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Abstract

We start by analysing the Lie algebra of Hermitian vector fields of a Hermitian
line bundle.

Then, we specify the base space of the above bundle by considering a Galilei, or
an Einstein spacetime. Namely, in the first case, we consider, a fibred manifold over
absolute time equipped with a spacelike Riemannian metric, a spacetime connection
(preserving the time fibring and the spacelike metric) and an electromagnetic field.
In the second case, we consider a spacetime equipped with a Lorentzian metric and
an electromagnetic field.

In both cases, we exhibit a natural Lie algebra of special phase functions and
show that the Lie algebra of Hermitian vector fields turns out to be naturally
isomorphic to the Lie algebra of special phase functions.

Eventually, we compare the Galilei and Einstein cases.
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Introduction

A covariant formulation of classical and quantum mechanics on a curved spacetime
with absolute time (“curved Galilei spacetime”) based on fibred manifolds, jets, non
linear connections, cosymplectic forms and Frolicher smooth spaces has been proposed by
A. Jadezyk and M. Modugno some years ago [10, 11] and further developed by several
authors (see, for instance, [2, 8, 12, 13, 16, 19, 20, 21, 22, 23, 24, 31, 32, 33, 34, 37, 38]).
We shall briefly call this approach “Covariant Quantum Mechanics”.

It presents analogies with the approach due to K. Kuchai [26], to Geometric Quantisa-
tion (see, for instance, [1, 6, 7, 25, 36, 35, 40] and references therein) and to the approach
due to C. Duval, Kiinzle et al. (see, for instance, [4, 5]) in the Bargmann framework. But
it presents several differences and novelties as well. In fact, it produces an effective proce-
dure for quantum operators and overcomes typical difficulties of Geometric Quantisation,
such as the problems of polarisations and quantum energy operator; moreover, in the flat
case, it reproduces the standard quantum mechanics (hence, it allows us to recover all
classical examples).

The main original features of this Covariant Quantum Mechanics are the following.

We are not concerned with a very general and ambitious quantisation programme
(such as, for instance, that of Geometric Quantisation), but we deal with a rather concrete
scheme of spacetime equipped only with classical fundamental fields and follow a criterion
of minimal assumptions.

The main input of our scheme is the requirement of ‘manifest covariance’, which plays
an essential role throughout the theory from the very beginning. Namely, we assume the
principle of general relativity in our curved Galileian framework with absolute time and
Riemannian spacelike metric, detaching it from the more usual Lorentzian viewpont of
the Einstein theory. Even more, we formulate the theory in a way which is manifestly
independent of the choice of units of measurement.

The first consequence of this viewpoint is the nature of time. Thus, spacetime is
equipped with an absolute surjective time map, which yields the fibring into simultaneity
subspaces; but, we have no absolute spacelike space. We need the choice of an observer in
order to achieve (locally) a splitting of the tangent space of spacetime into timelike and
spacelike components. According to the principle of general relativity, the fundamental
steps of the general theory are observer independent; on the other hand, an observer
is required to describe specific measurements. In general, we deal with “accelerated”
observers; inertial observers can be considered only in the flat case. Thus, time is never
considered as a parameter, but it is intimately linked with the other objects of the theory
with strong consequences at any step. Moreover, the absolute time is assumed to be
an oriented affine space and not the real line, as it is most usually done. This is not
just a sophisticated mathematical approach. In fact, the usual viewpoint corresponds
implicitly to the choice of a distinguished time scale; indeed, the fact that we do not
assume distinguished time scales plays a key role in some steps of the theory. We observe
that our “spacetime” and its structures should not be understood in a strict sense; in fact,
spacetime can also play the role of a configuration space for one or several free particles,
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or for a constrained system, allowing more general developments of the theory.

Another of the main consequences of the manifest covariance is the choice of the
1st jet space of motions as classical phase space, instead of the more usual tangent, or
cotangent, or vertical, or covertical spaces of spacetime. If we had chosen the tangent
space of spacetime as classical phase space, then we should have been concerned with the
constraint of time normalisation and the related difficulties. An even worst choice would
have been the cotangent space of spacetime, because of the lack of a Legendre map due
to the spacelike character of the metric. Moreover, the choice of the vertical or covertical
tangent space of spacetime as classical phase space would conflict with the requirement
of covariance for dynamical laws. Indeed, the vertical approach is suitable to describe
covariantly only some geometric aspects of the theory, but not the dynamical laws which
have an “horizontal” character with respect to the time fibring. Other theories assume
implicitly the vertical or covertical tangent space of spacetime as classical phase space
and try to bypass the above problem by additional methods. In our opinion, some of the
typical difficulties of these theories arise from this non dynamically covariant choice of the
phase space. Our classical phase space is odd dimensional; this technical fact has several
important consequences.

Besides the time fibring, we assume as source fields just the spacelike Riemannian
metric, the gravitational connection and the electromagnetic field, linked by the natural
interaction equations which are allowed by the covariance requirement in the Galileian
framework. In fact, these are the only classical fundamental fields and we are involved only
with a “fundamental” theory. Even in the Einstein framework, the metric and the gravita-
tional connection describe essentially distinct phenomena, hence should be considered as
distinct fields; but the fact that the gravitational connection is determined by the metric
induces us to consider the metric just as the potential of the gravitational connection.
However, in the Galilei context, the metric and the gravitational field still describe essen-
tially different phenomena, but the second fact is no longer true. The spacelike metric,
regarded as a metric of spacetime, is degenerate, hence it determines the gravitational
connection only up to a local closed 2—form. The curvature of a (pseudo-)Riemannian
metric has a symmetry property which is not guaranteed in the Galilei case: it should
be assumed as a postulate (this assumption has been considered also by other authors
[4, 26]). Indeed, this property is equivalent to the closure of the cosymplectic form and
turns out to be an esential integrability condition for the quantum connection.

It is wellknown that we cannot write in a Galilei framework the Maxwell and Einstein
equations, which link the gravitational and electromagnetic fields with their charge and
masses sources. This is due to the degeneracy of the spacetime metric. However, we can
write in a covariant way the above equations in a reduced form, which is able to account
only for the static effects of charges and masses on the corresponding fields (see also
[28]. Actually, this fact is a weak aspect not specifical of our approach, but of the Galilei
framework, any way. Indeed, the Einstein spacetime is the right framework for the true
Maxwell and Einstein equations. On the other hand, the standard quantum mechanics
and the Schrodinger equation are so important that it is worth considering the Galilei
framework. Actually, in the present theory the gravitational and electromagnetic fields
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are considered as given external fields. Therefore, we are not explicitly involved with
their sources. For this reason, in this paper, we are not interested in the above reduced
equations.

In the Galilei framework, we can merge in a covariant way the electromagnetic field
into the gravitational field, by exploiting the metric and the time fibring. In this way, we
obtain a “joined spacetime connection”, which incorporates both the gravitational and
the electromagnetic fields. This “joining” effects the theory at all steps in a convenient
way.

Our phase space is equipped with a cosymplectic form, instead of the more usual
symplectic form. This technical fact has several strategic consequences. For instance, the
classical Hamiltonian function is not an additional, absolute starting object of the theory,
but it is locally extracted from the cosymplectic form by choosing an observer. Indeed,
the Hamiltonian function is an “horizontal” object with respect to the time fibring and is
introduced independently of the momentum, on the same footing of this. This strategic
fact allows us to skip the difficulties of ordering, because energy is not derived from mo-
mentum. Actually, our cosymplectic form restricts to a fibrewise symplectic form on the
vertical or covertical tangent spaces of spacetime. But this symplectic form has a purely
geometric role. Again, trying to derive dynamical consequences from this symplectic form
would lead us to artificial and problematic procedures. We stress that the cosymplectic
2-form cannot be even regarded as the family of those fibrewise symplectic forms. In-
deed, in order to do this we should add a “horizontal” term, which cannot be expressed
in a covariant way. In the Geometric Quantisation, the symplectic form is usually as-
sumed as a postulate. In our approach, the cosymplectic form is not postulated, but is
naturally generated by the starting fields, hence by the metric and the joined spacetime
connection. On the other hand, the cosymplectic form encodes completely these fields. A
typical aspect of the approaches based on a symplectic framework is the Darboux theorem
and the symmetry between p’s and ¢’s. Actually, this viewpoint does not play a role in
our approach, because it would break the time fibring; we do not believe that this is a
real problem, because the above symmetry has no true physical necessity, but it is just
suggested by the usual formalism.

Our approach is not concerned with the quantisation of any cosymplectic manifold.
But, we deal only with the cosymplectic form which arises from the starting fundamental
fields (metric, gravitational and electromagnetic fields) on a manifold equipped with a
time fibring. Indeed, this cosymplectic form has some specific properties induced by the
above physical structure. In particular, we stress the fact that this cosymplectic form
admits “horizontal” potentials.

In the quantum theory for a scalar charged particle effected by a given gravitational
and electromagnetic field we assume a Hermitian line bundle over spacetime. Moreover,
on the pullback of the quantum bundle with respect to the classical phase space, we
assume a “phase quantum connection”, i.e. a Hermitian connection which is “universal”
and whose curvature is proportional to the classical cosymplectic form. Thus, the quan-
tum bundle lives on spacetime (and not on the classical phase space), on one hand, and
the phase quantum connection is “universal”, on the other hand. The existence of such
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a connection is strictly linked to the fact that the cosymplectic form admits horizontal
potentials. We have to mention analogies with the earlier works by C. Duval, Kiinzle et
al. [4, 5]. These are original aspects of our approach with respect to Geometric Quan-
tisation, which have strategic and fruitful consequences. Actually, in this way we skip
the problem of polarisation, by replacing a difficult search for an inclusion of a subspace
with an easier and successful criterion of projectability. This criterion turns out to be the
way of implementing the principle of relativity in our context, because it yields observer
independent objects. By the way, we observe that a similar scheme can be applied to a
spin particle with a few additional assumptions [2].

The Schrodinger equation on a curved spacetime can be achieved in a covariant way by
different geometric procedures from the only starting classical and quantum objects (the
time fibring, the spacelike metric, the joined spacetime connection, the quantum Hermi-
tian metric and the phase quantum connection). In fact, we can exhibit a global, gauge free
and observer independent quantum Lagrangian, which yields the Schrédinger equation by
a usual procedure. Moreover, we can achieve the Schrodinger equation through a purely
differential procedure induced by the quantum connection. Even more, we can show that
the Schrodinger equation is determined just by a covariance requirement, which involves
not only the independence of observers but also of time scales. Thus, our approach to
the Schrodinger equation is detached from any Hamiltonian scheme and has nothing to
do with energy at first step; the link with energy comes into only later by a comparison
with the pre—quantum energy operator. This viewpoint is conceptually quite different
from most usual approaches. However, we have to mention some partial analogies with
the earlier works by Kuchaf [26] and C. Duval, Kiinzle et al. [4, 5]. The explicit discussion
of the Schrodinger equation is not the subject of the present paper: the reader can refer
to [11, 20].

Perhaps, the most original aspect of our approach consists in the Lie algebra of special
phase functions and the way the quantum operators are achieved. The special phase
functions can be selected among all phase functions by taking into account just the
time fibring and the metric. These functions are quadratic with respect to the velocity
coordinates and the coefficient of the quadratic term is proportional to the metric. Indeed,
this space of functions includes the spacetime coordinates, the components of the classical
momentum and the classical Hamiltonian, treating them on the same footing. In order
to achieve their Lie bracket we need the cosymplectic form. This bracket can be regarded
as a modification of the Poisson bracket achieved in a covariant way by adding to it a
“horizontal” term. In fact, in the Galilei framework, the phase 2—vector generating the
Poisson bracket is vertical and does not encode all fields of spacetime. The special bracket
apparently resembles the Jacobi bracket [30], but it is really a new bracket which makes
sense only for special phase functions. We stress that this bracket depends on the 2nd jet of
the functions. The special Lie bracket reduces to the Poisson bracket in the particular case
of affine special phase functions. But it is essentially different from the Poisson bracket if
one of the two special functions is energy. Thus, the Lie algebra of special phase functions
turns out to be one of the key points, which allow us to quantise energy without the usual
difficulties. In particular, we stress that in this context it would be useless to express the
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Hamiltonian via the momentum, because the special bracket has not the usual behaviour
with respect to the scalar multiplication of functions. One of the main features of the
special phase functions is that they admit in a covariant way, besides the linear and affine
Hamiltonian lift, also a tangent lift. This last allows us to achieve also a holonomic lift.
It is noticeable that the special phase functions, and their bracket, arise naturally and
independently in several aspects of the classicasl and quantum theory. For instance, we
can prove that a distinguished Lie subalgebra of the special phase functions generates all
classical and quantum infinitesimal symmetries [31]. However, in the present paper we
treat explicitly only those aspects of special phase functions which are directly related to
the main aim of this paper. In Geometric Quantisation [1], the wellknown Gréenewald
and van Hove no go theorems show the role of quadratic functions. In the context of
Covariant Quantum Mechanics, the special phase functions have a clear link with the
above result, but also relevant conceptual differences.

Another basic aspects of Covariant Quantum Mechanics concerns quantum operators
on quantum sections associated with special phase functions. In the original formulation
of the theory, this goal was achieved by a rather intricate way. The present paper is aimed
at presenting a greatly improved approach to this correspondence.

The essential idea is the following. The Lie derivatives are natural candidates as 1st
order covariant operators on sections of the quantum bundle. But, we want to select
Lie derivatives with respect to vector fields which reflect the geometric (hence physical)
structure of spacetime and quantum bundle. For this purpose, we consider the Hermitian
vector fields and classify them. Actually, by the help of an auxiliary quantum connection,
we prove, in a general context, that the Lie algebra of Hermitian vector fields is isomorphic
to a Lie algebra of pairs constituted by a spacetime function and a spacetime vector field.
In the Galilei framework, we obtain a further result. In fact, we can prove that each
observer yields an isomorphism of the Lie algebra of special phase functions with the
above Lie algebra of pairs. Moreover, the phase quantum connection can be regarded
as a system of observed quantum connections with a certain transition law. Hence, if
we classify the Hermitian vector fields by means of any observed quantum connection of
the above system, we find a natural isomorphism with the Lie algebra of special phase
functions. Moreover, we can prove that this correspondence turns out to be observer
independent. Summing up, we exhibit the “correspondence principle” as a consequence
of the classification of Hermitian vector fields and show a covariant isomorphism between
the Lie algebras of Hermitian vector fields and special phase functions. Thus, in our
approach, we do not start from a postulate of quantisation of some classical Lie algebra.
The principle of covariance naturally suggests a class of 1st order operators on quantum
sections as candidate for quantum operators. Then, the link with a Lie algebra of classical
phase functions arises from a classification theorem and not from a postulate. By the way,
we stress that the Lie algebra of special phase functions appears naturally in our classical
theory, but it could be recovered independently while classifying the Hermitian vector
fields.

In a covariant formulation of quantum mechanics we do not deal just with one Hilbert
space, but we need a Hilbert space for each time. In other words, we deal with a Hilbert
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bundle, which is not naturally trivial, even in the flat case. We need the choice of an
observer in order to obtain a splitting of this bundle.

If we apply the above correspondence principle to the position and momentum ob-
servables we obtain the standard quantum operators, which act on the quantum sections
fibrewisely with rewspect to the Hilbert bundle. But, we obtain the partial derivative
with respect to time for the energy; this operator does not act fibrewisely. On the other
hand, by combining this operator with the Schrodinger operator, we obtain the quantum
operator for energy. Actually, in the present paper, we discuss only the operators on the
sections of the quantum bundle. The further developments related to the Hilbert quantum
bundle are beyond the scope of the present paper and can be found in the literature (see,
for instance, [20]).

It is well known that quantum mechanics fails in an Einstein relativistic context. On
the other hand, we can prove that all quantum results of Covariant Quantum Mechanics
in the Galilei framework, previous the stuff related to the Hilbert quantum bundle, can
be essentially rephrased in an Einstein framework. The basic ideas work on the same
footing in the two cases. However, several technical differences appear, due to the different
structure of spacetime in the two cases. These developments in the Einstein case seem to
be interesting by themselves. Moreover, we deem that the reader can understand better the
Galilei case by seeing how the results of this theory look like in the Einstein case. For these
reasons and aims, this paper deals also with the Einstein case (see also [14, 15, 17, 18]).

Here, we just list a few typical features of our approach to the Einstein case, as a
specific section is devoted to the comparison between the Galilei and the Einstein cases.
The classical phase space is the 1st jet space of timelike one dimensional submanifolds
of spacetime. In this framework we can recover the contact structure via the Lorentz
metric. The time form lives on the phase space, instead of spacetime. The gravitational
cosymplectic form is globally exact and has a distinguished potential. The special phase
functions and their Lie bracket can be defined analogously to the Galilei case, but they
are not quadratic and we do not need an observer to split them. We can split the phase
quantum connection into the electromagnetic quantum connection and the gravitational
correcting term.

Thus, the paper is aimed at discussing the updated approach to quantum operators
via the classification of Hermitian vector fields and comparing these results achieved in
the Galilei case with analogous results for the Einstein case. The paper is organised in
the following way.

First, we consider a generic spacetime and quantum bundle and classify the Hermitian
vector fields by an auxiliary quantum connection.

Then, we specify the geometric structures of the Galilei spacetime and quantum bun-
dle, and analyse several classical and quantum consequences of these postulates, sum-
marising as briefly as possible all introductory matter.

Accordingly, we achieve the classification of Hermitian vector fields in terms of special
phase functions.
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Next, we repeat an analogous procedure in the Einstein case.
Eventually, we devote a specific section for the discussion on the main differences
between the Galilei and Einstein cases.

In order to make classical and quantum mechanics explicitly independent from scales,
we introduce explicitly the “spaces of scales”, treating this aspect of the theory in a
rigorous mathematical way [11]. Even if several formulas appear in an unusual aspect,
this method has several technical effects, which produce some strategic consequences. An
example is related to the affine Hamiltonian lift of phase functions and its consequences
on the energy pre—quantum operator. Another example is related to the additional scalar
curvature term in the Schrodinger equation.

Roughly speaking, a space of scales S has the algebraic structure of IRT but has no
distinguished ‘basis’. We can define the tensor product of spaces of scales and the tensor
product of spaces of scales and vector spaces. We can define rational tensor powers U™/"
of a space of scales U. Moreover, we can make a natural identification S* ~ S7!.

The basic objects of our theory (metric, electromagnetic field, etc.) will be valued into
scaled vector bundles, that is into vector bundles multiplied tensorially with spaces of
scales. In this way, each tensor field carries explicit information on its “scale dimension”.

Actually, we assume the following basic spaces of scales: the space of time intervals
T, the space of lengths 1L, the space of masses M.

We assume the following “universal scales”: the Planck’s constant h € T™' @ L2 @ M
and the speed of light ¢ € T~! @ IL.. Moreover, we will consider a particle of mass m € M
and charge g € T @ L3? @ M'/2 .

If M and IN are manifolds, then the sheaf of local smooth maps M — N is denoted
by map(M, N). If F — B is a fibred manifold, then the sheaf of local sections B — F
is denoted by sec(B, F).If F — B and F' — B are fibred manifolds, then the sheaf of
local fibred morphisms F' — F' over B is denoted by fib(F, F').

If F — B is a fibred manifold, then the vertical restriction of forms will be denoted
by a check symbol .
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1 Hermitian vector fields

First of all, we analyse the Lie algebra of Hermitian vector fields of a Hermitian
line bundle.

Let us consider a manifold E |, which will be specified in the next sections as Galilei,
or Einstein spacetime. We denote the charts of E by (2*) and the associated local bases
of vector fields of TE and forms of T*E by 9y and d*, respectively.

1.1 Quantum bundle

We consider a Hermitian line bundle 7w : Q — E, called quantum bundle, i.e. a com-
plex vector bundle with 1-dimensional fibres, equipped with a scaled Hermitian product
h:E—(L?2C)2(Q"®Q").

We shall refer to (local) quantum bases, i.e. to scaled sections b € sec(E, L*? @ Q)
such that h(b,b) = 1, and to the associated (local) scaled complex linear dual functions
z € map(Q, L73/2 ® C). We shall also refer to the associated (local) real basis (b,) =
(b1, by) :=(b,ib) and to the associated scaled real linear dual basis (w?*) = (w!, w?) =
(% (z+2), 51(2— z)) . We denote the associated vertical vector fields by (9,) = (01, 0,) .

The small Latin indices a,b = 1,2 will span the real indices of the fibres.

For each @, U € sec(E, Q) , we write

V=0, =¢b and h(®, V)= (' U+ V?) +i(d' V> - P* V) =g,

with U1, U2 € map(E, L2 ® R) and ¢ = U! +i¥? € map(E, L322 C).

Each ¥ € sec(E, Q) can be regarded as a vertical vector field U ~ ¥ € sec(Q,V Q) :
e — (qe, \I/(e)) , according to the coordinate expression U ~ ¥ = U9, . We can regard
h as a scaled complex vertical valued form h: Q — (L™% ® C) ® V*Q, according to the

coordinate expression h = (w'd" + w? d?) + i (w' d*> — w?d") .
The unity and the imaginary unity tensors
l1=idg: E—-Q"®Q and i=iidg: E—- Q" ®Q
will be identified, respectively, with the Liouville and the imaginary Liouville vector fields
1:Q=VQ=QxQ g (gq) and i1:Q-VQ=QxQ:qr (giq),
We have the coordinate expressions

1 =idg =w'b,+uwlb, =20, I =w'oy+w?dy =200,
i:iidQ:wlbg—w2b1:iZ’®b, il=w'dy —w?0, =i2® 0, .
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12 1 HERMITIAN VECTOR FIELDS

Each quantum basis b yields (locally) the flat connection x[b] : @ — T"E @ TQ,
with coordinate expression x[b] = d* ® 9, .

Next, let us consider a Hermitian connection of the quantum bundle, i.e. a tangent
valued form [9, 39] ¢: @ — T*E ® T'Q , which is projectable on 1g, complex linear over
its projection and such that Vh =0.

Then, ¢ can be written (locally) as ¢ = x[b] +1A[b] ® I, with A[b] € sec(E, T*E).

Moreover, we obtain c¢}; = ¢, = 0 and §; = —c},, and the coordinate expression
c=d® 0y +iA,1), with Ay = 3, € map(E,R).

We have the coordinate expression V¥ = (0yt) —i Ay Y)d* @b, VU € sec(E, Q) .

The curvature of ¢ is R[c| := —[c,c] = =1 ®[c]®1, where [, ] is the Frolicher-Nijenhuis
bracket and ®[c] : E — A*T*E is the closed 2-form given locally by ®[c] = 2dA[b]
9, 29, 39]. Thus, we have the coordinate expression ®[c] =29, Ay d" A d*.

1.2 Hermitian vector fields
1.2.1 Projectable vector fields

A vector field Y € sec(Q, T'Q) is said to be projectable (on E) if TmoY € fib(Q,TE)
factorises through a section X € sec(E,TE). Thus, Y € sec(Q,TQ) is projectable if and
only if its coordinate expression is of the type Y = X* 9y + Y29, = X* 0\ + Y* b, where
X*emap(E,R), Y* €map(Q,R), Y* =Y +iY? € map(Q,C).

The projectable vector fields constitute a subsheaf proj(Q,7T'Q) C sec(Q,TQ) , which
is closed with respect to the Lie bracket. Moreover, the projection T'm : proj(Q,7TQ) —
sec(E,TE) turns out to be a morphism of Lie algebras.

1.2.2 Linear vector fields

A vector field Y € proj(Q,TQ) is (real) linear over its projection X € sec(E,TE) if
and only if its coordinate expression is of the type Y = X* 9\ + Y2 w" 9, , with X*, V;* €
map(E,R), i.e., of the type Y = X* 9y + Y7 w"b, with X* € map(E,R) and Yy =
Yy +1Y? € map(E,C) .

The linear projectable vector fields constitute a subsheaf lin g (Q,7Q) C proj(Q,7TQ),
which is closed with respect to the Lie bracket.

1.1 Lemma. If Y € ling(Q,7Q) and ¥ € sec(E,Q), then, by regarding ¥ as a
vertical vector field ¥ € sec(E,V Q) , we obtain the Lie derivative L[Y] U € sec(Q,VQ),

which can be regarded as a section Y. ¥ € sec(E, Q). We have the coordinate expression
YU = (X002 — Y2UP)b, .0

1.2 Lemma. If a € sec(Q,V*Q) and Y € proj(Q,TQ), then the Lie derivative
L(Y)a is well defined, in spite of the fact that the form « is vertical valued, and has
coordinate expression L(Y)a = (Y* Ouca + Y O vy + a1, 0, YP) d*.
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1.2 HERMITIAN VECTOR FIELDS 13

PrOOF. If & € sec(Q,T*Q) is any extension of a (obtained, for instance through a connection of the
line bundle), then let us prove that the vertical restriction L(Y)a :=(L(Y)a)" € sec(Q, V*Q) does not
depend on the choice of the extension & . The coordinate expression of & is of the type & = a, d" +a, d* .

Then, the expression Y = Y* 9\ + Y29, , with 0, Y* =0, yields

LY)a = (Y"9,0x +YP Oy ay +a, 00 YH 4+ aphYP)d* + (YF 0paa + Y O s + 1, 0, YP) d*.

Eventually, by considering the natural vertical projection ~ : T*Q — V*Q, we obtain the section
(L(Y)a&) = (YFOuoa +YP Opan+0.YP o) d*. O

For each Y € lin g (Q, TQ) , we have the coordinate expression
LY)h= 2V w' + (V2 + Y w? =iV w?) d'
+ (2Y22 w? + (Yf + Y;) w! +iY;fw1) a2

EachY € lin g(Q, TQ) is complex linear over its projection X if and only if L[Y] (il) =
0,ie. ifand only if L[Y] (W) =iY. ¥, for each ¥ € sec(E, Q) , i.e. if and only if Y] = Y7
and Y? = =Y} | i.e. if and only if its coordinate expression is of the type Y = X* 9, +Y =1,
with X* € map(E,R) and Y* =Y +iY? =Y} —iY) € map(Q,C).

The complex linear vector fields constitute a subsheaf lin¢(Q,7Q) C linr(Q,7TQ),
which is closed with respect to the Lie bracket.

IfY €ling(Q,7Q) and ¥ € sec(E,Q), then we obtain the coordinate expression
Y0 = (X*0yp — Y*1p)b. If Y € map(E, C), then we obtain (Y I).W = —Y ¥,

1.2.3 Hermitian vector fields

A vector field Y € lin g(Q, T'Q) projectable on X € sec(E,TE) is said to be Hermi-
tian if L[Y]h =0, where we regard h as a vertical valued form.
In other words, Y is Hermitian if and only if

(1.1) LIX](h(¥, ®)) =h(Y.¥, ®) +h(V, V.), VI, €sec(E, Q).

1.3 Proposition. Each Hermitian vector field Y turns out to be complex linear.
Moreover, Y € ling(Q,TQ) is Hermitian if and only if Y{! = Y? = 0 and Y? = -V,
i.e. if and only if its coordinate expression is of the type Y = X*9, + i }U/]I, with X* €
map(E,R) and Y = Y? = -V} € map(E,R).

PrOOF. If Y is Hermitian, then, for each ® € sec(E, Q) , we obtain
R(V.(i9),@) = LIX](R((9),®)) ~ h((i9), V.0) = i L[X] (h(¥, @) ) +in(V,V.0)
= —ih(Y.\I/,<I>) = h((iY.\IJ), <I>) ,
which yields Y.(i¥) = iY.¥, hence Y is complex linear. Hence, its coordinate expression is of the type
Y = X0\ + Y*1, with X* € map(E,R) and Y* =Y} +iY? = Y2 — 1Yy € map(E,C).

Moreover, the equality (1.1) reads as %()‘ (@) = (X2O\p —YZ)) 4+ (X Ond — Y? $), which
implies Y +Y* =0, ie. Y? =1iY, with Y € map(E,R). QED
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14 1 HERMITIAN VECTOR FIELDS

1.4 Proposition. The Hermitian vector fields constitute a subsheaf her (Q,TQ) C
sec(Q,TQ) of (map(E, R))—modules, which is closed with respect to the Lie bracket.

PrOOF. If Y € her (Q,7TQ) and o € map(E,R), then

Lla X](h(¥, ®)) = (o LIX]) (A (¥, @)
(aY). U =a(Y.V), (aY).® =a((Y.9),

hence aY € her (Q,TQ) . Clearly, if Y7,Y5 € her (Q,TQ), then Y7 + Y5 € her (Q,TQ) .
The closure of her (Q,TQ) with respect to the Lie bracket follows from the identities

L[[X1, X,]] = [L[X41], L[X>]] | L[V, Ys]] = [LV1], L[Y2]] . QED

1.2.4 Global classification of Hermitian vector fields
Let us consider a Hermitian connection c.
If ¢ € sec(E,TE), then c¢(§) € her (Q, TQ) .
1.5 Proposition. We have the following mutually inverse isomorphisms
hlc] : her (Q, TQ) — sec(E, TE) x map(E, R),
jlc] : sec(E, TE) x map(E, IR) — her (Q,7Q),
given by blc] : Y — (X, —itr (u[c](Y))) and j[c] : (X,Y) = ¢(X) +iY @1, ie., in
coordinates, h[c](Y) = (Y’\ O, Y2—A, Y)‘> and j[¢](X,Y) = X Oy +i(Ay X +Y)@l.0
1.6 Lemma. Let us consider a closed 2-form ® of E and define the bracket of
sec(E, TE) x map(E, IR) by
[(Xh Y/l) , (X, Y/z)}@ = ([Xl, Xo], @(Xy,Xo) + XY, — X2-Y/1) .

Then, the above bracket turns out to be a Lie bracket.

PROOF. The 1st component [ X7, X5] is just the Lie bracket.
Moreover, the anticommutativity of the 2nd component is evident.
Next, let us prove the Jacobi property.
Let us consider three pairs II; := (X;,Y;), with X; € sec(E,TE),Y; € map(E,IR),i=1,2,3, and
set (X, Y) = [Hl, [HQ, H3}¢‘]¢p + [HQ, [Hg, Hl]@]q, + [Hg, [Hl, HQ](}](I) s where
[H,‘,Hj](p = ([Xi,Xj], (P(X“X])—i-XlY/J —X]Y/L)
Then, the Jacobi property of the 1st component follows from the Jacobi property of the Lie bracket

X = [X1, [Xo, X5]] + [ X2, [X3, Xi]] + [Xs, [X1, X5]] =0.
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1.2 HERMITIAN VECTOR FIELDS 15

Moreover, the Jacobi property of the 2nd component follows from the following equalities

V = ®(Xy, [Xo, X)) + (Xo, [X3, X1]) + (X3, [X1, Xa))
+ X1.0(Xo, X3) + Xo.9(X3, X1) + X3.0(X1, X5)
+ (X1 Xo. — Xo. X1 — [X1, X2].) Y5
+ (X2 X3. — X3.X2 — [Xo, X3].) Yy
+ (X3.X1. — X1.X3. — [X3, X1].) Yo

= (I)(Xla [X27X3]) + q)(X% [X37X1]) + q)(X37 [leXQ])
+ X1.9(Xo, X3) + Xo.9(X3, X1) + X3.9(X1, Xo)

=0 (X1, [X2, X)) + ®(Xo, [X3, X1]) + @ (X3, [X1, Xo])
+ X1.9(Xo, X3) + Xo.®(X3, X7) + X3.9(X1, Xo)

= d®(Xy, X2, X3) =0.QED

Now, let us refer to the 2-form ®[c] := i tr R[c| associated with the curvature of c.

1.7 Theorem. The map j[c| is a Lie algebra isomorphism with respect to the Lie
bracket [, ]ofg and the standard Lie bracket.

PRrROOF. We have

[C(Xl), C(XQ)] = C([Xl,XQ]) — R[C](Xl,XQ) = C([Xl,XQD +1@[C](X1,X2)H,
[C(Xl), IYV—Q ]I:I = 1(X1Y2)]I, [C(Xg), l}v/’l H} = 1(X2Y1)I[, [1?1 ]I, 1?2 IH = 0,

= ¢([X1, Xo]) + 1 (P[c)(X1, Xo) + X1.V 5 — Xo.Y) I
= ]([Xl,XQ] 5 (D[C}(X17X2) + Xl.}ufg — Xg.i/l)
=j([(X1,Y1), (XQ,Y/Q)]q)M) .QED

1.8 Corollary. The map her (Q,7TQ) — sec(E, TE) : Y — X is a central extension
of Lie algebras by map(E,R).O

So far, we have considered a generic Hermitian connection ¢ in order to achieve a
global classification of the Lie algebra of vector fields.

In the next sections, dealing with the Galilei and Einstein frameworks, we shall be
involved with two more specific base manifolds E equipped with an additional structure,
which yields a distinguished system of Hermitian connections.
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16 1 HERMITIAN VECTOR FIELDS

This circunstance will provide a further isomorphism of the Lie algebra of Hermitian
vector fields with a Lie algebra of functions. Indeed, this isomorphism is at the basis of
the theory of quantum operators in CQM.
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2 Galilel case

Now, we specify the setting of the first section, by considering the base manifold
FE as a Galilei spacetime equipped with a certain fundamental structure.

2.1 Classical setting
2.1.1 Spacetime

We consider the absolute time, consisting of an affine 1-dimensional space T associated
with the vector space T := T® IR .

We assume spacetime E to be oriented and equipped with a time fibring t : E — T .

We shall refer to a time unit uy € T, or, equivalently, to its dual u° € T*, and to a
spacetime chart (x*) = (2, 2%) adapted to the orientation, to the fibring, to the affine
structure of T and to the time unit ug. Greek indices will span all spacetime coordinates
and Latin indices will span the fibre coordinates. The induced local bases of VE and
V*E are denoted, respectively, by (9;) and (d?).

In general, the vertical restriction of forms will be denoted by a “check” * symbol.

The differential of the time fibring is a scaled form dt : E — T®T*FE , with coordinate
expression dt = uy ® d°.

A motion is defined to be a section s : T' — E . The Ist differential of the motion s
is the map ds : T'— T* ® TE . We have dt(ds) = 1.

2.1.2 Spacelike metric

We assume spacetime to be equipped with a scaled spacelike Riemannian metric
g: E - 1*® (V*E ® V*E). With reference to a mass m € M, it is convenient to
introduce the rescaled metric G := % g: E — T® (V*E ® V*E). The associated con-
travariant tensors are §: E - L2 Q@ (VEQVE)andG=25: E-T'@ (VE®VE).

We have the coordinate expressions g = gi;d' ® d and G = G5 up ® d'® d’, with
g9;; € map(E, L* ® R) and GY; € map(E,IR).

The spacetime orientation and the metric g yield the scaled spacelike volume 3—form
n:E — L}*® AV*E and its dual 7 : E — L3 ® A’V E | with coordinate expressions

n=1/lgld" Ad?Ad® and 7 = (1/,/]g]) O A 3 A 0.

2.1.3 Phase space

We assume as classical phase space the 1st jet space J; E of motions s € sec(T, E) .

The 1st jet space can be naturally identified with the subbundle J1E C T* ® TE , of
scaled vectors which project on 1: T — T* ® T . Hence, the bundle J; E — FE turns out
to be affine and associated with the vector bundle T* @ VE .

The velocity of a motion s : T' C E is defined to be its 1-jet j1s: T — L E.

A space time chart (z%) induces a chart (2}, z{) on J, E.

HermVec-2006-03-28.tex; [output 2009-04-17; 11:58]; p.17



18 2 GALILEI CASE

The time fibring yields naturally the contact map n: JJE — T* @ TE and the com-
plementary contact map 0 :== 1 —nodt : JE — T*E®V E | with coordinate expressions
n=u’® 0+ 0;) and 0 = (d' — x}y d°) ® 9; . The fibred morphism nx is injective. Indeed,
it makes J1E C T* ® TE the fibred submanifold over E characterised by the constraint
@5 =1. We have n_sdt = 1. For each motion s, we have mo jis = ds.

2.1.4 Contact splitting

The dt—vertical tangent space of spacetime and the dt-horizontal cotangent space of
spacetime are defined to be, respectively, the vector subbundles over E

VE ={XeTE| X €kerdt} and H'E :={w e T'E |w € im dt}.

Moreover, we define the n—horizontal tangent space of spacetime and the m—vertical
cotangent space of spacetime, to be, respectively, the vector subbundles over J; E

HJIE ::{(61,X> € JlE é TE ‘ X € im 11(61)}
VIE :={(e1,w) € 1 E X T*E | w € ker nfe;)}.

We have the natural linear fibred splittings over J;E and the projections
JlEETE:HﬂE@VE, JlEéT*E:H*EEBV;E,
IL®T:J1EJ>‘§TE—>HI[E, T®JIIJ1E]>5T*E:H*E,

H:JlE;TE—ﬂ/E, 6*:J1E;<ET*E—>V;E.

2.1.5 Vertical bundle of the phase space

Let Vo1 E C VJ E C T J, E be the vertical tangent subbundle over E and the vertical
tangent subbundle over T', respectively. The affine structure of the phase space yields the
equality VoI E = JlEé(']I‘*GbVE) , hence the natural map v : 1 E — TR(V*EQV L E),

with coordinate expression v = uy ® d* ® 09 .

2.1.6 Observers

An observer is defined to be a section o € sec(E, J1E).

Each observer yields the scaled vector field xfo] := moo € sec(E, T* @ TE) and
the tangent valued 1-form v[o] = 0lo] := oo € sec(E, T*E @ TE), with coordinate
expressions 1jo] = u® ® (9y + o}y 9;) and 0[o] = (d' — o}y d°) ® O; , where 0}, := z 0 0. Each
of the above objects characterises o. Thus, an observer can be regarded as the velocity
of a continuum.

A spacetime chart (2*) is said to be adapted to o if 0}, = 0, i.e. if the spacelike functions
x' are constant along the integral motions of 0. Actually, infinitely many spacetime charts
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2.1 CLASSICAL SETTING 19

are adapted to an observer o; the transition maps of two such charts (z*) and (£*) are
of the type 9p4' = 0. Conversely, each spacetime chart (z°, x%) is adapted to the unique
observer o determined by the equality xo] = u® ® 9 .

Each observer o yields the affine fibred isomorphism V(o] :=id —o: JE - T*@ VE
and the linear fibred projection v{o] : TE — V E, with coordinate expressions V[o] =
(28 — oh) u® ® 9; and v[o] = (d' — 0}, d°) ® O; .

For each observer o, we define the kinetic energy and the kinetic momentum as
Klo] = 1 G Vo], V[o]) € fib(1, E, T*E) and Qo] = v[o] 2 (G*(V[o])) € fib(/,E, T"E).

In an adpeted chart, we have K[o] = 1 GY; 2 2} d® and Qo] = G¥, z} d’ .

We define the kinetic Poincaré—Cartan form ©lo] := —K[o] + Q[o] € fib(JLE, T*E)
and obtain K[o] = —nafo] 1O[o] and Qo] = 0[o] 1O]o] .

For each motion s and observer o, we define the observed velocity to be the map
v :=Vo]ojis =v[o]ods : T — T*® VE. Then, we can write j;s = oo s+ ¢ and
o j18 :IL[O] +U.

2.1.7 Gravitational and electromagnetic fields

We assume spacetime to be equipped with a given torsion free linear spacetime con-
nection, called gravitational field, K* : TE — T*E @ TTE , which fulfills the identities
Vidt =0, Vig=0, Rh,\wj = Rhm,\i . The coordinate expression of K is

K%, =0
K’y = =Gy o,
Ko = K''y = —5 G§ (0Gh; + ®%y)
K = K%'y = —3G§ (ahng + akG?h — 9;,Ghy),

where we have set K*\”, := —(V%,0,)", and where ®* = ®[K% o] = ®%,,d* A d" is a
closed spacetime form, which depends on the spacetime chart, through the associated
observer o.

We assume spacetime to be equipped with a given electromagnetic field, which is a
closed scaled 2-form F : E — (L'? @ M'/?) @ A*’T*E . With reference to a particle with
mass m and charge ¢, we obtain the unscaled 2-form { F': E — N’T*E .

We define the magnetic field and the observed electric field to be the scaled vector
fields

B:=Yi(F)7:E— L "?eM"*)@VE
Elo] == —g(i(0) uF) - E - (T'@L*?eMY}) @ VE,

where F : E — L2 @ M2 @ A2V*E is the spacelike restriction of the electromagnetic
field. We have the coordinate expressions

B = " Ey L O and Elo] = —g¢" Fy; wWW®0;.

1
2
lg]
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20 2 GALILEI CASE

Then, we obtain the observed splitting F = —2dt A ¢’(E[o]) + 2v*[0] (z(é) 77) :
The closure of F yields the Galilei version of the 1st two Maxwell equations

curl, Elo]+ L(o)B+ B div,0=10 and div,, B=0.

In the case of a “flat spacetime” and of an 1nert1a1 observer , the above equations
reduce to the standard equations curl, E [o] + 0B = 0 and div,, B=0.

The fact that the metric ¢ is spacelike does not allow us to write, in the Galilei
framework, the 2nd two Maxwell equations, which are related to the source charges. Only
a reduced version of these equations can be written in covariant way in this framework.
On the other hand, we consider the electromagnetic field as given, hence, in the present
scheme, we are not essentially involved with its source.

The electromagnetic field can be merged into the gravitational connection in a covari-
ant way, so that we obtain the joined connection

K=K +K =K -2 (dt®F+F®d), with F=g¢?F),

which fulfills the same identities of the gravitational connection.
Thus, from now on, we shall refer to this joined connection, which incoroporates both
the gravitational and the electromagnetic fields.

2.1.8 Induced objects on the phase space

We have a natural bijective map x between time preserving linear spacetime connec-
tions K and affine phase connections I' : J1E — T*E®T J, E , with coordinate expression
['=d*® (0 +Tx(9)), where T')j = i) + T'ao) ). In coordinates, the map x reads as
Iyl = Ky

Then, the joined spacetime connection K yields a torsion free affine connection, called
joined phase connection, I := x(K) : L1 E — T*E @ TJ,E , which splits as I' = I'" +- T,
where I'* = — 5L gﬁZ(F—i— 2dt A (114F)>  WE - T*®(T*EQVE) and I'* = y(K") . We
have T = — & Gil' (Fjy d/ + (Fjy ) + 2 Fon) d°) @ 0.

The joined phase connection I' yields the 2nd order connection, called joined dynamical
phase connection, v = gl : JlE — T*® TJ,E, with coordinate expression vy =
ug @ (O + T 05 + yoi A7), Where Yoo = K" H(S)‘ o, where (5 = 05 + 0% xl . Moreover, v

splits as v = % +~°, where 4% = g% and 7* = ——JI_IF SLE — (']I‘* T )R VE.
Indeed, 7* turns out to be just the Lorentz force Whose observed expression is ~*
—Z (Eo] + V]o] x B) and in coordinates »* = L (F'+ Flaf)u’ @u’ ®0;.

Next, let us consider the vertical projection V[F] : hWE - T"® (I E ® VE)
associated with I, whose coordinate expression is v[['] = (df — 'x} d*) u® ® 0; .

The joined phase connection I' and the rescaled spacelike metric G yield the 2—form,
called joined phase 2-form, Q0 = G (V[F] A 8) . JE — A?T*J,E, with coordinate
expression Q0 = GY, (dj — 'y§ d*) A (& — z} d°) . Moreover,  splits as Q = Q7 + Q¢ , where
Q=G (v A0) and Q= & F.
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2.1 CLASSICAL SETTING 21

The joined phase 2—form 2 is cosymplectic, i.e. d2 =0and At AQAQAQZO.

Moreover, Q0 admits potentials, called horizontal, of the type A! € fib(J1E, T*E),
which are defined up to a gauge of the type o € sec(E, T*E) . Indeed, for each observer
0, we have Al = O[o] + A[o], where A[o] = 0*AT.

We define the Lagrangian and the momentum associated with a horizontal potential
AT to be the horizontal 1-forms £ := n1 A" and P := 0 3 AT, with coordinate expressions
L= (3G xhah+ A+ Ag) d® and P = (G 2 + A;)0".

Each observer o yields the closed spacetime 2—form ®[o] = ®[I', G, 0] := 20*Q) and,
for each potential A", the spacetime 1-form Ao] = A[l', G, 0] := 0*A". Clearly, we have
®[o] = 2dAJo] . Moreover, we have ®[I', G, 0] = ®[K, o] .

The joined phase connection I' and the rescaled spacelike metric G yield the vertical 2
vector, called joined phase 2-vector, A := G J(I' Av) : JE — A*V J, E , with coordinate
expression A = GYJ ((91- + ;b 82) A 89 . Moreover, A splits as A = A" + A*, where A* =
GuI*Av)and A* = L GHF) : HE — (T* ® T*) ® A°’VE. We have the coordinate
expression A* = - G G Fe N (9? )

From now on, we shall refer to the joined objects I', v, 2, A.

Summing up, we have the following identities

i(ydt=1, i(1)Q=0, y=n.T, Q=Gi(V[A0), A=G.iAv).

2.1.9 Hamiltonian lift of phase functions

Given a time scale o € map(J,E, T), we define the o ~Hamiltonian lift to be the map
X ham o] : map(J1E, R) — sec(LE, TLE): f X ham [0, f] == ~(o) +i(df)A,

with Xy [0, f] = 0° (9o + 2 0; + 70 0) — G§ 0f 0, + (GF 0f + (U5 — T35) 90F) 02,
where I} := G T'},} .
Indeed, for each f € map(J; E, IR), we obtain the distinguished time scale

olf] =4GiD*f = fouo= %Géj (0700 f) uo € map(JLE, T).

2.1.10 Poisson bracket of phase functions

We define the Poisson bracket of map(J1E, R) as {f, g} := i(df Adg) A.
Its coordinate expression is {f, g} = G (0;f 079 — 0,9 ) f) — (Ut — Top) 00 f g .
The Poisson bracket makes map(J; E, IR) a sheaf of (map(T, IR))-Lie algebras.

2.1.11 The sheaf of special phase functions

An f € map(JiE, IR) is said to be a special phase function if D*f = f" ® G, with
f" € map(E, T) . If f is a special phase function, then we obtain ¢[f] = f” € map(E, T).

The special phase functions constitute a (map(E, IR))-linear subsheaf spec(J;1 E, IR) C
map(J1E, R).

HermVec-2006-03-28.tex; [output 2009-04-17; 11:58]; p.21



22 2 GALILEI CASE

Let us consider an f € map(J1E, IR), an observer o and a spacetime chart.

Then, f € spec(J1E, R) if and only if f = " K[o] + f'[o] 2(Q[o]) + flo], where
f'lo] == G*(Df)oo € sec(E, T*® VE) and flo] := foo € map(E, R).

Moreover, f € spec(J1E, R) if and only if f = f°3 Gy, x} zh + f Gy ) + f, with
fO. 1 f € map(E, R).

Hence, with reference to a chart adapted to o, we obtain f'[o] = f*0; and f[o] = f.

If f € spec(J1E, R) and 0,6 = 0+ v € sec(E, J1E), then we obtain the transition
formulas f'[¢] = f'[o] + f” v and f[6] = flo] + f'[o] 2 G*(v) + L f" 5 G (v,v).

For each f € spec(JiE, R), the map f” . n— G*(Df) € fib(J,E, TE) factorises
through a spacetime vector field, X[f] € sec(E, TE), called the tangent lift of f, whose
coordinate expression is X[f] = f°dy — ;.

For each f € spec(J1E, R) and o € sec(E, 1 E), we obtain f = —X[f] 10]o] + fo].

2.1 Proposition. For each observer o, we have the mutually inverse (map(E,R))-
linear isomorphisms

s[o] : spec(JS1 E, R) — sec(E, TE) x map(E, R) : f (X[f], fo 0) :
t[o] : sec(E, TE) x map(E, R) — spec(J1E, R) : (X, f) — X 10o] + f .

Their coordinate expressions are

V)

slo] : f2 3G b+ Gl + o (00— 110, )
to] : (X2, V) — XO%G?jxéxé - XiG?jx% +Y.0
We can characterise the special phase functions via the Hamiltonian lift, as follows.

2.2 Proposition. Let 0 € map(J,E, T) and f € map(J; E, IR). Then, the following
conditions are equivalent:

1) Xyam [0, f] € sec(J1E, TJ, E) projects on a vector field X € sec(E, TE),

2) f € spec(J1E, R) and o0 = f".

Moreover, if the above conditions are fulfilled, then we obtain X = X|[f].

PMDE;Wmmthuﬂ%—Gg@f&+«%aﬁ+@%—m®$ﬁaﬁﬂm%dwbﬁwdeﬁ
0%0— Gy 9 f 9 is projectable, i.e., if and only if 9j0” = 0 and 0 Oz — Gy 939 f = 0, i.e. if and only if
OMo® =0 and G, 5! — 5% 82? =0, i.e. if and only if 30 = 0 and 909 f = GY, °, i.e., by integration
on the affine fibres of J1E — E , if and only if f = ¢ § GY; xé xf) + [ GY; x) + f, with f € map(E, R).
Moreover, if f € spec(J1E, R), then X = 0° 8y + (¢° 2 — G 8) f) 0; = 0° 9o — f* 9; . QED

2.3 Example. Let us consider a potential AT of Q, an observer o and an adapted
chart. Then, we define the observed Hamiltonian, the observed momentum and the square
of the observed momentum to be, respectively, H[o] := —nfo] 1 AT € sec(E, T*E) , Plo] :=
vjo] sAT € sec(E,T*E) and Clo] := G Plo] ® Plo] € sec(E,T*E) with H[o] =
(5 GY; i — Ag)d”, Plo] = (G}t + Ai) d’ and Clo] = Gf xjap + 2 Ay G o + Ay As,
where A} = G§ A;.
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2.2 QUANTUM SETTING 23

Indeed, 2, Ho , P;, Co € spec(J1E,R) . Moreover, we have X[z =0, X[Hy| = 0o,
X[P;] = —0;, X[Co] =2(0p— A}0;). O

2.1.12 The special bracket
We define the special bracket of spec(J1E, R) by [ f,g] ={f,9t+~v(f").9—~(¢").f .

2.4 Theorem. The sheaf spec(J1E, IR) is closed with respect to the special bracket.
For each f1, fo € spec(J1E, IR) and for each observer o, we obtain

[11 ] = = [X[A] X[£]] 20l] + [(XIA] 1), (X[R] F2)] 4y

1.e. in coordinates

[f, 91" = 280 — 0o f> — [ 0hg™ + g" O
£, 9] = f285 — g°00f — " 0ni + g" Onf — (f 3" — ¢° f") Pon + £ g* P

Thus, X|[fy. f21] = [X[A). X[f]] and [f1, 210l = [(X[A)F) . (X[R] F2) -
Indeed, the special bracket makes spec(J1E, IR) a sheaf of IR-Lie algebras and the
tangent prolongation is a morphism of IR-Lie algebras. O

2.5 Corollary. The map s[o] : spec(J1 E, R) — sec(E, TE) x map(E, IR) turns out
to be an isomorphism of Lie algebras, with respect to the brackets [, ] and [, ]o[) .0

For instance, we have [2*, 2#] =0, [2*,Ho] = =6, [2*P;] =0}, [2} Co] =
—20y +2A40n, [Ho, Pl =0, [P, P;] =0, [Ho, Co] = (0GE*) PuPr + 200Lo,
[Pi, Co] = —0,GL* PPy —20:L, .

2.2 Quantum setting

Let us consider a quantum bundle 7w : Q — FE over the Galilei spacetime.
We define the phase quantum bundle as 7' : Q' := JJE x Q — L, E .
E

Let {Y[o]} be a “system” of connections of the quantum bundle parametrised by the
observers o € sec(E, J,E). Then, there is a unique connection 1" of the phase quantum
bundle, called universal, such that Y[o] = 0*U!, for each 0. The universal connection
fulfills the property X' 4! = X1 for each X! € sec(J, E, VJ, E) . Conversely, each con-
nection U' of Q' of the above type yields a system of connections of the quantum bundle,
whose universal connection is U' . Indeed, the curvatures of the universal connection and
of the connections of the associated system fulfill the property o* R[U'] = R[Y[o]].

Moreover, the universal connection is Hermitian if and only if the connections of the
associated system are Hermitian.

Let us suppose that the cohomolgy class of {2 be integer.
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24 2 GALILEI CASE

Then, we assume a connection ' : Q' — T*J1E @ TQ', called phase quantum
connection, which is Hermitian, universal and whose curvature is given by the equality
R[U'] = —2iQ®1'. The existence of such a universal connection and the fact that Q ad-
mits horizontal potentials are strictly related. Moreover, the closure of € is an integrability
condition for the above equation.

With reference to a quantum basis b and to an observer o, the expression of U' is of
the type Ul = xT[b] +1i (@[0] + Alb, 0]) ® 1", where A[b, 0] is a potential of ®[o] selected
by U' and b. Hence, the coordinate expression of U', in a chart adapted to b and o, is
Ul = @0y + djy @ 09+ ((—5 G wh ) + Ag) d° + (G wh + Ai) d') @ T

For each observer o, we obtain R{‘I[oﬂ =—idlo]®I.

For each observer o, the expression of Y[o], with reference to a quantum basis b, is
Y[o] = x[b]+i A[b, 0o]®I . Hence, in a chart adapted to b and o, U[o] = d*®@0,+i Ay d*®1 .

If b is a quantum basis and 0,6 = o+wv are two observers, then we obtain the transition
law A[b, 6] = A[b, 0] — 2 G(v,v) + v[o] sG*(v).

2.3 Classification of Hermitian vector fields

Eventually, we apply to the Galilei framework the classification of Hermitian vector
fields achieved in Theorem 1.7. For this purpose, we choose any observed quantum con-
nection Y[o] as auxiliary connection ¢, use the observed representation s of special phase
functions achieved in Proposition 2.1 and show an identity.

2.6 Lemma. If f € spec(J1E, IR) and 0,6 are two observers, then we have the
identity Y[6] (X[f]) +1f[6] 1= HY[o] (X[f]) +if[o]I.O

2.7 Theorem. For each observer o € sec(E, J1E), we have the mutually inverse Lie
algebra isomorphisms, with respect to special bracket and the Lie bracket of vector fields,

5= j[LI[OH oslo] :spec(J1E, IR) — her (Q, TQ),
$ =rtfo] o f)[tﬂoﬂ ther (Q, TQ) — spec(J,E, IR),
given by F(f) = Ylo|(X[f]) +iflo]I and H(Y) = —Tn(Y) 1O[0o] — i tr (V[LI[OH (Y)) :
We have the coordinate expressions
LG bl + Gl + f) =10 — o +i(f A — f A+ ) oL,
DX +iV D) =X IGY alal — X GY ) + V.
Indeed, the above maps turns out to be independent on the choice of the observer o.

PROOF. The fact that the map § is a Lie algebra isomorphism follows immediately from Theorem
1.7 and Theorem 2.4.
The independence of the above maps on the choice of the observer follows from Lemma 2.6. QED
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2.3 CLASSIFICATION OF HERMITIAN VECTOR FIELDS 25

For instance, we have §(z*) =iz 1, F(Holo]) = o, F(Pilo]) = —0; and F(Colo]) =
200 —2A50; +1(2 A — A) A T.

These vector fields yield “quantum operators” after introducing the “sectional quan-
tum bundle” and the Schrédinger operator (see, for instance, [8, 20]), but this further
development is beyond the scope of the present paper.
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26 3 EINSTEIN CASE

3 Einstein case

Next, we specify the setting of the first section, by considering the base manifold
FE as an Eisntein spacetime equipped with a certain fundamental structure.

3.1 Classical setting
3.1.1 Spacetime and Lorentz metric

We assume spacetime to be an oriented and time oriented 4-dimensional manifold E
equipped with a scaled Lorentzian metric g : E — L? @ (T*E ® T*E) with signature
(— + ++) . With reference to a mass m € M, it is convenient to introduce the rescaled
metric G =T g : E — T® (I"E ® T*E) . The associated contravariant tensors are
§:E—-L?Q(TE®TE) andG:%Q:EHT*@)(TE@TE).

We shall refer to a spacetime chart (z*) = (2°, 2%) adapted to the spacetime orienta-
tion and such that the vector 0y is timelike and time oriented and the vectors 0y, 05, 03 are
spacelike. Greek indices will span all spacetime coordinates and Latin indices will span
the spacelike coordinates. We shall also refer to a time unit vy € T and its dual «° € T*.

We have the coordinate expressions g = gy, d* ® d* and G = Ggu up @ d ® d* | with
g € map(E, L ® R) and G, € map(E, R).

A motion is defined to be a 1-dimensional timelike submanifold s : T'C E .

Let us consider a motion s : T' C E. Moreover, let us consider a spacetime chart (z*)
and the induced chart (Z°) € map(T,IR). Let us set Jps* := 3;3 . For every arbitrary
choice of a “proper time origin” ty € T, we obtain the “proper time scaled function”

given by the equality o : T — T : ¢ — % Jito | ddeO || dz° . This map yields, at least locally,

a bijection T — T, hence a (local) affine structure of T' associated with the vector space
T. Indeed, this (local) affine structure does not depend on the choice of the proper time
origin and of the spacetime chart.

Let us choose a time origin t, € T and consider the associated proper time scaled
function o : T'— T and the induced linear isomorphism 7T — T x T .

The 1st differential of the motion s is the map ds := j—j T —-T*"QTE.

We have g(ds, ds) = —c* and the coordinate expression
ds cou’ @ ((0005) + ps’ (aios))
ds = T (Oros) =
o

\/|(gooos) + 2 (gojOS) a()Sj -+ (gijos) 8()Si 8033'] .

3.1.2 Jets of submanifolds

In view of the definition of the phase space, let us consider a manifold M of dimension
n and recall a few basic facts concerning jets of submanifolds.

Let £ > 0 be an integer. A k—jet of 1-dimensional submanifolds of M at x € M is
defined to be an equivalence class of 1-dimensional submanifolds touching each other at
x with a contact of order k. The k—jet of a 1-dimensional submanifold s : N C M at
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3.1 CLASSICAL SETTING 27

x € N is denoted by jrs(x). The set of all k—jets of all 1-dimensional submanifolds at
x € M is denoted by Jy,(M,1). The set Ji,(M,1) := |Uyers Je(M, 1) is said to be the
k—jet space of 1-dimensional submanifolds of M .

For each 1-dimensional submanifold s : N C M and each integer k > 0, we have the
map jxs: N — Jp (M, 1) : x — jrs(z) .

In particular, for £ = 0 and for each 1 dimensional submanifold s : N C M , we have
the natural identification Jo(M,1) = M | given by jos(z) = = .

For each integers k > h > 0, we have the natural projection 7f : Jy(M,1) —
Jh(M, 1) ij(SL’) — jhs(x).

A chart of M is said to be divided if the set of its coordinate functions is divided
into two subsets of 1 and n — 1 elements. Our typical notation for a divided chart will be
(2° 2"), with 1 <4 < n—1. A divided chart and a 1-dimensional submanifold s : N C M
are said to be related if the map #° := 2°|5 € map(IV, R) is a chart of IN . In such a case,
the submanifold N is locally characterised by s'o (2°)7! := (2'05) 0 (Z°)~! € map(IR,IR) .
In particular, if the divided chart is adapted to the submanifold, then the chart and the
submanifold are related.

Let us consider a divided chart (z°, z*) of M .

Then, for each submanifold s : N C M which is related to this chart, the chart
yields naturally the local fibred chart (2%, ; 27)1<|aj<x € map(Jy(M, 1), R™ x R¥"~Y)
of Jy(M,1), where a := (h) is a multi-index of “range” 1 and “length” |a| = h and the
functions z!, are defined by x% o j;N := 9y os', with 1 < |a| < k.

We can prove the following facts:

1) the above charts (2°, 2% z¢)) yield a smooth structure of Jx(M, 1);

2) for each 1 dimensional submanifold s : N C M and for each integer & > 0, the
subset jips(IN) C Jp(M,1) turns out to be a smooth 1-dimensional submanifold;

3) for each integers k > h > 1, the maps 7} : Jy(M,1) — J,(M,1) turn out to be
smooth bundles.

We shall always refer to such diveded charts (z°, z°) of M and to the induced fibred
charts (20, 2% z) of J,(M,1).

Let my € J1(M, 1), with mg = w}(m;) € M . Then, the tangent spaces at mg of all 1-
dimensional submanifolds IV , such that j;5(mg) = mq , coincide. Accordingly, we denote
by T[m4] C T,,,M the tangent space at mq of the above 1-dimensional submanifolds
N generating m; . We have the natural fibred isomorphism J;(M,1) — Grass(M,1) :
my +— T[mq] C TyM over M of the 1st jet bundle with the Grassmannian bundle of
dimension 1. If s : N C M is a submanifold, then we obtain T'[j;s] = span(dy + dos’, ;) ,
with reference to a related chart.

3.1.3 Phase space

We assume as phase space the subspace of all 1st jets of motions 1 E C Jy(E,1).

For each 1-dimensional submanifold s : T' C E and for each z € T, we have j;s(x) €
J1E if and only if T[j1s(x)] = T,T is timelike. The velocity of a motion s : T C E is
defined to be its 1-jet j1s : T — J1(E,1).

HermVec-2006-03-28.tex; [output 2009-04-17; 11:58]; p.27



28 3 EINSTEIN CASE

Any spacetime chart (z°, z%) is related to each motion s : T' — E . Hence, the fibred
chart (z°, 2%, z})) is defined on tubelike open subsets of J; E . We shall always refer to the
above fibred charts.

We define the contact map to be the unique fibred morphism n: J1E — T*  TE
over E such that mo j;s = ds, for each motion s. We have the coordinate expression
n=coa®u’ ® (0y + xf 0;) , where a¥ 1= 1/\/|goo + 2 go; ) + gi5 xH x| -

The fibred morphism mx is injective. Indeed, it makes J1E C T* ® TE the fibred
submanifold over E characterised by the constraint gy, @3 @ = —(co)?.

It is convenient to set by := Jy + x} J; and o = g(bo,O\) = gox + gir x4 . Then, we
obtain (a®)? (goo + Joi zh) = —1.

We define the time form as the fibred morphism 7 := —c% ¢(n):IhE —-TTE,

. : . 0 .
with coordinate expression 7 = 7, d*, where 7, = _%0 JoxUo - We have 7(x) = 1 and

g (m m) =—c*.

We define the complementary contact map as 0 =1 —n®7:hHFE é TE — TE. We

have the coordinate expressions § = d* @ dy + (a°)? Jor d* @ (0o + 3 ;) -
For each motion s, we have (70 j;s)(ds) = 1.

With reference to a particle of mass m, we define the unscaled 1-form © = — ’

mc
h

T Y
with coordinate expression © = a® ¢y G, d*.

3.1.4 Contact splitting

We define the n—horizontal tangent space of spacetime, the 7—vertical tangent space
of spacetime, the 7—horizontal cotangent space of spacetime and the m—vertical cotangent
space of spacetime to be, respectively, the vector subbundles over g E

HﬂE 3:{61,X)€31E§TE ’ XGT[el]} CalEéT-E

(
V,E :={(e;,X) €, E xTE | X € Tles]*} CHEXTE
H'E :={(e;,w) € hE xI"E | (w, T[e)]") =0} c I E xI"E
(

‘/;E 22{ 61,&)) chF 2(} T"'FE ‘ (w, T[€1]> = 0} chFE é T'E .

We have the natural orthogonal linear fibred splittings over J; E and the projections
hWEXTE=H,FE®V.E, WEXT'E=H'EDV'E,
E E
n1R7:hEXxTE — H,E, T@n:hExXxT'E=HE,
E E
0:0.ExTE — V. E, 0 :hExT'E—V'E.
E E
We have the mutually dual local bases (bg, b;) and (3°, 3°) adapted to the above
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3.1 CLASSICAL SETTING 29

splittings, where
bo =00 +x50; €fib(JLE, HE), b =0 —ca’7nby€fib(d,E, V,E),
B i=d"+ca’r; 3 € ib(dE, H'E), [ :=d —u1)d° €fib(§,E,V/E).
The restriction of g to H,E and V. E and the restriction of g to H*E and V[ E yield,
respectively, the scaled metrics
q| HE—-1L*® (H'E® H'E) and g1 : 31E—>L2®(V;E®V;E)
g HE-L?®HE®HE) and ¢':3E—-L*2((V,E®V,E),

with coordinate expressions in an adapted basis

1
gjoo -= ¢ (bmbo) = _(a0)2
g1 = g (8°,8°) = —(a)?
giij = g(bi, bj) = gij +c? TiTj
g 7= g(B, ) = g7 — g wh — ¢y + g% xf .

It is convenient to set

533258‘+5;‘m8, g\:: i_ég‘ré’
Jox = g(bo,aA) = gox t gix iUf), f]OA = _(50 dA) = —( 0)2 5A
Gix = g(b;, On) = gir + TiTy, ? g(ﬁl dk) = i 90A If)

Then, we obtain the following useful technical identities

Jox = g||00 50 ) 570/\ O\ = 9”00 bo , Jix = 915 ﬁj ) ﬁi)‘ O\ = glij bj )
o \— ij wij  wi0 ] ih v L
(Qz‘j) IZ(QLJ):(QJ—QO%), 9L3h90h2W9307
I g" = 0%, g g™ =0y, Joa g™ = =, g g™ =0+t
U 1 g y . g
Goi § = (a0)2 9" + 07, gio + gij o = 0.
and
900 = (@ g0, = — a0, AL = a9,
yi g()] b 7 O{O gO] ) 1] O[O gl] b
0
o
@?TM = —? Gip s 8Aoz0 = % (a0)3 (8)\900 + 2 a)\goh ZL’g + ((Aghk [)38 J]lg) .
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3.1.5 Vertical bundle of the phase space

Let Vodi1E C TJE be the vertical tangent subbundle over E. The vertical pro-
longation of the contact map yields the mutually inverse linear fibred isomorphisms
v i hE—-TV'E®VyJE and V;1 chE — Vi E®T®V.E, with coordinate
expressions v, = CO% u @3 @ and vt =W’ @ di R b; .

3.1.6 Observers

An observer is defined to be a section o € sec(E, J;E). Thus, an observer can be
regarded as the velocity of a continuum.

Each observer yields the scaled vector field o] := mo o € sec(E, T* @ TE), the
scaled 1-form 7[o] := 700 € sec(E, T® T*E) and the tangent valued 1-form 6[o] := o
o € sec(E, T*E @ TE), with coordinate expressions nfo] = ¢y a[o]u® @ (9y + 0}, 9) ,
7lo] = = a%[0] (gor+gin 0h) ug®d* and O[o] = d* @y —a’[0] (gor+gir 0f) d*@ (Do +0( D) ,

where 0} := z} o 0 and a’[0] = 1/\/|900 + 2 go; 0) + gi; 0b 0}| . Bach of the above objects
characterises o.

A spacetime chart (z?) is said to be adapted to an observer o if of = 0, i.e. if the
spacelike functions z* are constant along the integral motions of o. Actually, infinitely
many spacetime charts are adapted to an observer o; the transition maps of two such
charts (z%) and (4*) are of the type 9y4’ = 0. Conversely, each spacetime chart (20, z?)
is adapted to the unique observer o determined by the equality uxfo] := (¢/||0o||) Do -

An observing frame is defined to be a pair (o,(), where o is an observer and ( €
sec(E, T ® T*E) is timelike and positively time oriented. In particular, each observer o
determines the observing frame (o, 7[0]). An observing frame is said to be integrable if
( is closed. In this case, there exists locally a scaled function ¢ € map(E, T), called the
observed time function, such that ¢ = dt.

A spacetime chart (27) is said to be adapted to an integrable observing frame (o, ¢) if
it is adapted to o and 2° = u° Jt. Actually, infinitely many spacetime charts are adapted
to an integrable observing frame (o, () ; the transition maps of two such charts (z*) and
() are of the type 0ot = 0, 9y2° € IR™ . Conversely, each spacetime chart (z°,2%) is
adapted to the observing frames (o, ¢) such that afo] := (¢/||0o]|) 9o and ¢ = uy®d" (thus,
(0,() is determined up to a constant positive factor for ().

With reference to an observing frame (o,(), we define the n[o]-horizontal tangent
space of spacetime, the (-vertical tangent space of spacetime, the (-horizontal cotangent
space of spacetime and the xjo]-vertical cotangent space of spacetime to be, respectively,
the vector subbundles over E

HyyE :={X €TE | X =X%nfoy} CTE
V,E:={X€cTE | X.¢(=0} CTE
HE ={weT'E | w=w("} CT'E

Vigl ={we€T'E | wano] =0} CT'E.
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We have the natural linear fibred splittings over E and the projections

TE=H,E®V.E, T'E=HE&V,E,
(1/<)nfo] ® ¢ : TE — Hy[olE,  (1/s){®anfo]: T"E = HE,
0lo,(] : TE — V:E, 0*[o,¢] : T*E — V0| E,

where ¢ := nfo] J¢ € map(E,IR") and 0[o,(] :== 1 — (1/s) alo] @ .

With reference to an integrable observing frame and to an adapted chart (z%), the
coordinate expression of the above splittings are X = X°9y+ X" 0; and w = wy d® +w; d* .

In the particular case when ( = 7[o], the above subspaces, splittings and projec-
tions turn out to be obtained from the corresponding contact subspaces, splittings and
projections, by pullback with respect to o.

For each observing frame (o, (), the orientation of spacetime and the metric g yield
a scaled volume form n[o,(] : E — L* ® A3V;[O} and the inverse scaled volume vector
no,¢]: BE =L@ AV,.

For each observing frame (o, (), by splitting © into the horizontal and vertical com-
ponents, we define the observed kinetic energy and kinetic momentum as Klo,(] =
—(1/¢)¢(mlo] 2©) € fib(JLE, T*E) and Qlo,(] = 0[o,(] 10 € fib(J;E, T*E). Thus,
we have © = —KJo, (] + Qlo, (] € fib(J, E, T*E) . In the particular case when the observ-
ing frame is integrable, with reference to an adapted chart, we obtain K[o] = —co a® G9, d°
and Qo] = coa® GY, di .

Let us consider a motion s : T' C E and an observer o and refer to an adapted chart.
We have the observed orthogonal splitting nfjis] = ¢ (11[0]+17) , where § := n[j;s] J7[0]
€ map(T, RY) and @ := 1 nfjis] 0 flo] € map(T, T* @ V,y E) . By setting 8 := 17l ¢

map(T, IR") , we obtain § = 11762 >1, B= “5;’1 <1 and

5= — goo + goi 9os’
\/|900|\/|900 + 2 goj 0057 + gij Oos' Do/ |

VIl s o (g g g

Joo + ok Oos* goo

U= -

\/(—900 Gnk + Gon gok) Oos" Dos*
900 + goi Dos’|

0=

3.1.7 Gravitational and electromagnetic fields

We assume the Levi-Civita connection K% : TE — T*E ® TTE induced by g
(or, equivalently, by G) as gravitational connection. The coordinate expression of K*
is K%, = =5 G¢" (\GY, + 0,GY\ + 9,G3,,) , where we have set K%\", 1= —(V#0,)" .

p
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32 3 EINSTEIN CASE

We assume spacetime to be equipped with a given electromagnetic field, which is a
closed scaled 2-form F : E — (L2 @ M'/2) @ A?T*E . With reference to a particle with
mass m and charge ¢, we obtain the unscaled 2-form { F': E — N’T*E .

Given an observer o, we define the observed magnetic and the observed electric fields

oL

(0] = & i(80)(F)) o] € sec(E, (T @ L™/ @ M"?) ® Vi, E)
0] :== —g*(0 4 F) €sec (B, (T @L*?@M"?) @ V,yE).

=,

Then, we obtain the observed splitting F = —27[o] A ¢*(E[0]) + 2 i(Bo]) n[o] .

The local potentials of F' are denoted by A®, according to 2dA* = F'.

In the Einstein framework there is no way to merge the electromagnetic field into the
gravitational connection, hence we have no joined spacetime connection.

3.1.8 Induced objects on the phase space

We have a natural injective map y between linear spacetime connections K and phase
connections I' : 1 E — T*E®TJ, E , with coordinate expressions I' = d*® (y +T'z§ 0?) .
In coordinates, the map  is expressed by I'\§ = Sf, Ky, 58.

As we have no joined spacetime connection, we start with the gravitational objects
induced on the phase space.

Then, the spacetime connection K? yields a connection, called gravitational phase
connection, I'" := y(K®) : §,E - T*"EQ TJ,E .

The phase connection I'? yields the 2nd order connection, called gravitational dy-
namical phase connection, 7” =n,1%: §,E — T*®@ TJ, E , with coordinate expression
V= coa®ug ® (Do + 35 + 7ok 8°) , where vl = 0% K", 63 0.

Next, let us consider the vertical projection v,[I"] := v=t o o[l¥] : H1E — T* ®
(T*3,E ® V,E) associated with I'*, whose coordinate expression is v,[I¥] = ¢y a® (d) —
F)\é d/\) Uy K bz .

The phase connection I'¥ and the rescaled metric G yield the 2-form, called gravita-
tional phase 2-form, QF := G (I/T [Fb]/\e) :hE — A?T*J, E , with coordinate expression
0 = ¢ga® GY, (di — 0} K37, 08) d*) A d.

The pair (6, Q%) is a “contact” structure of J, E | i.e. Q = dO and O AQ*AQIAQF £ 0.

The phase connection I'* and the rescaled metric G yield the vertical 2-vector, called
gravitational phase 2-vector, A*:= G (T Av,) : 1E — A?VJ,E, with coordinate
expression A% = Colao G (9 + Gt Kby, 00 89) A a7

Summing up, the above gravitational phase objects fulfill the following identities

i(V¥)r=1, i7" =0, ~F=niT*, theJ(yT[rh]Ae), A =G (T A7),

Now, we are looking for joined phase objects, obtained by merging the electromagnetic
field into the above gravitational phase objects, in such a way to preserve the above
relations.

By analogy with the Galilei case, we start with the phase connection.
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3.1 CLASSICAL SETTING 33

We define the joined phase connection to be the phase connection I' := I'! 4+ I'¢,

where I'* := —J- v o G* o (F +27 AN (m2 F)) . We have the coordinate expression ['* =
30 co aO G (P — (@°)2gox Fp 0f) d* @ 07 .

The joined phase connection I' yields the 2nd order connection, called joined dynamaical
phase connection, v := n.1 : §1E — T* @ T3, E, which splits as v = +% + 4¢, where
v =—-%Ly 0gto(niF),ie., in coordinates, v* = — L gt (Fy, + Fj, w)) u® @ 0.

The joined phase connection I' and the rescaled metric GG yield the 2—form, called joined
phase 2-form, Q := G J (VT[F] /\0) , which splits as Q@ = Q*+Q°, where Q* = L F | ie., in
coordinates, (° = & F), d* A d*. The pair (6, Q) is a “cosymplectic” structure of J, E
ie, dQ = th—i— dF—Oand@/\Q/\Q/\Q ONLAQAQIAD.

Moreover, ) admlts potentials, called horizontal, of the type A! € fib(J,E, T*E),
according to dA" = Q. They are defined up to a gauge of the type a € sec(E,T*E).
Indeed, we have AT =© + 4 A*, with coordinate expression Al = (cya® GS, + % A¢y) d*.

Indeed, v is the unique 2nd order connection such that i(y)7 =1 and i(y)Q2 = 0.

We define the Lorentz force as f:: —gfo (,ZIJ F):JE — (T'@L 3 2eM?)oV,E .
We have the coordinate expression f = —ca® (gM Fy; + g  Fy, xf) Oy and the observed

expression f = E[o] + : V]o] x B[o]. Moreover, we have f := := " vlont.
n\o
We assume the law of motion for the unknown motion s C E of a particle of mass m

and charge ¢ to be the equation V[]jis := jos —yo0jis =0, i.e. m Vi[5 = qijls,
where V+ := 1710 V.

The joined phase connection I'" and the rescaled metric G yield the 2-vector, called
jomed phase 2-vector, A := G J(T' A v*), which Sphts as A = A% + A, where A® =
o (Ve Avr)(GHO*(F))) , Le., in coordinates, A* = 3 o5 G GYf' Fy, 09 A9 . From now
on, we shall refer to the above joined phase obJects ([‘, v, Q,and A.

3.1.9 Hamiltonian lift of phase functions

For each ¢! € sec(1E, T*0, E) , we have A*(¢') 1= i(¢")A € sec(LE, V;J, E).
Given a time scale 0 € map(J, E, T), we define the o—Hamiltonian lift to be the map

XTham [0] : map(J1E, R) — sec(LE, THE) : f— XTham o, f] = (o) + Aﬁo(df) )
with coordinate expression
: . 1 o » o
Xham [0, f1 = 0o (Do + 2 0 + 906 ) = — (G§ 0 f O — (G onf + =00 f) F)
0
where 2 = G T, — G T,

3.1.10 Poisson bracket of the phase functions

We define the Poisson bracket of map(é]lE R) as {f, g} = i(df A dg)
(GiMorf g — Drg 00 f) — = Lons o 9)-

Its coordinate expression is {f, g} = = ao
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34 3 EINSTEIN CASE

The Poisson bracket makes map(J, E, IR) a sheaf of IR-Lie algebras.

3.1.11 The sheaf of special phase functions

Each X € fib(§,E, TE) yields the time scale o := 7(X) € map(J, E, T), with coor-
dinate expression o = —‘Z‘—z Gox X g .
If X, X;, Xy € sec(E, TE), ¢ € sec(E, T®T*E) and f,, f» € map(E, R), then

v

—G(m, X))+ f1 = —G(m X2) + fo V2N Xi=Xo, f1=fs

V)

—G(n, )+f1:—lIJ¢+f2 A ¢:Gb(X)a f1=f2
_G(ﬂaX1)+f1:—X2J@+f2 ~ X1 = Xy, flzfz-

We define a special phase function to be a function f € map(J;E, R) of the type f =
—G(n,X)+ f, with X € sec(E, TE) and f € map(E, R).

Moreover, we say that

- X[f] == X € sec(E, TE) is the tangent lift of f,

- ¢0lf] == G°(X) € sec(E, T®T*E) is the cotangent lift of f

- o[f] == 7(X) € map(§, E, T) is the time scale of f,

- fe map(E, R) is the spacetime component of f.

Thus, if f is a special phase function, then we have the following equivalent expressions

197 v V)

f=-GaX)+f=—-n¢[f]+[f=-X[flaO+ [f="S o[f] + |

and, in coordinates,

co (GY, 9 xd) f < ; y
PR 1C) R T7) +f=—coa’ (fg+ £ zp) + f
\/|900+290k$o + Ghk TG TG

with A == X* = G3" ¢0 and f} == ¢} = G}, X*

The special phase functions constitute a (map(E, IR))-linear subsheaf spec(d E, IR) C
map(J1E, R).

Thus, we have the linear maps X : spec(J1E, R) — sec(E, TE) : f — X][f] and
“:spec(J1E, R) — map(E, R) : f — f.

3.1 Proposition. We have the mutually inverse (map(FE, IR))-linear isomorphisms

s :spec(J1E, R) — sec(E, TE) x map(E, R) : f — (X[f], f)
t:sec(E, TE) x map(E, R) — spec(J1E, R) : (X, f)— —X .0+ f,
with s : —cga® GO, fA 4+ f > (0, f)and v: (X 0y, f) — —coa® GO X + f.
Hence, we have the linear splitting spec(J1 E, R) = spec’(J§1 E, R) @ map(E, R),
where spec”(J1E, R) := ker(”) and map(E, IR) = ker(X).
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3.1 CLASSICAL SETTING 35

Moreover, with reference to an observer o, we have the mutually inverse (map(E, R))-
linear isomorphisms

s[o] : spec(d1 E, R) — sec(E, TE) x map(E, R) : f (X[f], f[o])
tlo] : sec(E, TE) x map(E, R) — spec(J1E, R) : (X, f) — —X 10+ f + X 10[0] .0

We can characterise the special phase functions via the Hamiltonian lift, as follows.

3.2 Proposition. Let 0 € map(J,E, T) and f € map(J1 E, IR). Then, the following
conditions are equivalent:

1) XTham [0, f] € sec(E, J,TE) is projectable on a vector field X € sec(E, TE),

2) f € spec(d1E,R) and 0 = o[f].

Moreover, if the above conditions are fulfilled, then we obtain X = X|[f].O

A

3.3 Example. For any spacetime chart (z%), the functions 2% are special phase

functions and we obtain X[z*] =0.

Moreover, with reference to a potential A" and to an observing frame (o,¢), we
define the observed Hamiltonian and momentum as Ho, (] == —(1/s) (afo] 2 AT ¢ €
sec(E,T*E) and P[o] := 0[o,(] A" € sec(E, T*E).

If the observing frame is inte%rable, then we have the coordinateu expressions, in an
adapted chart, H[o, (] = (—coa® Gy — % A%) d® and Plo,(] = (coa® Gy + £ A%) d" .

In this case, Hy and P; are special phase functions and we obtain X [Ho} = 0y and
X [,PZ} =—0;.0

3.1.12 The special bracket

We define the special bracket of spec(d1E, R) by [f,g] ={f,9} + (c[f]) (v.9) —
(elg]) (v-f) -

3.4 Theorem. The sheaf spec(J1E, IR) is closed with respect to the special bracket.
For each fi, fo € spec(J1E, IR), we have
Lfi, o] = =mo@[X[A] X[f)] + X[A]fo = X[ S1 + § F(X[ALX[f])

i [f1, ] = —coao GO, (FY 0,18 = [ 0ufl) + 12 0h> = [R 031+ 3 2SS P
Thus, X[ [f, 1] = [XIA] X[R]] and [fi ] = [(X[A) £, (XTR F2)],
Indeed, the special bracket makes spec(d1E, IR) a sheaf of IR-Lie algebras and the

tangent prolongation is an IR-Lie algebra morphism.O

3.5 Corollary. The map s : spec(J1 E, R) — sec(E, TE) x map(E, R) turns out
to be an isomorphism of Lie algebras, with respect to the brackets [, ] and [,]% p.0

For instance, we have [2*,2#] = 0 and, with reference to an integrable observing
frame and to an adapted chart, we have [z*, Ho] =&, [z, P;] =67, [Ho, Pi] =0.
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36 3 EINSTEIN CASE

3.2 Quantum setting

Let us consider a quantum bundle m : Q — FE over the Einstein spacetime.
We define the phase quantum bundle as 7' : Q' := J1E x Q — L E .
E

We can refrase the notion of Hermitian systems of connections and associated universal
connection that we have discussed in the Galilei case, by replacing J; E with J,; E .

Let us assume that the cohomology class of ¢ F' be integer.

Then, we assume a connection 9! : Q' — T*J1E @ TQ', called phase quantum
connection, which is Hermitian, universal and whose curvature is given by the equality
R[U'] = —2iQ®1'. The existence of such a universal connection and the fact that Q ad-
mits horizontal potentials are strictly related. Moreover, the closure of € is an integrability
condition for the above equation.

We have the splitting I = U'* +i0© @ I', where Ut : Q' —» T"J,E @ TQ', is
the pull back of a Hermitian connection Y* : Q — T*E ® TQ, called electromagnetic
quantum connection, whose curvature is given by the equality R[U‘] = —i{ F®1.

With reference to a quantum basis b, the expression of U' is of the type U' =
x'[b] +i (@ + 1 A° [bD @1, where A¢[b] is a potential of F' selected by U' and b . Hence,
in a chart adapted to b, is Ul = d* @ d\ + d} @ 8° + i (co a® GY, + AT

For each observer o, the expression of Ylo], is YU[o] = iO[o] ® I + Y*. Hence, in a
chart adapted to b, Ylo] = d* @ O\ +i(Bo] + £ A%)) d* @I

3.3 Classification of Hermitian vector fields

Eventually, we apply to the Einstein framework the classification of Hermitian vector
fields achieved in Theorem 1.7. For this purpose, we choose the electromagnetic quantum
connection Y°¢ as auxiliary connection ¢, use the classification of special phase functions
achieved in Proposition 3.1 and show an identity.

3.6 Theorem. We have the mutually inverse Lie algebra isomorphisms

§ = j[U’] os :spec(d1 E, IR) — her (Q, TQ),
$H=roh[U:her(Q, TQ) — spec(d1E, R),

given by §(f) = qe(X[f]) +ifland H(Y) = —Tn(Y)1O0—itr (V[UIB](Y)) , with respect

to the Lie bracket of vector fields and the special bracket |, ] .
We have the coordinate expressions

F(H) = Por+i( AN+ NI
H(XMOr+1LAND) +iV I = —ca G X +Y + A5 X* .0

3.7 Note. If f=—-X .0+ fe spec(J1 E, R) then we obtain
(3[Hlo]] o slo]) (f) = Y[o](X) +i flo] T = T (X) +ifT:= (j[I] 05)(f).
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3.3 CLASSIFICATION OF HERMITIAN VECTOR FIELDS 37

Hence, the Hermitian vector field associated with f by the connection Y[o] does not
depend on the observer o.O

For instance, we have F(2*) = i2*I and, with reference to an integrable observing
frame and to an adapted chart, F(Hy) = 9y and F(P;) = —0; .
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4 Galilei and Einstein cases: a comparison

We conclude the paper by discussing the main analogies and differences between
the Galilei and the Einstein cases.

Spacetime. The essential source of all differences between the two cases is the structure
of spacetime. In both cases spacetime is a 4—dimensional manifold. In the Galilei case,
we have a fibring over absolute time and a spacelike (hence degenerate) Riemannian
metric. In the Einstein case, we loose the time fibring, but we gain a spacetime (hence
non degenerate) Lorentz metric.

Nevertheless, in both cases, the time intervals are valued in the absolute vector space
T . Indeed, this fact has no relation with simultaneity.

In the Galilei case, we have used the light velocity ¢ just for the sake of standard
normalisation of some formulas. But, the constant ¢ has no relation with any phenomena
which can be described in the framework of the Galilei theory.

Phase space. In the Galilei theory, the motions are defined as sections of the fibred
manifold; in the Einstein theory, they are defined as timelike 1-dimensional submanifolds.
This fact implies an important difference with respect to the phase space. In the Galilei
case, it is defined as the space of 1st jets of sections; in the Einstein case it is defined
as the space of 1st jets of 1-dimensional timelike submanifolds. Thus, the phase space is
an affine bundle over spacetime in the Galilei case and a projective space in the Einstein
case. This difference yields several technical consequences throughout the theory.

In the Galilei case, the time fibring yields the time form on spacetime, the lift of time
scales to timelike spacetime forms and the contact structure of the phase space. In the
Einstein case, these objects cannot be achieved through the fibring but are recovered by
means of the Lorentz metric. However, in this case, the time form is based on the phase
space; indeed, this is a main feature of this case. Moreover, the coordinate expressions of
these objects are more complicated in the Einstein case, due to the projective structure
of the phase space, instead of an affine structure.

In particular, in the Galilei case, the vertical subspace of the phase space can be
easily compared with the vertical subspace of spacetime. Such a comparison requires a
more complicate description in the Einstein case.

Contact splitting. Passing from the Galilei to the Einstein case, the horizontal and
vertical subspaces of spacetime with respect to the time fibring are replaced by the parallel
and orthogonal subspaces with respect to the metric. However, they are based on the phase
space.

Observers. The observers are defined in an analogous conceptual way in the two cases.
However, relevant technical differences arise due to the different structures of the phase
spaces.

In the Galilei case, an observer and the time fibring - i.e. the observer independent time
form (which is obsviously integrable) - yield a splitting of the tangent space of spacetime.

In the Einstein case, there are two ways in order to achieve an analogous splitting.
Namely, we consider an observer and additionally either the associated observed time
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form (which is not integrable, in general), or an independent time form (which may be
integrable, defining locally a time function). The first pair is sufficient for several purposes;
however, the components of the Hamiltonian and of the momentum turn out to be special
phase functions only if they are defined through an integrable observing frame.

Gravitational and electromagnetic fields. In the Einstein case, we can formulate the
standard theory of the electromagnetic field, with the standard Maxwell equations dF' = 0
and 0F = j. In the Galilei case, the 1st Maxwell equation can be formulated without
any change, because it involves only the differential structure of spacetime. Conversely,
the 2nd Maxwell equation, which links the electromagnetic field with its charge sources,
cannot be written in a full formulation, due to the degeneracy of the metric; only a static
effect of the charges on the electromagnetic field can be described covariantly. On the
other hand, in the present theory, we are involved just with a given electromagnetic field;
hence, the dependence on its sources does not play an essential role in the present theory.
In the Galilei case, the magnetic field is observer independent; this is not true in the
Einstein case. Nevertheless, the observed electric and magnetic fields can be defined in a
similar conceptual way in the two cases. But differences arise from the different behaviour
of observers in the two cases.

Induced objects on the phase space. In both cases, a connection of the phase space
yields naturally a 2nd order connection, a 2—form and a 2-vector of the phase space,
which fulfill certain identities.

In the Einstein case, the metric determines the gravitational spacetime connection. In
the Galilei case, the metric determines the gravitational connection up to a closed 2—form,;
so, the gravitational connection needs an additional postulate.

In the Galilei case, we have a natural bijection between connections of spacetime and
connections of the phase space. Moreover, there is a natural way to merge the electromag-
netic field into the gravitational connection, so obtaining a joined connection. Hence, this
connection yields naturally a joined 2nd order connection, a joined 2—form and a joined
2—vector of the phase space, which fulfill the same identities of the gravitational objects.

In the Einstein case, we have only a natural injection between connections of spacetime
and connections of the phase space. Moreover, there is no natural way to merge the
electromagnetic field into the gravitational connection. Hence, we proceed in a partially
different way. We define a joined phase connection, by analogy with the Galilei case.
Then, we obtain the joined 2nd order connection, 2-form and 2-vector of the phase
space. Indeed, the joined phase connection is not essential by itself in our theory. What is
essential is that all other joined objects be generated by the same phase connection and
that they fulfill certain identities.

In the Einstein case, the gravitational 2—form is globally exact and its potential is
the time form. In the Galilei case, the gravitational 2-form is only closed, but admits
horizontal potentials.

Thus, in the Einstein case, the time form 7 plays the roles analogous both to dt and
to © (up to a scale factor), in the Galilei case.

Hamiltonian lift of phase functions. In both cases, we have a similar formulation of
the Hamiltonian lift of phase functions and of the Poisson bracket. These aspects of the
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40 4  GALILEI AND EINSTEIN CASES: A COMPARISON

theory have strict analogies with the standard literature, but are not exactly standard
because of our choice of the phase space.

Lie algebra of special phase functions. In the two cases, we have several analogies in
the definition of special phase functions. However, the expression of these functions is
very different in the two cases, due to the different structure of the phase space. In the
Galilei case, we need an observer in order to split a special function. In the Einstein case,
we have a natural splitting of special functions.

The definition of the special bracket is formally identical in the two cases. However,
in the Galilei case, the special bracket involves the metric and the joined 2—form, while
in the Einstein case, it involves only the metric and the electromagnetic field.

Phase quantum connections. The definition of the phase quantum connection is for-
mally identical in the two cases. However, in the Einstein case, it can be split into a natural
gravitational component and an electromagnetic component, due to the exactness of the
2—form. This fact is not true in the Galilei case.

Hence, in the Einstein case we obtain an observer independent purely electromagnetic
quantum connection. Conversely, in the Galilei case, we obtain a system of observed joined
quantum connections, which are related by a transition law.

Classification of Hermitian vector fields. In the first part of the paper, we have shown
that, given a connection of the quantum bundle, the Lie algebra of Hermitian vector
fields can be represented by a Lie algebra of pairs consisting of spacetime vector fields
and spacetime functions.

In the Galilei case, we implement the above result by choosing an observer and refer-
ring to the induced joined quantum connection and the induced splitting of special phase
functions. Indeed, we prove that the transition laws for the above objects are such that
the final result is observer independent.

In the Einstein case, we do not need to choose an observer, because the splitting of the
phase functions is observer independent and we can avail of the electromagnetic quantum
connection.
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