ ]µ ∂µf̆ +X[f ]λX[f́ ]µ (∂λAµ − ∂µAλ) .
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The projectable, time preserving and affine subsheaves of special phase functions
turn out to be closed with respect to the special phase Lie bracket.

The holonomic lift and the hamiltonian lift of special phase functions turn out
to be Lie algebra homomorphisms.

For each f ∈ pro spe(J1E, IR) , we set divη f := divηX[f ] .

Indeed, we have divη [[ f, f́ ]] = X[f ]. divη f́ −X[f́ ]. divη f .
The subsheaves uniη spe(J1E, IR) ⊂ duniη spe(J1E, IR) ⊂ pro spe(J1E, IR) , of

projectable special phase functions with vanishing divergence and with constant
divergence, respectively, are closed with respect to the special Lie bracket.

3.7 Definition. A special phase function f is said to be holonomic if its holo-
nomic phase lift and hamiltonian phase lift coincide: X↑ham[f ] = X↑hol[f ] .

3.8 Proposition. A special phase function f turns out to be holonomic if and
only if it fulfills the following conditions, in coordinates,

∂if
0 = 0 ,

∂0f
0G0

ij − (f0 ∂0 − fh ∂h)G0
ij + ∂jf

hG0
ih + ∂if

hG0
jh = 0 ,

∂if̆ + ∂0f
hG0

ih − f0 (∂0Ai − ∂iA0) + fh (∂hAi − ∂iAh) = 0 .

The subsheaf of holonomic special phase functions hol spe(J1E, IR) ⊂ spe(J1E, IR)
is closed with respect to the special phase Lie bracket.

A special phase function f is said to be conserved if it is constant along the
classical motions solutions of the law of motion, i.e. if γ.f = 0 . We denote the
subsheaf of conserved special phase functions by cns spe(J1E, IR) ⊂ spe(J1E, IR) .

3.9 Lemma. For each X↑ ∈ sec(J1E, TJ1E) and f ∈ map(J1E, IR) , the fol-
lowing implication holds

iX↑ Ω = df ⇒ X↑ = γ
(
dt(X↑)

)
+ Λ](df) and γ.f = 0 .

Proof. The proof can be achieved from the identities Λ
(
iX↑Ω) = X↑ − γ(X↑) and

iγΩ = 0 .QED

3.10 Theorem. For each f ∈ spe(J1E, IR) , the following conditions are equiv-
alent:

1) 0 = γ.f , 2) df = iX↑
ham[f ] Ω , 3) df = iX↑

hol[f ] Ω ,

4)


0 = ∂if

0 ,

0 = ∂0f
0G0

hk − f0 ∂0G
0
hk + f i ∂iG

0
hk + ∂hf

iG0
ik + ∂kf

iG0
ih ,

0 = ∂hf̆ − f0 (∂0Ah − ∂hA0) + f i (∂iAh − ∂hAi) + ∂0f
iG0

ih ,

0 = ∂0f̆ − f i (∂0Ai − ∂iA0) .

Indeed, if the above equivalent conditions are fulfilled, then X↑ham[f ] = X↑hol[f ] ,
i.e., cns spe(J1E, IR) ⊂ hol spe(J1E, IR) .
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10 4 Quantum symmetries

Proof. The proof can be achieved from the above Lemma 3.9 and from the coordinate
expression of the condition for a special phase function to be conserved. QED

The time preserving conserved special phase functions constitute a further Lie
subalgebra tim cns spe(J1E, IR) ⊂ cns spe(J1E, IR) ⊂ spe(J1E, IR) .

For each f ∈ tim cns spe(J1E, IR) , we have LX[f ]G = 0 , hence divη f = 0 .

4 Quantum symmetries

A vector field Y ∈ sec(Q, TQ) is said to be real linear if it is projectable on E
and a real linear morphism over its spacetime projection X ∈ sec(E, TE) , i.e. if
it is of the type Y = Xλ ∂λ + (Y 1

1 w
1 + Y 1

2 w
2) ∂w1 + (Y 2

1 w
1 + Y 2

2 w
2) ∂w2 , with

Xλ, Y 1
1 , Y

1
2 , Y

2
1 , Y

2
2 ∈ map(E, IR) .

A vector field Y ∈ sec(Q, TQ) is said to be complex linear if it is real linear and
a complex linear morphism over its spacetime projection X ∈ sec(E, TE) , i.e. if it
is of the type Y = Xλ ∂λ + Y 1

1 (w1 ∂w1 + w2 ∂w2) + Y 1
2 (w2 ∂w1 − w1 ∂w2) , with

Xλ, Y 1
1 , Y

1
2 ∈ map(E, IR) .

The sheaves linIR proE(Q, TQ) and linC proE(Q, TQ) of IR–linear and C–linear
quantum vector fields turn out to be closed with respect to the Lie bracket of vector
fields.

4.1 Lemma. If f ∈ spe(J1E, IR) , then:

- for each observer o , the vector field Y [f, o] :=X[f ] yQ[o]+i f̆ [o] I ∈ sec(Q, TQ)
turns out to be gauge independent;

- for each basis b , the vector field Y [f,b] :=X[f ] yχ[b] + i f̂ [b] I ∈ sec(Q, TQ)
turns out to be observer independent.

Moreover, we have X[f ] yQ[o] + i f̆ [o] I = X[f ] yχ[b] + i f̂ [b] I .

Proof. The proof follows from the transition rules of the quantum potential [25] and
of the components of the special phase function, which fit very well. QED

4.2 Definition. We define the η–hermitian quantum vector fields to be the in-
finitesimal symmetries of the η–quantum metric hη , i.e. the vector fields
Yη ∈ linIR proE,T (Q, TQ) , such that LYηhη = 0 . We denote the Lie algebra sub-
sheaf of η–hermitian quantum vector fields by herη(Q, TQ) ⊂ sec(Q, TQ) .

4.3 Theorem. [23] The η–hermitian quantum vector fields are of the type

Yη = Yη[f ] = X[f ] yχ[b] +
(
i f̂ [b]− 1

2 divηX[f ]
)
I

= X[f ] yQ[o] +
(
i f̆ [o]− 1

2 divηX[f ]
)
I

= f0 ∂0 − f i ∂i +
(
i (f̆ +A0 f

0 −Ai f i)− 1
2 divη f

)
I

= f0 ∂0 − f i ∂i +
(
i f̂ − 1

2 divη f
)
I ,

with f ∈ pro spe(J1E, IR) . Indeed, the map Yη : pro spe(J1E, IR) → herη(Q, TQ)
turns out to be an IR–Lie algebra isomorphisms with respect to the special phase Lie
bracket and the Lie bracket of vector fields.
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Proof. The proof can be achieved by comparing the splitting of Yη into its horizontal
and vertical components with respect to the observed quantum connection Q[o] (or with
respect to the flat quantum connection χ[b]) and the splittings of a special phase function
f into its spacetime lift X[f ] and its observed spacetime component f [o] (or its gauge
components f [b]) (Proposition 3.4). QED

4.4 Example. We have the following distinguished η–hermitian quantum vec-
tor fields

Yη[x
λ] = ixλ I , Yη[A

↑
λ] = −∂λ + 1

2

∂λ
√
|g|√
|g|

I .

4.5 Definition. We define the η–hermitian upper quantum vector fields to be
the infinitesimal symmetries of the η–hermitian upper quantum metric h↑η , i.e. the
vector fields Y ↑η ∈ linIR proJ1E,E,T (Q↑, TQ↑) , such that LY ↑

η
h↑η = 0 .

We denote the Lie algebra subsheaf of η–hermitian upper quantum vector fields
by her↑η(Q

↑, TQ↑) ⊂ sec(Q↑, TQ↑) .

4.6 Proposition. The η–hermitian upper quantum vector fields are of the type

Y ↑η = Y ↑η[X
↑, f ] :=Q↑(X↑) + (i f − 1

2 divηX) I↑ ,

with (X↑, f) ∈ proE,T (J1E, TJ1E) × map(J1E) , where X ∈ proT (E, TE) is the

spacetime projection of X↑ , i.e., in coordinates, of the type

Y ↑η = Xλ ∂λ+Xi
0 ∂

0
i +(f+A↑λX

λ) (w1 ∂w2−w2 ∂w1)− 1
2 divη f (w1 ∂w1+w2 ∂w2) ,

where X0 ∈ map(T , IR) , Xi ∈ map(E, IR) , Xi
0, f ∈ map(J1E, IR) .

Proof. The proof can be achieved by splitting Y ↑
η into its horizontal and vertical

components with respect to the upper quantum connection Q↑ .QED

4.7 Proposition. The subsheaf of η–hermitian upper quantum vector fields
her↑η(Q

↑, TQ↑) ⊂ linIR proJ1E,E,T (Q↑, TQ↑) turns out to be closed with respect to
the Lie bracket of vector fields. Indeed, the map

Y ↑η : proE,T (J1E, TJ1E)×map(J1E)→ her↑η(Q
↑, TQ↑) : (X↑, f) 7→ Y ↑η[X

↑, f ]

turns out to be an IR–Lie algebra isomorphism with respect to the Lie bracket of

phase pairs
[
(X↑, f) , (X́↑, f́)

]
2Ω

=
(

[X↑, X́↑] , X↑.f́ − X́↑.f + 2 Ω(X↑, X́↑)
)

and

the Lie bracket of vector fields.

4.8 Theorem. An η–hermitian upper quantum vector field Y ↑η[X
↑, f ] is pro-

jectable on Q if and only if f ∈ pro spe(J1E, IR) and X↑ is any phase prolongation
of the tangent lift X[f ] ∈ pro sec(E, TE) .

Proof. The proof can be achieved from the coordinate expression of LY ↑
η
h↑

η and the
splittings of the special phase functions (Proposition 3.4). QED
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12 4 Quantum symmetries

4.9 Corollary. For each f ∈ pro spe(J1E, IR) , we have two distinguished IR–
Lie algebra isomorphisms (Proposition 3.5)

Y ↑η hol : pro spe(J1E, IR)→ her↑η(Q
↑, TQ↑) : f 7→ Y ↑η[X

↑
hol, f ] ,

Y ↑η ham : pro spe(J1E, IR)→ her↑η(Q
↑, TQ↑) : f 7→ Y ↑η[X

↑
ham, f ] .

4.10 Example. We have the following distinguished infinitesimal symmetries
of the η–hermitian upper quantum metric

Y ↑η hol[x
λ] = ixλ I↑ , Y ↑η hol[A

↑
λ] = −∂λ + 1

2

∂λ
√
|g|√
|g|

I↑ ,

Y ↑η ham[xλ] = δλi G
0
ij ∂

i
0 + ixλ I↑ , Y ↑η ham[A↑λ] = −∂λ +Gih0 ∂λPh ∂0

i + 1
2

∂λ
√
|g|√
|g|

I↑ .

4.11 Definition. We define the infinitesimal symmetries of the upper quantum
connection Q↑ to be the upper quantum vector fields Y ↑ ∈ linIR proJ1E(Q↑, TQ↑) ,
such that LY ↑Q↑ = 0 .

4.12 Proposition. The infinitesimal symmetries of Q↑ are of the type

Y ↑ = Q↑(X↑) + Y̌ ↑ ,

where X↑ ∈ sec(J1E, TJ1E) and Y̌ ↑ ∈ linIR proJ1E(Q↑, VJ1EQ
↑) fulfill the follow-

ing three equivalent conditions

1) LY̌ ↑Q↑ = −i (iX↑Ω)⊗ I↑ , 2) ∇↑Y̌ ↑ = i (iX↑Ω)⊗ I↑ .

Indeed, the sheaf cnc↑ (Q↑, TQ↑) of infinitesimal symmetries of Q↑ turns out to
be closed with respect to the Lie bracket of vector fields.

Proof. The proof can be achieved by means of our postulate R[Q↑] = −2 iΩ⊗I↑ .QED

4.13 Proposition. The infinitesimal symmetries Y ↑η ∈ linIR proJ1E,E,T (Q↑, TQ↑)

of h↑η and Q↑ are of the type Y ↑η = Y ↑η[f ] :=Q↑
(
X↑[f ]

)
+(i f − 1

2 divη f) I↑ , with
f ∈ duniη cns spe(J1E, IR) and X↑[f ] = X↑hol[f ] = X↑ham[f ] , i.e. of the type

Y ↑η = f0 ∂0 − f i ∂i +Xj
0 ∂

0
j

+ (f̆ +A0 f
0 −Ai f i) (w1 ∂w2 − w2 ∂w1)− 1

2 divη f (w1 ∂w1 + w2 ∂w2) ,

where the spacetime functions f0 ∈ map(T , IR) , f i, f̆ ∈ map(E, IR) fulfill the
conditions

0 = ∂if
0 ,

0 = ∂0f
0G0

hk − f0 ∂0G
0
hk + f i ∂iG

0
hk + ∂hf

iG0
ik + ∂kf

iG0
ih ,

0 = ∂hf̆ − f0 (∂0Ah − ∂hA0) + f i (∂iAh − ∂hAi) + ∂0f
iG0

ih ,
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0 = ∂0f̆ − f i (∂0Ai − ∂iA0) ,

0 = d
(
f0 ∂0

√
|g|√
|g|
−
∂i(f

i
√
|g|)√
|g|

)
and

X↑[f ] = f0 ∂0 − f i ∂i − (∂0f
i + ∂jf

i xj0 + ∂0f
0 xi0 + ∂jf

0 xj0 x
i
0) ∂0

i ,

= f0 ∂0 − f i ∂i +Gij0

(
∂j f̆ + ∂jf

0 1
2 G

0
hk x

h
0 x

k
0 + ∂jf

hG0
hk x

k
0

− f0
(
∂0G

0
hj x

h
0 + (∂0Aj − ∂jA0)

)
+ fh

(
∂hG

0
jk x

k
0 − (∂jAh − ∂hAj)

)
∂0
i ,

divη f = f0 ∂0

√
|g|√
|g|
−
∂i(f

i
√
|g|)√
|g|

.

Indeed, the upper quantum vector field Y ↑η[f ] turns out to be projectable on
the η–hermitian quantum vector field Yη[f ] ∈ herη(Q, TQ) .

Moreover, the map Y ↑η : duniη cns spe(J1E, IR) → cns her↑η(Q
↑, TQ↑) : f 7→

Y ↑η[f ] turns out to be an IR–Lie algebra isomorphism with respect to the special
phase Lie bracket and the Lie bracket of vector fields.

Furthermore, the map proQ : cnc her↑η(Q
↑, TQ↑) : herη(Q, TQ) : Y ↑η[f ] 7→

Yη[f ] turns out to be an IR–Lie algebra morphism with respect to the Lie bracket
of vector fields.

Proof. The proof can be achieved from the coordinate expression of LY ↑Q↑ and The-
orem 3.10. QED

4.14 Theorem. The infinitesimal symmetries Y ↑η ∈ linIR proJ1E,E,T (Q↑, TQ↑)

of dt , h↑η and Q↑ are of the type Y ↑ = Y ↑[f ] :=Q↑
(
X↑[f ]

)
+ i f I↑ , with f ∈

cns tim spe(J1E, IR) and X↑[f ] = X↑hol[f ] = X↑ham[f ] , i.e. of the type

Y ↑η = f0 ∂0 − f i ∂i +Xj
0 ∂

0
j + (f̆ +A0 f

0 −Ai f i) (w1 ∂w2 − w2 ∂w1) ,

where the spacetime functions f0 ∈ IR , f i, f̆ ∈ map(E, IR) fulfill the conditions

0 = ∂0f
0G0

hk − f0 ∂0G
0
hk + f i ∂iG

0
hk + ∂hf

iG0
ik + ∂kf

iG0
ih ,

0 = ∂hf̆ − f0 (∂0Ah − ∂hA0) + f i (∂iAh − ∂hAi) + ∂0f
iG0

ih ,

0 = ∂0f̆ − f i (∂0Ai − ∂iA0) ,

X↑[f ] = f0 ∂0 − f i ∂i − (∂0f
i + ∂jf

i xj0 + ∂0f
0 xi0 + ∂jf

0 xj0 x
i
0) ∂0

i ,

= f0 ∂0 − f i ∂i +Gij0

(
∂j f̆ + ∂jf

0 1
2 G

0
hk x

h
0 x

k
0 + ∂jf

hG0
hk x

k
0

− f0
(
∂0G

0
hj x

h
0 + (∂0Aj − ∂jA0)

)
+ fh

(
∂hG

0
jk x

k
0 − (∂jAh − ∂hAj)

)
∂0
i .
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14 4 Quantum symmetries

Indeed, the upper quantum vector field Y ↑η[f ] turns out to be projectable on the
hermitian quantum vector field Yη[f ] ∈ herη(Q, TQ) .

Moreover, the map Y ↑η : cns tim spe(J1E, IR) → cns her↑η(Q
↑, TQ↑) : f 7→

Y ↑η[f ] turns out to be an IR–Lie algebra isomorphism with respect to the special
phase Lie bracket and the Lie bracket of vector fields.

Furthermore, the map proQ : cnc her↑(Q↑, TQ↑) → herη(Q, TQ) : Y ↑η[f ] 7→
Yη[f ] turns out to be an IR–Lie algebra morphism with respect to the Lie bracket of
vector fields.

Proof. The proof follows from Proposition 4.13. QED

4.15 Definition. We define the infinitesimal symmetries of the quantum la-
grangian to be the IR–linear quantum vector fields Y ∈ linIR proE(Q, TQ) , such
that LY1L = 0 , where Y1 := r1 ◦ J1Y ∈ linIR proE,Q(J1Q, TJ1Q) , is the 1st holo-
nomic prolongation of Y , with coordinate expression

Y1 = Xλ ∂λ + Y a
b w

b ∂wa + (∂µY
a

b w
b + Y a

b w
b
µ − ∂µXν wa

ν) ∂wµa .

4.16 Proposition. The infinitesimal symmetries Y of L are characterised, in
coordinates, by the following conditions

Y 1
1 = Y 2

2 , Y 1
2 = −Y 2

1 , ∂jY
1

1 = 0 ,

0 = Xλ ∂λ(A0 −Aj Aj0)− (∂0 −Aj0 ∂j)Y
2

1 + (A0 −AiAi0) (2Y 1
1 + divυX) ,

0 = −(∂0X
0 −Aj0 ∂j)X

0 + (2Y 1
1 + divυX) ,

0 = (∂0 −Aj0 ∂j)X
i +Xλ ∂λA

i
0 −G

ij
0 ∂jY

2
1 +Ai0 (2Y 1

1 + divυX) ,

0 = Xλ ∂λG
ij
0 −G

hj
0 ∂hX

i −Gih0 ∂hX
j +Gij0 (2Y 1

1 + divυX) .

4.17 Theorem. The infinitesimal symmetries of L and dt are the η–hermitian
quantum vector fields generated by time preserving conserved special phase functions

Yη = Yη[f ] , with f ∈ tim cns spe(J1E, IR) .

Thus, they are of the type Yη = f0 ∂0 − f i ∂i + i (f̆ +A0 f
0 −Ai f i) I , where the

functions f0 ∈ IR , f i , f̆ ∈ map(E, IR) fulfill the conditions

0 = f0 ∂0G
0
hk − f i ∂iG0

hk + ∂hf
iG0

ik + ∂kf
iG0

ih ,

0 = ∂hf̆ − f0 (∂0Ah − ∂hA0) + f i (∂iAh − ∂hAi) + ∂0f
iG0

ih ,

0 = ∂0f̆ − f i (∂0Ai − ∂iA0) .

Proof. The proof follows from the coordinate expressions of LY1
L and Yη[f ] .QED

4.18 Corollary. For each f ∈ tim spe(J1E, IR) , we have the equivalences:
LYη 1[f ] L = 0 ⇔ LYη 1[f ]Θ[L] = 0 ⇔ f ∈ tim cns spe(J1E, IR) .

Proof. The 1st equivalence follows from a general result of variational calculus [42]. QED
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It is remarkable that the IR–Lie algebra of infinitesimal symmetries of (Ω , dt)
(see [34, 36]) of (h↑ , Q↑ , dt) and of (L , dt) (see [35]) be generated by the same
Lie subsheaf of special phase functions tim cns spe(J1E, IR) ⊂ spe(J1E, IR) .

The above classifications of quantum infinitesimal symmetries can be used as
the source of further developments.

In particular, the classification of η–hermitian quantum vector fields yields, in
a covariant way, the quantum operators associated with projectable special phase
functions O[f ] = i

(
Yη[f ] − f ′′ yS

)
: sec(E,Q) → sec(E,Q) , with coordinate ex-

pression O[f ](Ψ) =
((
f̆ −Ai f i − i (f i ∂i + 1

2

∂i(f
i
√
|g|)√

|g|
)− 1

2 f
0 ∆0

)
ψ
)
b .

For instance, O[xλ](Ψ) = xλ ψ b , O[Pj ](Ψ) = −i
(
∂jψ + 1

2

∂j
√
|g|√
|g|

ψ
)
b ,

O[H0](Ψ) = −
(

1
2 ∆0 ψ +A0 ψ

)
b .

Moreover, we obtain, in a covariant way, for each f ∈ pro spe(J1E, IR) and Ψ ∈
sec(E,Q) , the quantum current jη[f ](Ψ) :=−(j1Ψ)∗(iYη 1[f ] Θ[L]) ∈ sec(E,∧3T ∗E) .

For instance, the quantum current associated to the special phase function f = 1
turns out to be just the probability current.

These objects will be the subject of another paper.
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[18] K. Grabowska, P. Urbański: Frame–independent formulation of Newtonian me-
chanics, arXiv:math-ph/0404073v1, 2004, 1–19.
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[25] J. Janyška, M. Modugno: Quantum potential in covariant quantum mechanics,
Diff. Geom. Appl., 54 (2017), 175–193.
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