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Abstract

Two fiber bundles E; and E5 over the same base space M yield the fibered
set F(E1, E2) — M, whose fibers are defined as C*®°(E,, Ea,), for each z € M.
This fibered set can be regarded as a smooth space in the sense of Frolicher and we
construct its tangent prolongation.

Then, we introduce a graded Lie bracket for projectable tangent valued forms on
F(E1, E3). These forms turn out to be a kind of differential operators. In particular,
we consider a general connection on F(FEq, F3) and study the associated covariant
differential and curvature.



2 1 PRELIMINARIES

Introduction

The idea of the Schrédinger connection on a double fibered manifold by A. Jadczyk
and the second author, [4], [5], inspired the study of differential geometric properties
of certain bundles with infinite dimensional fibers. In particular, let E; and E5 be two
classical fiber bundles over the same base space M and F(FE;, F2) denote the set of all
smooth maps of a fiber of E; into the fiber of Ey over the same base point. In [1], A.
Cabras and the first author studied the connections on F(E,, Ey) — M by means of some
procedures, which are based directly on the concept of fiber jet, [7]. However, an essential
progress in the theory of general connections on classical fiber bundles has recently been
achieved by using the Frolicher-Nijenhuis bracket. That is why we devote the present
paper to projectable tangent valued forms on F(FEj, E2) and their Frolicher-Nijenhuis
bracket. Our main tool is a formula by P. W. Michor, [7], and the second author, [9],
which expresses the classical Frolicher-Nijenhuis bracket in terms of the bracket of vector
fields. This enables us to develop a generalization, which preserves the most important
properties of the classical case. In the last section we present the first applications of
our general results to connections on F(E;, Es), but we hope there will be many others,
similarly to the classical case.

Since the objects we study represent a kind of differential operators, their basic prop-
erties can be treated systematically within the framework of the theory of smooth spaces
by A. Frolicher, [2]. However, we use a simplified version of that theory, which is suffi-
cient for our purposes. We define a smooth space as a set S together with a set of curves
C(S) ={c: IR — S}, which is called the set of smooth curves. A map f : S — S’ between
two smooth spaces is called smooth if, for each smooth curve ¢ : IR — S, the composition
foc:IR — S is also a smooth curve.

In particular, each classical manifold becomes a smooth space by assuming as smooth
curves, in the sense of Frolicher, just the smooth curves in the classical sense. Moreover,
a map between classical manifolds turns out to be smooth in the classical sense if and
only if it is smooth in the sense of Frolicher, see e.g. [7], p. 172. We observe that, each
subset ¢ : 8" — S of a smooth space S inherits naturally a structure of smooth space, by
assuming as smooth curves the curves ¢ : IR — S’ such that 1o : R — S is smooth.
Actually, these curves constitute the largest set C(S") which makes ¢ smooth.

1 Preliminaries

Let py : E1 — M and py : E5 — M be two classical fiber bundles over the same base
space. Consider the fibered set

(1.1) p: F(Ey,Ey) = | ) C%(Ew, Eay) » M

zeM

of all smooth maps of a fiber of E into the fiber of E5 over the same base point. We define
no topology on F(F1, Ey), but equip naturally this set with a structure of smooth space
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by assuming as smooth curves the curves ¢ : IR — F(Ey, Ey) such that poc: R — M
is smooth and the induced map ¢ : (p o ¢)*E; — E,, given by é(1,y) = ¢(7)(y), with
T € R,y € Eip(r)), is also smooth.

Next, we define the tangent space T F(F1, FEs) in the following way. For every smooth
curve ¢ : R — F(F4, Ey) and 7 € R, we first construct the tangent vector X = %L(p o
c) € T,M, where x = p(c(7)), and consider the subsets TxE, = (Tp;) " (X) C TE;
and TxFEy = (Tpy) ' (X) C TE,. It can be easily seen that TxF; and Tx F, are affine
bundles over E;, and Es, with derived vector bundles T'(E,) = V, Ey and T'(Es,) = V, Es,
respectively. Then, we obtain a map T,c : TxFE; — Tx FE, which is well defined by the
formula

12) TS| 1) = | e(t)(h(1)),

where h : IR — FE; is a smooth curve such that p o ¢ = p; o h. Having another smooth
curve ¢ : IR — F(E1, E») and 7 € R, satisfying % _(poc) = X, the equivalence relation
T.c =T, : TxEy — TxFEs defines a tangent vector of F(E;, Ey) which is denoted by
%‘Tc. Then, the tangent space TF(E, Es) is defined as the set consisting of all tangent
vectors of F(E, Ey).

By the way, we can interpret the tangent vectors also in the following way. If A €
TF(FE1, Es), then we shall denote by A TxE, — TxE, the associated map (1.2). One
sees easily that T,c : TxF; — TxFEs is an affine bundle morphism over the base map
¢ = (1) : By — Ey, with derived linear morphism T'¢ : T(Ey,) — T(F2;). In [1] the
converse assertion is proved: if C' : TxFy — TxF, is an affine bundle morphism over
¢ : B, — Es, with derived linear morphism 7'¢ : T(Ey,) — T(FEs,.), then there exists a

—

smooth curve ¢ : IR — F(E1, Es) and a 7 € IR, such that C' = %‘Tc.

The tangent space is naturally equipped with the following structures. By (1) we have
defined an inclusion

(1.3) TF(Ey, Es) C F(TE, — TM, TEy — TM).

Hence, TF(Ey, E») inherits a structure of smooth space. Moreover, we have two canonical
projections 7 : TF(Ey, Ey) — F(E1, Es) and Tp : TF(E1, Ey) — T M, which turn out to
be smooth. Even the tangent prolongation dc = %c IR — TF(EL,Ey) : T~ %Lc of a
smooth curve ¢ : IR — F(FE1, E5) is smooth.

Now, let us consider the vector fields on F(FE, Es). As usual, a vector field on
F(E1, Es) is defined to be a smooth map A : F(Ey, Ey) — TF(E:, Es) satisfying
mo A = id. We say that A is projectable if there exists a classical smooth vector field
A% : M — TM such that Aop = Tpo A. A vector field A on F(FE}, E) projectable over
A is said to be of order 1 if the condition jj¢ = jyib , with ¢, € C®(E1,, Ex),y € Eha,
implies

(1.4) AQ|(Tao(y Br)y = AY|(Taoa) Ev ),y

FrNj.tex; [output 2011-08-19; 17:36]; p.3



4 1 PRELIMINARIES

Let S(TEy,TEs) — E1 Xy Es X3 TM be the fiber bundle of all affine morphisms
(T'xEy), = (TxEs),, with pi(y) = pa(2) = mp(X), where mps : TM — M is the bundle
projection. Write

(1.5) FI(By, B) = | I (B, Ez)

zeM

which also is a classical manifold. An r-th order vector field A over A° defines the asso-
ciated map A : FJ"(Ey, Ey) — S(TE,,TE,) by

(1.6) A(jrd) = Ad|(Tao(wyEr ),y

In [1] it is proved that A is a classical C*°-map. The derived linear map of each element
of S(TE,,TE,) is identified with an element of FJ'(E}, Fy). This defines a map D :
S(TE,, TEy) — FJ'(FE,, Ey) and the following diagram commutes

le(E17E2> p— .FJl(El,EQ)
o] E
(1.7) FIr (B, E) ——  S(TE,TE)

l l

E1XE2 — (E1XE2>XTM
M (id, A0) M M

where 3, is the jet projection. Conversely, let A : F(Fy, Ey) — S(TE;, TE>) be a C*®°-map
with underlying vector field A° : M — T'M such that (4) commutes. Then the rule

(1.8) A9) = | AUe)

yeElz

defines an r-th order vector field A on F(Ey, Ey) over A°.
Let (z°) be a local chart on M, (y?) and (2%) be additional fiber coordinates on F;
and FEjs, respectively, and

(1.9) ot =c(t), 2% =y, t)

be the coordinate expression of ¢ : IR — F(FEy, Ey). Write YP = dy?, Z% = dz%, ¢*(y, T) =
Ay, 1), %y, ) = %(y, 7). Then the coordinate expression of dc(r) is

_ 9¢°
- 5

(1.10) Z(T) (y, T)YP? + &%y, 1)

Hence, the tangent vector to (6) at 7 is locally characterized by two systems of numbers

rt = (1), X' = %’(7_) and two systems of functions ¢*(y?,7), ®*(y?, 7). In this sense,
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the coordinate form of the map A associated with an r-th order vector field is given by
X(27) and

(1.11) O =P(a",yf,z5) 0<lal <,

where « is a multi-index, whose range is the dimension of the fiber of Ej.

The inclusion TF(F1, Ey) C F(TE, — TM, TE;, — T'M) defines the second tangent
bundle TTF(Ey, Ey) of F(E, Es), [1], which turns out to be a smooth space. We can
easily see that the usual geometric structures of the classical second tangent bundle (such
as the canonical involution and vertical inclusion) can be naturally extended to our smooth
spaces F(E1, Es).

A projectable vector field A on F(E, Ey) is said to be differentiable if the rule
TA(Z|c) = Z|(Aoc) defines a smooth map TA : TF(E;, E2) — TTF(Ey, E). One
sees easily that every r-th order vector field is differentiable, [1].

Given two differentiable vector fields A, B on TJF(E1, E,) projectable over A° B,
their bracket [A, B] : F(Ey, Ey) — TF(E, E») is a projectable vector field over [AY, BY]
defined by means of the so-called strong difference

(1.12) [A,B]=TBoA+TAo B,

where + is a special operation based on the geometry of the second tangent bundle, [1],
[6], [8]-
Let B be an s-th order vector field with associated map Y?(2?) and

(1.13) Vet 28), 0< |8 <.

In [1] it is deduced that the bracket of (8) and (10) has order r+s. To express its associated
map, we need the concept of formal derivatives of a smooth function f : FJ"(E;, Es) —
IR. The rule

(1.14) Df(jy ™) = (df (5"¢))y
defines a map
(1.15) Df : FJ™"(Ey, By) — V'Ey

called the formal differential of f. For the coordinate vector fields % we obtain the
formal derivatives

0 0 0 0
(1.16) Dpf:<Df7ayp>: FLOf oy 9F

——2z
oyp  0z° DzaOtP

By iteration, we introduce D, : FJ™ 1 (E, E;) — IR, for every multi-index a. According
to [1], the map associated to [A, B] is given by [A°, B°] and

ove . ov® o oo . 00
X'+ P ... _

0P
? b —_— . e s —
oxt 0zb 82% oxt Y 0zb v ozt

(1.17) Dpd® — D, .

FrNj.tex; [output 2011-08-19; 17:36]; p.5



6 2 PROJECTABLE TANGENT VALUED FORMS ON F(E, Es)

We conclude this section by a lemma. Consider two differentiable vector fields A, B
over A’ BY and a function f € C*°(M,IR). Then fA is a differentiable vector field as
well.

1.1 Lemma. It holds [fA, B] = f[A,B] — (B°f)A

PROOF. Let B(¢ —%|0 (t, € F(Ey, Es). Then we have T(fA)(2] g(t)) = 2|, f((po
9)()A(g(t)) = (Bof)A + f TA(B(¢)). So, our claim follows from (9).

2 Projectable tangent valued forms on F(F;, Es)

We start with a more general concept. Let V' — M be a vector bundle.

2.1 Definition. A tangent valued form of type V on F(Fi, E5) is defined to be a
map A : F(Ey, E3) Xy V — TF(Ey, Ey), which is linear in the second factor and satisfies
the following three conditions: (i) mw o A = pry, (ii) there exists a linear base-preserving
morphism A° : V' — T'M which makes the following diagram commutative

F(By, Bs) xV —A s TF(Ey, E»)

(2.18) przl lTp

\%4 — TM
AO

(iii) for every C*°-section s : M — V', the induced vector field As in F(E;, Ey) is smooth.

Clearly, the lifting s — As is C*°(M, IR)-linear, i.e., for every smooth function f :
M — IR, it holds A(fs) = fAs. We say that A is differentiable if As is a differentiable
vector field for every C'*°-section s. Furthermore, A is said to have order r, if As is an
r-th order vector field for every C*-section s. Such a form A defines the associated map
A: FJT(El,EQ) Xy V — S(TEl,TEQ) by

(2.19) A(jy¢,v) = A6, 0)(Tan() ),

Let w* be some additional linear fiber coordinate on V. Then, the coordinate form of A
is given by A‘(x)v* and

(2.20) AS(zt P 20t 0 < |al <.

Obviously, every r-th order tangent valued form of type V' is differentiable.
Consider an arbitrary mapping ® transforming C'*°-sections of V' into vector fields on
F(FE4, Ey). The following lemma will be of fundamental importance in §4.

2.2 Lemma. If ® is C*°(M, R)-linear, then there exists a tangent valued form A of
type V such that ®s = As for all s € C*V.
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PROOF. We first deduce that s|U = 0, for an open subset U C M, implies
®(s)[p~'(U) = 0. Indeed, for every x € U we take a function f € C*°(M,IR) such that
f(x) =0 and f|M\U = 1. Then s = fs, so that ®(s)(¢) = f(z)P(s)(¢) =0, ¢ € p~(z).
By linearity, we now obtain that s,|U = s|U implies ¢(s1)[p~ (U) = é(sq)|p~*(V)).
Further, let s(zy) = 0. On a neighbourhood U of zy we have s(x) = s*(z)ex(), s*(29) = 0,
where e, are C'*®-sections of V over U such that ey (z) constitute a basis of each V.. Take
a neighbourhood W of z, satisfying W C U and g € C>°(M,IR) with g|W = 1, supp
g C U. Then ¢*s|W = s|W and gs* and gey are globally defined. Hence ®(s)(¢) =
(gs*(0))®(ger)(¢) = 0. By linearity, ®(s)(¢) depends on s(z) only. This induces the
required map F(Ey, Ey) Xy V — TF(Ey, Ey).

Now we restrict ourselves to the case V' = /\k T'M, which is the main subject of the
present paper.

2.3 Definition. A projectable tangent valued k-form on F(E, Ey) is defined to be a
tangent valued form of type A" T'M.

To simplify the notation, we shall write A(X7, ..., X}) instead of A(XyA---AXy), for
Xi,..., X € C®°TM. The map A : FJ"(E1, E3) X /\k TM — S(TE;, TE,) associated
with an r-th order projectable tangent valued k-form A will be expressed by AJ i (@)
and
(2.21) A5 @y z) 0< Jal <,

Ji---Jk

which are antisymmetric in all subscripts.

3 The Frolicher-Nijenhuis bracket

Let A and B be differentiable projectable tangent valued forms on F(Ey, Ey) of degree
k and [, respectively. Starting from a formula for the classical Frolicher-Nijenhuis bracket
(9], [6], we define a mapping [A, B] of C®(A*" TM) into vector fields on F(Ey, E,) by

(3.22) [A, B](X1, ..., Xkwt) =

1 .
= WZ S1gn O'[A(Xa(l), Ce ,Xg(k)), B(Xo(k-‘,-l); Ce 7Xo(k+l))]

k'(l——lz sigh 0 B([A*(Xo(1)s - - > Xo@)s Xoer1))s Xo(h42)s - - - Xo(h1))
(—1)* 0
+ mz sign 0 A([B(Xo)s - - - Xo), Xo41))s Xot2)s - - - Xo1))
( 1)k 1
+ (k— (I —1) 122 sign 0 B(A*([Xoa), Xo@), - s Xoer)s Xothr)s -+ Xo(r)
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8 3 THE FROLICHER-NIJENHUIS BRACKET

(__1)(k—1ﬂ _
+ (k — 1)'([ — 1)'22 sS1gn O'A(BO([XU(l), XO—(Q)], e ,XJ(Z_H)), Xo—(l+2)7 e ,Xg(k_,_l))

3.1 Proposition. The map (17) is C*°(M, R)-linear.

PRroOOF. It suffices to deduce that if we multiply X; by f € C>°(M,IR) on the left
hand side of (17), then the right hand side is also multiplied by f. Using Lemma 1.1 we
reduce it to a combinatorial question, which can be answered in the following way. In
the case when FEj is the trivial fibering M — M, we have F(Fy, Fy) = E, and formula
(17) defines the Frolicher-Nijenhuis bracket of two classical projectable tangent valued
forms on FEy in the sense of the second author, [9]. Here, we know that (17) well defines
the Frolicher-Nijenhuis bracket as a projectable tangent valued (k 4 [)-form. But the
combinatorics is the same in both situations, which proves our claim.

Applying Lemma 2.2, we obtain directly.

3.2 Proposition. For every differentiable projectable tangent valued k-form A and
I-form B on F(E4, Es), [A, B] is a projectable tangent valued (k + [)-form on F(FEy, Ey),
which will be called the Frélicher-Nijenhuis (F-N for short) bracket of A and B. The
following diagram commutes

[4,B]

F(Ey, Bp) % N TM TF(Ey, E,)

- &

N TM ——  TM

[A°,B°]
where [AY) BY] is the classical F-N bracket.

In [1] Cabras and the first author introduced the canonical involution s¢ of the iterated
tangent bundle TTF(Ey, E,). If A is a differentiable vector field on F(E;, Es), then 0T A
is a vector field on T'A.

3.3 Definition. A vector field A on F(Ey, Es) is said to be twice differentiable if
»x o TA is a differentiable vector field on T'F(E, Ey). A projectable tangent valued k-
form A is said to be twice differentiable if A(Xy,...,Xy) is a twice differentiable vector
field on F(E, Es), for all Xy,..., X € C°TM.

If A and B are twice differentiable vector fields on F(FEj, E,), then the bracket [A, B]
is differentiable. Clearly, every finite order vector field is twice differentiable.

There is a proof of the Jacobi identity for classical vector fields on a manifold M,
which is based on the concept of strong difference and on the geometry of the third
tangent bundle TTTM, [11]. That approach implies directly that every triple of twice
differentiable vector fields on F(E4, Ey) satisfies the Jabobi identity. Then we obtain
analogously to the classical case
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3.4 Proposition. The twice differentiable projectable tangent valued forms on
F(E1, E») constitute a graded Lie algebra for the F-N bracket.

Let A and B be projectable tangent valued forms on F(FEj, Fs) of order r and s,
respectively. By (12), the order of [A, B] is r + s.

3.5 Proposition. Let (16) be the associated map of Aand B}, (), B, (z", 4", 25),
with 0 < |B] < s, be the associated map of B. Then, the associated map of [A, B] is given

by [A°, B°] and the antisymmetrization in iy, ..., 4,4 of the following expression
. 0B* . oB* . OB .
i Tht1.--0 b Thg1---l b U1t
(3-23) Ail...z‘k% + Ail.‘.ik% +oot DﬁAil...ikW
- 0AY . 0A? . 0A% .
kl 7 U41---Ck+1 b U412+ b U412+
—(=1) (Bil...ilT + Bil.“ilT +--+ DaBil...ila—Zg)
— LAY ank+1~-~ik+l + (_1>1~clle" 8A§z+1mik+z

11010 6:1% 41...01_11 827”

ProOF. This follows directly from (1.17) and (3.22).

4 Connections on F(FE, Es)

In accordance with [1], a connection I" on F(E}, Ey) can be defined as a differentiable
projectable tangent valued 1-form on F(FEy, E3) over idyy. On one hand, we have the
curvature CT" of I' introduced in [1]. On the other hand, we can construct the F-N bracket
[, T

4.1 Proposition. It holds [I',T'] = 2CT.

PRrROOF. For 1-forms A and B, formula (3.22) reads

(4.24) [A, B](X,Y) =

= [A(X), BY)] + [B(X), A(Y)] + A(B([X, Y])) + B(A"([X, Y]))

— A([X, B'(Y)]) - A([B"(X),Y]) = B([X, A°(Y)]) — B([A"(X),Y])
Setting A = B =T, A° = B® = id, we obtain 2[I'(X),'(Y)] — 2I'([X, Y]). By Proposition
9 from [1], this is 2CT'(X,Y).

Let I" be a connection and A a differentiable projectable tangent valued k-form on
F(E, E). The following definition generalizes [9].

4.2 Definition. The F-N bracket [I", A] is said to be the covariant exterior differential
of A with respect to I'.

FrNj.tex; [output 2011-08-19; 17:36]; p.9



10

REFERENCES

4.3 Proposition. (Bianchi identity) Let T' be a twice differentiable connection on
F(El,Eg). Then [F,CF] =0.

PRrROOF. The relation [I', [I', I']] = 0 follows directly from the graded Jacobi identity.

Consider another connection A on F(FEy, Ey).

4.4 Definition. The F-N bracket [['; A] is said to be the mized curvature of T' and

A.

4.5 Proposition. It holds [I', A](X,Y) = [[(X), A(Y)]+[A(X), T (V)] -T([X,Y]) —
A([X,YY)), for every X, Y € C*TM.

PRroOOF. This follows from (19).
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