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ABSTRACT. We deal with basic geometric properties of the phase space of a classical general
relativistic particle, regarded as the 1st jet space of motions, i.e. as the 1st jet space of timelike
1-dimensional submanifolds of spacetime. This setting allows us to skip constraints.

Our main goal is to determine the geometric conditions by which the Lorentz metric and a
connection of the phase space yield contact and Jacobi structures. In particular, we specialise
these conditions to the cases when the connection of the phase space is generated by the metric
and an additional tensor. Indeed, the case generated by the metric and the electromagnetic
field is included, as well.

INTRODUCTION

In [2, 4, 6] we studied geometrical structures on the phase space of a spacetime naturally
induced (in the sense of [9]) by a metric and a phase connection. Some of these structures
are well known and some are less standard. Actually, the geometric objects arising in the
framework of the Galilei’s phase space [2, 4], involve mainly the concepts of cosymplectic and
(regular) coPoisson structures. On the other hand, the analogous geometric objects arising
in the framework of the Einstein’s phase space [6], involve mainly the concepts of almost—
cosymplectic—contact and almost—coPoisson—Jacobi structures (eventually contact and Jacobi
structures). In this paper we will deal with the Einstein’s spacetime.

First, in Section 1, we recall some standard structures and some new structures, [5|, namely
almost—cosymplectic—contact, coPoisson and almost—coPoisson—Jacobi structures. In Section 2
we study geometrical structures on the phase space of the Einstein’s spacetime given naturally
by the metric field and a phase connection and finally, in Section 3, we study geometrical
structures given by the gravitational and the electromagnetic fields.

In order to make our theory explicitly independent from units of measurement, we introduce
the “spaces of scales” [7]. Actually, we assume the following basic spaces of scales: the space
of time intervals T , the space of lengths IL and the space of masses M. Moreover, we consider
the following “universal scales”: the speed of light ¢ € T™!' ® L and the Planck constant
h € T* ® L? ® M. Moreover, we will consider a particle of mass m € M and charge q €
Tfl ® L3/2 ® M1/2 )

1. GEOMETRICAL STRUCTURES

In this Section M is a (2n + 1)-dimensional smooth manifold.
1
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1.1. Covariant and contravariant pairs. We define a covariant pair to be a pair (w,{2)
consisting of a 1-form w and a 2-form €2 of constant rank 2r, with 0 < r < n, such that
wA Q" #0, and a contravariant pair to be a pair (F, A) consisting of a vector field E and a
2-vector A of constant rank 2s, with 0 < s < n, such that £ A A* £ 0. Thus, by definition,
we have Q" £ 0, Q" = 0and A* 20, A’ = 0.
We say that the pairs (w, Q) and (E, A) are regular if, respectively, wAQ™ £ 0 and EAA™ Z 0.
As usual, we define the following linear maps

O TM —>T'M: X — X"=1ixQ, A :T*M —>TM:aw— o = i,A.

1.2. Structures given by covariant and contravariant pairs. According to [11], a pre
cosymplectic structure on M is defined by a regular covariant pair (w,(2). Two distinguished
types of pre cosymplectic structures appear in the literature. Namely, we recall that a cosym-
plectic structure [1] and a contact structure [10] are defined by a regular covariant pair (w, ()
such that, respectively, dw = 0, d€2 = 0, and 2 = dw . Thus, a contact structure is characterized
just by a 1-form w such that w A (dw)™ Z 0.

We can easily generalize the above structures in the following way [5]. We define an almost—
cosymplectic—contact structure to be a covariant pair (w, () such that

A0=0, WwAQZ0.

We define a pre coPoisson structure to be a contravariant pair (F,A). In particular, a
coPoisson structure is defined by a contravariant pair (¥, A) such that [E;A] =0, [A,A] =0,
where [,] denotes the Schouten bracket, and a Jacobi structure is defined by a contravariant
pair (E,A) such that [E,A] =0, [A,A] = —=2E AA. An almost—coPoisson—Jacobi structure
[5] is defined by a 3—plet (E, A, w), where (E, A) is a contravariant pair and w a 1-form, such
that

[E,A] = —EAN(Lpgw), [MA]=2EA N @A) (dw), dpw=1, i,A=0.
The 1-form w is said to be the fundamental 1-form of the almost—coPoisson—Jacobi structure.

1.3. Dual structures. Let us consider a covariant pair (w, §2) and a contravariant pair (£, A).
The pairs (w,2) and (E,A) are said to be mutually dual if they are regular, the maps
Qbhm(/\u) sim (A¥) — im () ¢ T*M and Aﬁ|im(Qb) Sim (") — im (A¥) ¢ TM
are isomorphisms and
(Qbhm(Au))il - Aﬁhm(gb) ; (Aﬁ‘im(gb))il = Qbhm(Aﬁ) 5 ZEQ = 0, ZWA == 0, iEw =1.

The relation of duality yields a bijection between regular covariant pairs (w,€2) and regular
contravariant pairs (E,A) [11]. Thus, the geometric structures given by dual covariant and
contravariant pairs are essentially the same.

1.4. Relations between structures. Now, let us consider dual pairs (w,2) and (F,A). It is
well known [8, 11] that if (w, 2) is contact, then (£, A) is Jacobi. Thus, the geometric structures
given by dual contact and regular Jacobi pairs are essentially the same. But we obtain more
general result.

1.1. Theorem. [5] The following facts hold:

(1) (w,Q) is an almost-cosymplectic—contact pair if and only if (E,\,w) is an almost-
coPoisson—Jacobi 3—plet;

(2) (w,2) is a cosymplectic pair if and only if (E,\) is a coPoisson pair;

(3) (w,92) is a contact pair if and only if (E,\) is a Jacobi pair. O
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2. EINSTEIN SPACETIME

We recall the geometrical structures arising on the phase space of an Einstein spacetime [6].

2.1. Spacetime. We assume spacetime to be an oriented 4-dimensional manifold E equipped
with a scaled Lorentzian metric g : E — L? ® (T*E ® T*E), with signature (— + ++);
we suppose spacetime to be time oriented. The contravariant metric is denoted by g : E —
L2 ® (TE ® TE). Given a particle with mass m we will consider the rescaled metric field
G=29g:E->TQT"E®T'E and its dual G =: % g FE—->T"TEXRTE.

2.2. Phase space. In view of the definition of the phase space we use the conceps of jets of
submanifolds [14].

A motion is defined to be a 1-dimensional timelike submanifold s : T' < FE. The Ist
differential of the motion s is defined to be the map ds =: j—j T — T*®TE . We assume as
phase space the subspace J1E C J;(E, 1) consisting of all 1-jets of motions.

The wvelocity of a motion s is defined to be its 1-jet jis : T'— J1(E, 1) . We define the contact
map to be the unique fibred morphism x : 1 E — T* ® TE over E, such that xo j;s = ds,
for each motion s. We have g (1, 1) = —c?.

We define the time form to be the map 7 =: —% ¢’(n) : §1E — T®T*E . We have 7(n) = 1
and g(1,7) = —c% . We define also the complementary contact map 0 =11 —n® 7 : 1 E —
T*"E®TE.

2.3. Vertical bundle of the phase space. Let VJE C TJ, E be the vertical tangent sub-
bundle over E and V. FE be the 7-vertical subbundle. The vertical prolongation of the contact
map yields the mutually inverse linear fibred isomorphisms

v, JHWE—-TV'EQVHE and v ': i E—- V' EQT ®V,E.

2.4. Spacetime and phase connections. We define a spacetime connection to be a torsion
free linear connection K : TE — T*E ® TTFE of the bundle TE — E . We denote by R the
curvature tensor of K. We denote by K9 the Levi Civita connection, i.e. the torsion free linear
spacetime connection such that Vg = 0.

We define a phase connection to be a connection of the bundle J; E — E . A phase connection
can be represented, equivalently, by a tangent valued form I' : 1 F — T*E ® TJ, E , which
is projectable over 1 : E — T*E ® TE , or by the complementary vertical valued form v[I'] :
JE — T*3,E @ VJ,E , or by the vector valued form v,[['] =: v tov[l] : 1 E — T*HE ®
(T*® V,E).

We can prove [3] that there is a natural map x : K +— I' between linear spacetime connections
K and phase connections I,.

2.5. Dynamical phase connection. A dynamical phase connection is defined to be a 2nd—
order connection, i.e. a section v : J1E — {JoE, or, equivalently, a section v : 1 E —
T*®TJd, E , which projects on n. If v is a dynamical phase connection, then we have v 7 =1.
The contact map 1 and a phase connection I' yield the section v = y[n,T| =t n.T: 1 E —
T* @ TJd, E, which turns out to be a dynamical phase connection. In particular, a linear
spacetime connection K yields the dynamical phase connection v =: vz, K| =: 1 x(K).

2.6. Phase 2—form and 2—vector. The rescaled metric G and a phase connection I' yield
the 2—form ), called phase 2-form, and the vertical 2—vector A, called phase 2—vector,

Q= Q[G,T] = GJ(,[[IN0) : 3 E — N°T*E,

A= AGT])=GiTAv,) :§E— NTJHE.
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We can easily see that — 2= 7 AQ3 £ 0 and —mcg yAA3# 0, so the pairs (—2 ) and

(—mhc2 v, A) are regular. Moreover it is easy to see that these pairs are mutually dual.

2.7. Dynamical structures of the phase space. Let us consider a phase connection I" and
the induced phase objects v =: y[m, '], 2 =: Q[G,T'], and A =: A[G,T].

We define the Lie derivatives Lr7 = (ird—dir)T and LgT = (ird+dig)7 . Then, the following
results holds [6].

2.1. Theorem. The following assertions are equivalent.

(1) L, xyLr7=0, ‘v’XGsec(E TE), and LrT=0.

(2) dQ =0, ie (=5 7, Q) is an almost-cosymplectic—contact pair.

(3) [-25 v, A] = Iy AN(Ly7)) and [A, A] = 29 A (A ® A¥)(dT)), i.e. the 3-plet
(—# v, A, — mhf:Q T) is an almost—coPoisson—Jacobi 3—plet. O

2.2. Theorem. The following assertions are equivalent.

(1) LFT =0.
(2) Q= —mhcz dr, i.e. (=% 1,Q) is a contact pair.
(3) [—% v, Al =0 and [A, A] 2hoy AN e (—% v, \) is a Jacobi pair. O

Next, let us consider a linear spacetime connection K and the induced phase objects I' =: y(K),
v =[x T], Q@ = Q[G,T], and A =: A[G,T].

2.3. Theorem. The following assertions are equivalent.
(1) Lyx)y7=0.
@) o(Z.2) (Vx9)(Y, Z) — (Vvg)(X. Z) + o(T(X,Y), 7))
+359(Z.X)(Vyg)(Z2,2) - 59(Z,Y)(Vx9)(Z,2) =0,
for each XY, Z € sec(E, TE) , where T is the torsion of K .
(3) Q= - dr, de. (
(4) [-=L5 v,A] = 0 and [A, A] 20y AN, de (=25 4, A) is a Jacobi pair. O

) is a contact pair.

3. GRAVITATIONAL AND ELECTROMAGNETIC STRUCTURES

3.1. Gravitational objects and structures. In what follows we will denote by ¢ all objects
induced by a gravitational rescaled metric field G and its dual G. So we have the Levi Civita
spacetime connection K9 and the induced phase objects I'9, 49, Q% and A®.

3.1. Theorem. We have:
(1) Q0 = —2= dr e (
(2) [—522 7%, A9 =0 and [A%, A%] = 215 A9 A AR e (=

mc2

%) is a contact pair.

78, A%) is a Jacobi pair. O

3.2. Electromagnetic objects and structures. We assume spacetime to be equipped with
a given electromagnetic field, which is a closed scaled 2-form F : E — (LY?2@MY?) @ A’T*E .
With reference to a particle with mass m and charge ¢, we obtain the rescaled 2-form { F' :
E — A’T*E . Let us denote by A a local potential of F, ie., F' = 2dA.
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The metric G, the phase connection I'® and the electromagnetic field F' induce on the phase
space the ”joint” phase connection I' = I'® 4 I'* such that

QG T] = GL(n[TIA0) = Q0+ Qf = - dr 4 L [

Indeed the metric G and the rescaled electromagnetic field 5% F' give the phase my-vertical valued
1-form I'*. Then we have the ”joint” dynamical connection v = 4% 4+ ¢, where 7* =: y[["*] =
n T, Further we have the ”joint” phase 2-vector A[G,T'] = A9 + A®, where A® =: A[G, ] =
G Av Y.

3.2. Theorem. We have
[_ 2h2 ,ye7Ae] — 0’ [Ae’Ae] _ 4ﬁ2 ,ye /\Ae,

mc mc

—732‘2 ~¢, A%) is a Jacobi structure of the phase space. O

ie. (

3.3. Compatibility of gravitational and electromagnetic Jacobi structures. We have
two Jacobi structures on the phase space. The ”gravitational” Jacobi structure (——15 48, A9)
is "regular” in the sense that —% Y9 A (A?)3 is a volume vector. The ”electromagnetic” Jacobi
structure (—-2% ~%, A*) is "singular” since —-2% ¢ A (A%)? =0

Let us recall that, according to [12], two Jacobi structures (£, A;) and (F2, Ay) on a manifold
are ”"compatible” if the sum (F; + Ey, A; + Ay) is a Jacobi structure. Then it is easy to see

that two Jacobi structures are compatible if and only if
[El,A2]+[E2,A1] :0, [A17A2] :ElAA2+E2AA1.

It is easy to see that the " gravitational” and ”electromagnetic” Jacobi structures (— mhcg ~8, A9)

and (—-2% ~¢, A°) we obtained on the phase space are not compatible in the above sense.
mc

3.4. Joint objects and structures. We will study identities of the ”joint” objects which are
obtained as the sum

y=iAt At Q= QR0 A= AT A

3.3. Theorem. We have

(3.1) dQ2=0.
Moreover, —thQ TAQ = —mTCQ T A (Q9)3 is a volume form. So the pair (—thQ 7,Q) is an
almost—cosymplectic—contact structure of the phase space. O

3.4. Remark. Let us remark that the pair (—mTc2 7,€)) is not generally a contact structure.

But if the electromagnetic field F' has a potential A, i.e. F' = 2dA, then

Q[G,T] =d(—m=< 7+ 2 A),

i.e., € has the potential —thQ 7+ % A Then (—mhC2 7+ 1 A Q) is a contact structure if and

only if (—m}f 7+ 4 A) A (Q8)? is a volume form. The condition that (—m;2 T+ 4 A) A (Q8)?

is a volume form is equivalent to q (msA) # mc?. O

ch

h

It is easy to see that the joint pairs (—
dual.

7,Q) and (—-5 ~, A) are regular and mutually

3.5. Theorem. We have
[ A = —hm A, A= 25 (YAAF AN,

mc?

i.e. the joint pair (—% v, \) is not a Jacobi structure on the phase space.
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Proof. Let F' be a closed 2—form. Then we have
Vo, A+ [, A9 = 25 A8 At [A%, A = 1 (4" AAT +278 A AY)

m c2 T mc?

which imply Theorem 3.5. 0

3.6. Theorem. The joint pair (—% v, \) is an almost—coPoisson—Jacobi structure along

m62

with the fundamental 1-form —™

T.

Proof. The joint phase 2-form Q = Q9 4 5L F' is closed so the pair (—mTCQ 7,€)) is an almost—

cosymplectic—contac structure. Then, by Theorem 1.1, the dual pair (—mhC2 v, \) is an almost—

T. O

__mc?

coPoisson—Jacobi structure along with the fundamental 1-form —

Now, let us assume that F has a potential A and let us assume (—thQ T+ % A Q) tobea

contact structure. We will study the dual Jacobi structure.

3.7. Theorem. [f(—mTc2 T+1 A, Q) is a contact structure then (m v, \) is the dual

Jacobi structure. Moreover, if m 2 A =0, then the dual Jacobi structure is (—% v, A).

Proof. First, let us recall that the condition for (—mhc2 7+ 1 A,Q) to be a contact structure is

q(ms A) # mc? Then we can prove Theorem 3.7 in coordinates. O

REFERENCES

[1] M. DE LEON, G.M. TUYNMAN: A universal model for cosymplectic manifolds, Journal of Geom-
etry and Physics 20 (1996) 77-86.

[2] A. JADCzYK, J. JANYSKA, M. MODUGNO: Galilei general relativistic quantum mechanics revis-
ited, “Geometria, Fisica-Matematica e outros Ensaios”, Homenagem a Anténio Ribeiro Gomes,
A. S. Alves, F. J. Craveiro de Carvalho and J. A. Pereira da Silva Eds., Coimbra 1998, 253-313.

[3] J. JANYSKA J., M. MODUGNO: Relations between linear connections on the tangent bundle and
connections on the jet bundle of a fibred manifold, Archivum Mathematicum (Brno) 32 (1996)
281-288, in honour of I. Kolar.

[4] J. JANYSKA J., M. MobuGNo: Covariant Schrédinger operator, J. Phys. A: Math. Gen. 35
(2002) 8407-8434.

[5] J. JANYSKA J., M. MODUGNO: Generalized geometrical structures of odd dimensional manifolds,
to appear in J. de Math. Pures et Appl. (2008).

[6] J. JANYSKA J., M. MODUGNO: Geometric structures of the classical general relativistic phase
space, to appear in Int. J. Geom. Methods Mod. Phys. (2008).

[7] J. JANYSKA, M. MoDUGNO, R. VITOLO: Semi-vector spaces and units of measurement, preprint
2007, arXiv:0710.1313.

[8] A. A. KIRILLOV: Local Lie algebras, Russian Math. Surveys 31 (1976) 55-76.

[9] 1. KOLAR, P. W. MICHOR, J. SLOVAK: Natural Operations in Differential Geometry, Springer—
Verlag 1993.

[10] P. LIBERMANN, CH. M. MARLE: Symplectic Geometry and Analytical Mechanics, Reidel Publ.,
Dordrecht 1987.

[11] A. LICHNEROWICZ: Les varietés de Jacobi et leurs algébres de Lie associées, J. Math. pures et
appl. 57 (1978) 453-488.

[12] J. M. NUNES DA CosTA: Compatible Jacobi manifolds: geometry and reduction, J. Phys. A:
Math. Gen. 31 (1998) 1025-1033.

[13] I. VAISMAN: Lectures on the Geometry of Poisson Manifolds, Birkhduser Verlag, Basel-Boston-
Berlin 1994.

[14] A. M. VINOGRADOV: An informal introduction to the geometry of jet spaces, Rend. Seminari
Fac. Sci. Univ. Cagliari 58 (1988) 301-333.



