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Some Variations on the Notion of Connection (*).

M. MopuGNo - A. M. VINOGRADOV

Abstract. — Distributions on monifolds are studied in terms of jets of submanifolds and are
nterpreted as «pre-connections» or «almost-fibrings»; the associated differential calculus is
developed in detail. A comparison with connections on fibred manifolds is analysed.
Moreover, <higher order pre-connections», defined as pre-connections dependent on jets of
arbitrary order, are introduced and studied. It is shown that infinite jets play an essential
role in the associated differential calculus.

Intreduction.

Being motivated by some geometrical and physical reasons, we investigate in this
paper a neighbourhood of the notion of connection.

One of these reasons arises from the problem of unification of internal and exter-
nal variables in the basic model of field theory. It is well known that the division of
variables into internal and external ones is achieved by means of a fibred structure on
the manifold of all variables. So, as far as connections are concerned, the unification
problem leads us to the question: what should be the corresponding notion in absence
of a fibred structure? An answer is proposed in Part I of this paper. Here, connec-
tions without fibrings, called pre-connections, are treated as m-dimensional distribu-
tions viewed as a part of the jet theory of m-dimensional submanifolds of the manifold
of all variables, m being the number of independent variables.

In Part I we focus our attention mainly on two questions: namely, whether the no-
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tion of covariant differential and that of curvature can be introduced also for pre-con-
nections. First, we have shown that no fibred structure is necessary to define the co-
variant differential. So, this can be associated with any pre-connection as well. This
results from the interpretation of the standard covariant differential in terms of gen-
erating functions of (higher order) contact transformations. On the other hand, only a
weak analogue of the curvature, called deviation, can be defined for pre-connections.
This «deviation» is, in fact, an interpretation of a known construction in the distribu-
tion theory (see, for instance [11]). However, we go further on and present the grad-
ed (or, «super», speaking physically) extension of this notion.

Unfortunately, the Frohlicher-Nijenhuis bracket machinery, which is suitable for
treating standard connections, cannot be applied directly to pre-connections. This,
however, can be carried out naturally in presence of an almost-fibring transversal to a
given pre-connection. In Part I we show, applying the Fréhlicher-Nijenhuis bracket
that all basic formulas concerning the standard connections are also valid for pre-con-
nections with respect to a chosen almost-fibring.

In Parts I and IT we re-expose also some standard facts of the standard connection
theory in a way suitable to prepare the passage to infinite jets, which is made in
Part III. The last one is the most important point of the whole paper. In doing it we
were motivated by a «general» principle of geometry of partial differential equations
claiming that things become much more simple and transparent after being appropri-
ately lifted to infinite jets ([17],[19]). In particular, we show that a lifting of the mod-
ule of infinite order contact transformations can be associated with a given connec-
tion. This enables us to discover higher order analogues of standard connections by
going the back direction, i.e. from splittings to connections. The concept of k-th order
connection we are led this way is quite different from the commonly adopted one (see,
for instance, ([7],[8])) under the same name. Namely, the latter is a standard connec-
tion defined on the fibring J*= — J* 17 of jets associated with a given fibring. On the
contrary, our k-th order connections are defined on = itself. In particular, the corre-
sponding covariant differential acts on sections of = and is a k-th order differential
operator.

We note that every fibring =: E — B possesses a canonical k-th order connection
for k& = 1. The infinite lift of this connection coincides with the canonical flat connec-
tion in the fibring J * = — B whose horizontal distribution is the standard infinite or-
der contact structure on J* =. This example indicates possible applications of higher
order connections in geometry of partial differential equations. Very interesting ap-
plications of this kind one can find in the forthcoming paper by I. KRASIL'SHCHIK in
which the Frolicher-Niejenhuis machinery applied to the mentioned canonical con-
nection produces new important cohomological invariant of partial differential equa-
tions (super-symmetries, deformations, ete.).

Moreover, in Part IIT we deduce all basic formulas concerning the covariant dif-
ferential and the curvature (deviation) of higher order (pre-)connection with respect
to a given higher order almost-fibring. All these results are new to our knowl-
edge.
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In this paper we restrict ourselves only to a motivated presentation of the above
mentioned new conceptions, leaving aforementioned applications to field theory and
geometry of differential equations to the future.

Below, everything is supposed to be smooth.

Part I. - Pre-connections.

1. - Jets of submanifolds.

Here necessary notion and formulas from the jet theory are collected; for details
see [5].

Throughout the paper we consider a manifold £ and submanifolds N ¢ E of a fixed
dimension, say m, with

dimE=m+1!, dimN=m, m=1, (=1.

By definition, for 0 <k, a k-jet of m-dimensional submanifolds of ¥ at e E is an
equivalence class [N of m-dimensional submanifolds N c E, passing through ¢ and
touching each other at ¢ with contaet of order %.

The set of all k-jets of m-dimensional submanifolds of E can be supplied, in a natu-
ral way, with a smooth structure. The corresponding manifold is denoted by
J*(E, m), or simply by J*.

For p = ¢ = 0, the natural projection

Rpqt JP(E, m) = JU(E, m): [NE = [N
makes J? a bundle over J?. Obviously,
Tqro%p ¢ = Tp rs r<gsEp.

Moreover, for a given m-dimensional submanifold N c E and an integer k = 0, we
have the map

j*N:N—J*,  e—[NT,
which is called the k-th prolongation of N. The map j*N is an embedding. So,
N® = (jEN)N)
is an m—dimensional submanifold of J*. Obviously,
{1) TpqoJfN=JIN, p=zq=z0.

We identify J°(E, m) with E. Next, we can identify [N]! with T, N; in fact, m-di-
mensional submanifolds of & touch each other at ¢ with first order contact if and only
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if they have the same tangent space at e. By this reason, the manifold J* (E, m) can be
identified with the manifold Grass (E, m) consisting of all m-dimensional subspaces
of the tangent bundle t5: TE — E. The m-dimensional subspace corresponding to
deJ!, under this identification, will be denoted by L,. In other words,

L,=T,NcT.E, if 8=[N], e=n ().
For 4 eJ*, we adopt the notation
d=m NeE, d=m,(9ek.
Coordinates.

A local chart on E is said to be divided if the set of its coordinate functions is divid-
ed into two parts, consisting of m and ! elements, respectively. The coordinate func-
tions belonging to the first of them are interpreted as «independent variables» and
the others as «dependent variables». Our typical notation for a divided chart will be

(2) (x*,yH, 1sism, 1sis<l.

A divided chart (2) and an m-dimensional submanifold N c E are said to be concor-
dant if x|y, 1 < X < m, are (local) coordinates on N. If so, the submanifold N c £ can
be expressed (locally) by formulas of the type

(3) yi=fi@!, ..., 2™, 1<i<l.
Every divided chart, say (2), on E determines canonically a local chart
(4) (€', yl), 1<ism, 1<sisl, 0<|o| sk,

on J*, which will be said to be special. Here, ¢ = (a4, . o) denotes a multi-in-
dex() and |6| = o + ... + 7,,. The coordinate functions y; are completely character-
ized by the equalities
glol i

dx’
for every submanifold N concordant with the chart (2); here we have used the short
notation

yioj*N =

glel fi alel fi
Ge® - Oxt..dxm

For 1 < A < m, we shall identify the index A with the multi-index (0, ..., 1, ..., 0),
with the unit at the A-th place. According to this notation, the special chart on J ! cor-

(1) Multi-indices will be denoted by boldfaces greek letters.
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responding to (2) looks as follows:

(5) (@, y',yh, 1<sism, 1sisl.
Moreover, we put
<) d
o= ——, o= -,
2T Gt C ooyt

If 9eJ', then the subspace L,cT,E is the span of the vectors
S+ 2Yi®9;, 1sism,
(2

where we refer to a special chart.

Infinite jets.

All above considerations hold also for k£ = « of course, under the necessary cau-
tions. First, we note that the above definition of k-jets remains meaningful for k = .
So, the set J* (£, m) is well-defined. It can be easily identified with the inverse limit
of the sequence

E=JE, m) < JUE, m) —— ... <=2 JHE, m) <% ...
Next, we define the «algebra of smooth functions» on J“ (E, m) to be the direct
limit of the sequence

CM(E) =C°°(J0) Li_; Cw(J’l) —ﬂ2;1> k-1 Cw(Jk) TEetk B

Le. C* (/™) = lign dir C* (J*). In other words, smooth functions on J ® are of the form

7% (@) =poma 4, where 0 Sk < » and pe C* (J5).
The special local chart on J* corresponding to (2) is given by

(6) (x*, ), 1sxism, 1<is<l, 0<|¢| <>,

Locally, smooth functions on J* look as smooth functions of a finite number of vari-
ables (6).

The algebra C> (J *) is filtered by the images of algebras C* (J*), 0 < k < «, un-
der the maps =% ,: C°(J By C>(J*) which are, evidently, monomorphisms.
Speaking below on vector fields, differential operators, forms, etc., we refer to the
corresponding objects of the differential calculus over this filtered commutative alge-
bra as it is understood, say, in[5].

2. - Infinite order contact transformations and their generating functions.

In this section we recall necessary facts on generating functions of infinitesimal
contact transformations (i.e. contact vector fields) of J . Later, we shall use them
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twice: first, for defining the covariant differential of a connection and, secondly, for
interpreting the notion of a connection from the viewpoint of infinite jet theory. For
details and motivations see [5] and [18].

Let 75: TE — E be the tangent vector bundle of £ and

h: TO=TO(E m)-J* 0<k< >,
be its pullback via the map ; o. Thus, T® is the submanifold of J* x TE
T® = {3, u)cJ*x TE|\ue T,E} cJ" X TE .
Moredver, we can define the vector subbundle of 7%
¢ Ct=CHE, m)—J*, 1<k<w»,
by putting
Ct:={,u)eT®|ueL;}cT®.
Furthermore, we consider the quotient bundle
wh: W= WHE, m)—»J*, 1<k<o,
of 7% with respect to c*. By definition, we have the following short exact sequence of
vector bundles over J*
(7 0 CE S T L Wk 50

where r¥ denotes the quotient map.
Thus, the fibres of the bundles t%, ¢* and w* over a point 4 € J* are identified with
T,E, L; and T;E/L;, respectively, and the map r* reads

(8, wy=umodL;, (I, u)el®.

If k = s, then the bundles 7%, ¢* and w” are the pullbacks via 7, , of the bundles
7%, ¢® and w®, respectively. Therefore, r; ; induces the conclusions

T st I'(a®) s I'ah),

where «¢ is one of the bundles 7%, ¢* or w* and I'(a) stands for the set of all sections of
the bundle «. In particular, we have the sequence of embeddings

.oTl@hore Yo, . or@®).

In other words, the C* (J*)-module I'(«*) is filtered by the C~(J ky-submodules
I'(2*) and

(8) =)= li)%n ciir r'(a®). ™

The bundle w®: W= —J* is called the generating functions bundle. Tts sections
are called generating functions of infinitesimal contact transformations (ie. of con-
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tact vector fields) of J* (see below and also [5]). We put
k¥ =rwk, 1sks<w.
Then, according to (8),
KT = li;rl) (1)11' K.

Denote by (M) the C” (M)-module of (local) veetor fields on a manifold M.
A canonical homomorphism of C* (J*)-modules

g ") -k, 1<k< o,
is generated by the following morphism of linear bundles over J*:
g-: TIF Wk, 1<k< o,
where, for e T,J%,
g¥F @) =1%, u),  w=d, o).
In virtue of (8), we have
a” = lukgqom a*.

Moreover, by considering the natural liftt @(E) < m(J!), we obtain the canonical
homomorphism of C* (J*)-modules

g’: D(E)—>xt,
which is the composition D(E) < @(J!) — k!; namely, we can write

XN =1, u), deJ, u=X,.
REMARK. - Sometimes it is useful to interpret r* as a section of the bundle
(tE)* Q@ w* = nf o (v}) ® w*. In other words, r* can be regarded as a rx*valued first
order differential form on E.

Now we are ready to explain how all these constructions are connected with the
theory of contact transformations of J* [5].

Recall that the manifold J* is canonically equipped with an m-dimensional inte-
grable distribution, which is called the Cartan distribution, or the infinite contact
structure.

Namely, this is the distribution d < C,c T, (J*), where

Cy=Ty(N™), for 8=[N]°.

The €7 (J *)-module of all vector fields belonging to the Cartan distribution is denot-
ed by C@(J *), or, simply, by C®. We can easily prove that C® is a Lie subalgebra of
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@(J ). So, the Cartan distribution is integrable in the sense it satisfies the conditions
of the Frobenius theorem.

We say that a vector field X e @(J ©) preserves (infinitesimally) the Cartan distri-
bution iff [X, Y] e C®, for any Y € @®; in such a case, X is said to be a C-field or an in-
finitesimal contact transformation of infinite order. C-fields form a Lie subalgebra of
®@(J ©), which is denoted by @.(J *), or, simply, by ®.. Because of integrability of the
Cartan distribution we have C® ¢ ®.. In fact, C® is an ideal of @, and we have the fol-
lowing result which is central for our purposes.

PROPOSITION. — The quotient Lie algebra ®./C® is canonically isomorphic to the
C* (J*)-module x.

The module x inherits a Lie algebra structure via this isomorphism. Its explicit
construction is given by the map

(9) X(mod ) g®(X) =X Ir”

where X e @.. Here r® is regarded as a x-valued differential 1-form.
Every vector field X e ®(E) can be canonically prolonged to a C-field X* € 0.
Then

g (X*) = ¢"(X).
The fibred case.

Now, let us consider a submanifold N c E. In virtue of (1), pullbacks of the fibre
bundles w* via j¥N, 1 <k < «, are canonically isomorphic each other. The corre-
sponding bundle over N is denoted by

Wy WN—)N

This bundle can be easily identified with the co-normal bundle of the submanifold
N cE, ie. with the quotient bundle of t5/N by ty.

The above considerations allow us to interpret pullbacks (*N)* o, ¢ € k¥, as ele-
ments of xy = I'(wy).

Suppose now that E is equipped with a fibred structure =: £ — B, where dim B =
= m. The k-th jet [s]t of alocal section s: U — E, U ¢ B, of m at the point # e U can be de-
fined as

(10) (sl = sy e JYE, m), O0<sks .

The manifold of all k-th order jets of local sections of = is denoted by J*=. Definition
(10) shows J*= to be an open and every where dense subset of J k(E, m), as it can be
easily seen. By this reason, all above definitions and constructions are valid for the
manifolds J*= as well. And, moreover, the fibred structure on E produces some addi-
tional useful identifications.



M. MobugNo - A. M. VINOGRADOV: Some variations on the notion, etc. 41

In particular, let
nk:=7rortk’0:Jk7r—>B, 0<k< o,

Then, the bundle c¥: C*¥ — J*x is identified with the pullback =} (rp), 1<k < .
This identification is given by means of the isomorphisms

dyn: Ly—> Ty B, det*r,

taking into consideration that 7 (&) = n(4) and that L, and T, B are fibres over ¢ of
c® and xf (rp), respectively.
Similarly, let

ot V, > H

be the vertical subbundle of ty consisting of all vectors tangent to the fibres of =.
Then, w* is identified with the pullback =} (v~). This results from the decomposi-
tion

TéE=U;1(£)@L;,

because of the identifications u;!(d) = (the fibre of =% ((v,) over deJ*x) and
TyE/L;z = (the fibre of w* over 4).
Below, the pullback of v, via =, o is denoted by

ke VO 5 gk,
Coordinates.
The local chart of ¢* naturally associated with the special chart (4) on J* is
@, ys, 2", 2N, u)=ut, 1sism, 1<is<l, 0<|o| <k.
Moreover, the vector fields
b, =0, +y%i0;, 1<is<m,

constitute the local basis of ¢': C*— J?!, which is naturally associated with the local
chart (5) of J!.
Then, we obtain the following coordinate expression of i*

(@, Yo, 2" = (2, yo; 27, 27y))
Le.
1" =dz’ ® (3, + 4i9;).
The local chart of w* naturally associated with the special chart (4) on J* is

(x, yi, 2",  22@F, w)=ul - utyi(s).
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The associated local basis of sections of w" consists of the generating functions
gi=g’@extckt, 1sisl,

of the vector fields 9; = 9/3y".
By interpreting r* as a section of the bundle 7% ((v}) ® w*, we obtain the follow-
ing coordinate expression of r:

(11) ¥ = (dy' — yide?) ® ;.
Now, by joining together (10) and (11), we get the coordinate expression of g“:
gt (X) = X' - X*yN s,

where X = X'9, + X*3, + X.8/dyt.
The pullback ry of ¥ via j*N (which does not depend on k) looks as

(12) Iy = (FNYr* = (dy' -~ df YR L v,

assuming that N is given by (3) and ¢; y = (j*N)*¢;. Here, dy* should be regarded as
a section of 3 |y.

The coordinate description of the Cartan distribution on J* can be given by
means of the so-called full derivatives

(13) D=8+ Dphs oy A=Do
i, y

[

Namely, the subspace CycTs(J™) for $eJ~ is the span of vectors D, 5, A =
=1, ..., m, where

i
[

D, =0+ E@/iu -
Now, we can see that (locally):
cOJ =)oy © Y=a’D,, for some a*eC”(J").

The dual way to give the Cartan distribution is by means of the infinite Pfaff
system

wl=dyl —yi,,de*=0, forall i, o.

Every X e @ can be presented uniquely in term form

(14) X=3_+Y, Yeco,
where ¢ = (¢!, ..., p), p'e C*(J ™), is the generating function of X and
(15) 3, = 2 D, () .

Ao Yo

Here, D, = Dio... oD}, supposing that o = (i1, ..., in).
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Finally, if Z = o8, + 88;, a*, 8' € C” (), is a vector field on E, then its infinite
prolongation Z~ e M(J ~) looks as

Z® =3, +a'D,,

where ¢ = (¢1, ..., o™ and ¢’ = 8" — a’ ;. Then, finite prolongations Z* e ®(J*¥) of Z
are projections of Z* onto J*, k=1, 2, ..., via T, ko

3. — Pre-connections.

By taking in mind the well-known definition of eonnection on fibred manifolds, we
adopt the following

DEFINITION. — A pre-connection (on the space of all m-dimensional submanifolds of
£) is a section

y: E—JY(E, m)

of the bundle 7, o: J' > E.
The distribution

Ese—L,,cTE

on K is naturally associated with y. The corresponding m-dimensional vector sub-
bundle of TE will be denoted by

h,: H - E

and said to be horizontal with respect to y. Obviously, y is uniquely characterized by
this subbundle. Moreover, we have

h,=y*(cY).

The subspace h;1(e) =Ly, of T,E is said to be horizontal with respect to y at
ce k.

REMARK. - An arbitrary m-distribution on E can be, evidently, interpreted as a
section of the bundle =, o: J*(E, m)— E, ie. as a pre-connection. So, it seems to be
no difference between distributions and pre-connections. In fact, the notion of distri-
bution is used below in its «relative meaning», i.e. with relation to the role it plays in
the study of the «manifold» of all m-dimensional submanifolds of a given manifold E.
To underline this polarization of mind, we use the term «pre-connection» instead of
«distribution». The subsequent exposition with elarify our terminology.
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We define the vertical bundle
u: V, = FE
of y, to be quotient vector bundle of <5 by &, . By definition, the fibre of v, over e K
is T,E/L,,. From the definitions it follows directly that
vy = r*(wh).
Moreover, we have the following exact sequence of vector bundles over K
(16) 0—H,STESV, -0,

where ¢, and v are the natural inclusion and quotient maps, respectively. Obviously,
(16) is the pullback of (7), for £ =1, via v*.

The fibred cose.

A fibred structure =: £ — B, dim B = m, is said to be transversal to y if the hori-
zontal subspaces of y are transversal to the corresponding fibres of #. In this case,
v(B)cJ*zcJ (E, m) and y can be considered as a section y: E—J 17 of the bundle
m19: J = E, ie. as a connection on 7. In other words, a pre-connection y on E be-
comes a connection with respeet to any transversal fibred structure on E (see(8)).
Moreover, such a structure allows us to identify:

—~ the vertical bundle v, of y with the vertical subbundle v, : V.—B of =;
— the horizontal bundle %, of y with =*(zp).

This results from the identification of w* with n¥((u,) and of ¢! with =¥ (rp),
which have been introduced in the previous section:

v, = W) = y* (rf o (ua) = (mr,0 07 (u2) = 1 (u) = vy,
hy = Y*(Cl) = Y*(ﬂT(TB)) = (771 OY)* (TB) = 7(7*(7.'3).

Moreover, the bundle wy: Wy — W is identified with the bundle v.|y: Vi|y—> N
in a similar way.

The above identification map of vertical bundles can be regarded as a splitting of
the short exact sequence (16). We shall see that the only point in which the theory of
pre-connections differs from that of connections is the absence of a natyral splitting
of (16).

Coordinates.

A section y: B — J* of 7, o is described, in terms of an admissible divided chart
(2) on E and the corresponding coordinates (5) on J!, by means of the local functions
on K

vii=Yier.
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Here, «admissible» means that H, is transversal to the coordinate submanifolds
% = const of the considered local chart.
The Pfaff equations determining the horizontal distribution %, are

dy'—vyide*=0, l1<is<m.
The local vector fields
{17) B}\ I=a)+'}/f\ai, 1$)\$m,

constitute a local basis of I'(h,).
The local sections

(18) Qi =y*()=0,modH,, 1sism,

constitute a local basis of I'(u,).
By interpreting the C” (£)-module homomorphism v,: ®(E) —I'(v,) as an ele-
ment of I'(z§ ®v,), we obtain the following coordinate expression

(19) v, =(dy' — yide) ®Q;.

4. - Coavariant differential of a pre-connection.

Now we shall show that the basic notions of covariant differential and curvature
can be defined just at the level of pre-connections.
Let

hE: HP —>JF  and o VP - J*
be the pullbacks of %, and of v, via =, o, respectively. Then, we have the canonical
maps

k
Y

W

: n;’fyo(zr) —ST®E and k= mholv,): TPE - V.ﬁk)

constituting the exact sequence

: ¥
0 HP STOE SVE 0

which is the pullback of (16) via = g.
The case k =1 will be of particular interest for us.

DEFINITION. — The covariant differential of a pre-connection y is the composi-
tion

1 1, pr(1) 1
V)’ =T ozy.H}, —w",
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or, passing to sections, the corresponding homomorphism of C* (J *)-modules
V,: I'(h})—>x'.

Sometimes, it is useful to interpret V, as a section of the bundle (h))* @ w'.

From the above considerations it follows that the covariant differential can be re-
garded as a x'-valued differential form defined on the distribution H,. Therefore, the
insertion operation M(E)>TI'(h,) — k'

XQV)/,X:=X—I V},

is well defined. This gives another interpretation of V, as the operation which assigns
to every vector field on E, belonging to the distribution H,, its generating
funection.

Moreover, we can associate with V. y the first order differential operator, denoted
by the same symbol,

(20) V. x: N> (GAN)* V. ye Iy,

which acts on m-dimensional submanifolds of .

The fibred case.

As we have already seen in the previous section, a pre-connection y becomes a
connection in presence of a fibring =: £ — B transversal to y.

PROPOSITION. — In this case, the covariant differential of y, as defined above, can be
identified with the standard covariant differential of y regarded as a connection.

Proor. — To do it, one has:

i) to identify wy with v, |y for N = s(B), s € I'(n);

ii) to pass from submanifolds of E to sections of = and from vector fields belong-
ing to H, to horizontal lifts of vector fields on B.

These changes transform definition (20) into
(21) Vy: s> (319)*(V, p) e I'(s* (v)

where s € I'(r), Y € ®(B) and Y is horizontal lift of ¥ with respect to y. Now, it is easy
to see that the operator V. defined by (21) coincides with the standard covariant
derivative operator along the vector field Y on B assigned to the connection y
(see [8]). It can be also seen coordinate-wisely from the local expression of y present-
ed below. =
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Observe, also, the identifieation of hf with =} (t3):
he =7k o(hy) = nf o (7% (v5)) = (momy o)* (v5) = =} (v5).
In its turn, this allows us to identify (k})* ® w' and =f (r}) ® ui. So, the covariant
differential of the pre-connection y can be viewed as an element

V, e (=t (5) @),

ie. as a horizontal (with respect to =;) vl-valued differential form of J!7. Then, the
C* (B)-linear map

®(B)3Y—Y 1V, eI'(l)
defines a vl-valued differential 1-form on B, which will be denoted by

V,eIGH) & I

This gives an alternative description of the covariant differential of the connection y.
Let [0, :=v'on': C'— VIV, Collecting now together all basic maps introduced
above, we get the following commutative diagram

0 \

Cl
al
(22) 0 <——=%(TB) TOE 122 0
Fl
H: Wi
e " N
0 0

where the vertical arrows are, by definition, compositions of usual ones belonging to
the same triangle. If z: E'— B is transversal to y, then they coincide, as it is easy to
see, with the identifications made above:

C'erf(IB)+H" and VPeV, eW!.

Moreover, it is easy to check that, by performing these identifications, we
have
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By this reason, [, is an alternative candidate for «pre-covariant differential». But
the choice we made here seems to be more preferable, in particular, because of its di-
rect relation to the theory of generating functions.

Coordinates.

Below we interpret V, as an element of I'(h;* @ w'). Let (B*) be the basis of k.
dual to (B,), (17). Then, using (11) and (17), we get the coordinate expression of V,:

(23) V,=(ri-ypB* s,

where B” stands for =} ((B*).
Let (b*) be the local basis of (¢!)* dual to (b,). Then, the following coordinate ex-
pression of [, results from (19)

(24) O, =(yi ~yDb*®Q;,

where we interpret [J, as a section of (¢)*®£h,.
In coordinates, the identifications H(" <> C? and W'« H\" described above look

as
B,<b, and ;<@

if the initial divided chart (2) on E is coherent with =, i.e. if 2” are «base coordinates»
and y* are «fibre coordinates».

5. — Deviation of a pre-connection.

The analogue of the notion of curvature for pre-connections is that of deviation,
which will be introduced below.
For this purpose, we note that the map

(25) 8t I'(hy) X T'(h,) = I'(uy): (u, v)=> v, ([u, v])
is € (E)-linear and, obviously, skew-symmetric. In fact, for fe C” (E),
v, ([ fu, v]) = v, (flu, v]) — v, (u-fu) = fu, ([u, uD),
because v, is C* (E)-linear and v, (I'(k,)) = 0.
DEFINITION. — The skew-symmetric and C* (£)-bilinear form
&yt I'(hy) X I'(hy) —T'(uv,)
is called the deviation of y.

The integrability condition .
(I'¢h,), I'(h )] c I'(Ry)
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of the distribution H, is, obviously, equivalent to the vanishing of ¢, . So, ¢, measures
the deviation of H, from being a completely integrable distribution.

We shall regard ¢, as an element of I’(Az(hy) ®v,), where A* denotes the k-th ex-
terior power of a vector bundle.

REMARK. — Let y be a connection of a bundle n: £ — B. Then, the deviation of the
pre-connection y is related to the curvature of the connection y of = in the following
way.

Let X, Ye @(B) and u, ve @(E) be the horizontal lifts of X and Y, respectively.
Then, we have

R (X,Y)=2¢,(u,uv),

where R, is the curvature of the connection y and v, is identified with the vertical
bundle of .
Coordinates.

By choosing (B;) as a local basis of I'(h,), we have

[2*B,, 8“B,] = (a’B* — 2#8*)8, vi + y18;7L) 8; mod H, .

Therefore,
(25) 8, = (O vh+vi8; v )B*ANB*Q®Q;.

This formula becomes the usual coordinate expression of the curvature if we refer
to fibred coordinates.
The graded («super») extension of deviation.

The above expression of deviation can be naturally expressed in terms of the fol-
lowing general machinery.

Namely, let AiD{,’;“ denote the C* (E)-module of C* (E)-valued and skew-symmet-
ric forms on H, and let 3¢, = I'(h,), ©, = I'(u,). Then, for a given y, the natural differ-
ential-like maps

6,0 ATHER I, ->AHER® Y, i=0,1,..,m,

are defined by means of the formula

1 _ _
(8,00 Uy y ..., Uiyy) = 1 MZM(_DIC Yy L, 9(Uyys ey Wiy oy Ui )],

for wy e dC,, pe A'AF® I,
If id, e 9} & 9, = Homg= (g (9, ¢,) is the identity operator, then

(26) ¢,=4,0d,),

as it is easily seen from the definitions.
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We note that the C” (E)-module
A*3CE® aC, = (EOAZ':)C,?) ® 96, = 2 (4°36; ® 6)
can be also regarded as a graded A* 3(-module, where A* 3} = _Z A'9CH is viewed as
a graded algebra, with respect to the standard exterior produzcizo
(w, e @u—>(A)Qu, ,peA*IHE, ued.
Similarly, the C* (&)-module
A*HE® Y, = EO(Aisc;" ® )
can be viewed as a graded A*3(}-module. Then, it is easy to see that
S, (wNAp)=(~DoAnlp), wed®d}, peA*HFRX,.
In other words, interpreting 6, to be a graded map
8,0 A*HEQ I, - A*HER Y,

of degree 1, we see that it is a homomorphism of graded A*3C}-modules.
Moreover, we define the _-product

(A9, ® 9C) ® (A'HEFR V) =A™ 1F RV,
by means of the formula
(@@u) J(p®u)=(w\(udp)Qu,

where w e AP3C*, o€ ATICH, u, ue I, and (u )ty ..., Uy_1) = o(U, Uy, ooy Ujm1).
Then, we see that, for » € 3(,,

6, (wuy) = v, (uy, ul) =8, (uy, u) = —(u 48, )uy),
ie.
o (u)y=-udé,.

More generally, we have the following

PROPOSITION. - If ¢ = 0 @ u € A*3C} ® I, then
8,()=8,(w®u=(~DaAd@=-D"oA@Is)=(-1)"Tcds,
ie.
(27) 3. (p)=(-1)"lgde,.

Formula (27) shows that the deviation ¢, determines &, completely.
From the point of view of the graded (or «super») calculus it is natural to define
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the degree of A'9*® I, as well as A*HF® 7V, to be equal to i —1 (see, for
example, [20]). Then the degree of 4, is equal to 1 and we see from (26) that the devia-
tion is the right operator corresponding to the left operator 4,. This allows us to in-
terpret 6, as the graded (or «super») extension of ¢,.

Part II. - (Pre)-connections on almost-fibrings.

1. ~ Almost fibrings.

As we have already seen, the covariant differential and the deviation of a pre-con-
nection y on E, in presence of a fibred structure »: £ — B, turn out to be the covariant
differential and the curvature of the corresponding connection, respectively. More
exactly, this is achieved by means of appropriate identifications, the main of which
are those of V, and V_, which allow us to realize V, as subbundle of TE. The last one,
however, can be done with the help of an I-dimensional distribution on E transversal
to H,. So, having in mind the role that such a distribution could play in the theory of
pre-connections, we adopt the following terminology.

DEFINITION. — An Il-dimensional distribution n: V, - F, V, c TE, on E is said to be
an almost-fibring of E (with respect to the «space» of all m-dimensional submanifolds
of E).

REMARK. —~ This notion is of the same «relative» nature as that of pre-connection
and its introduced to keep the necessary polarization in mind.

It is natural to call almost-sections of an almost-fibring m on E all m-dimensional
submanifolds of E' which are transversal to n. Jets of a given order % of almost-sec-
tions of m constitute an open and every where dense set of J*(E, m) which we denote
by J*n. In such a way, jet manifolds are associated with almost-fibrings. It is easy to
see that the standard generalities of the jet theory of fibrings can be carried over onto
jets of almost-fibrings without changing a word. For instance, we have the
maps

wgt J*n—-Jln  and  j,N: N> J*n, 0si<sk< >,
supposing that N c £ is an almost-section of 1.
REMARK. ~ It seems promising to study the geometry of pairs (J*(E, m), J*n),

k>0, supplied with the Cartan distribution in view of further applications to the
theory of distributions (i.e. of m).
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For a given almost-fibring m, we denote by
hy: H,— E
the quotient bundle of vz by n. Also
nf: VO 5 J%  and  hF: HP — J*

denote pullbacks of n and h, via =, ¢, respectively.

A divided chart (2) is concordant with an almost fibring n if the distribution V, is
transversal to the coordinate submanifolds = eonst. In this case, V,, ean be described
with the aid of functions n}, which define vector fields of the form

B;=98;+mut3,, i=1,..,1.

2. — Pre-connections on balmost-fibrings.

Now, we consider two transversal distributions on ¥, say y and m, of dimension m
and , respectively, and regard the first of them as a pre-connection and the second
one as an almost-fibring. The addition of an almost-fibring to a pre-connection en-
larges algebraic and analytic tools to work with and, in particular, it allows us to use
the machinery of the Frélicher-Nijenhuis bracket in the spirit of [10].

The compositions

quotient along V;,
H,OTE ————=— H,

quotient along Hj
V,>TE ———= 1V,
are, evidently, isomorphisms of vector bundles if y and m are transversal and, there-
fore, lead to the identifications

h¥~hf and ui~n*, 0sks< o,

Let now P,: TE — TE and P,: TE — TE be the projections of TE onto H,c TE
and V,cTE, respectively, which correspond to the direct decomposition TE =
=H,®V,. Then, for all e J 1, the linear maps

PY
TE>L,—h (8 cTE

are isomorphisms for all 4 & J'n and generate an isomorphism of the linear bundles n!

and w'.
The isomorphism obtained in this way leads, via py o, 1<k< ®, to the

isomorphisms

¢k ~n%  and of~wt.
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So, in presence of an almost-fibring n transversal to y, we have the following ana-
logue of diagram (22):

/0

(28) 0

Vip <—0

Here, all bundles entering in it are supposed to be defined on J'n and all vertical
arrows coincide with the corresponding isomorphisms defined above. Moreover, the
identification v, ~ m allows us to interpret ¢, as an V,-valued bilinear form on H,, ie.
as the curvature tensor of y with respect to m. We denote it by R:

RI(u,v)el(m), u,vel(h).

Coordinates.

We suppose the considered divided chart (2*, *) on E to be concordant both with
y and m, ie. that

B, =08+ 7vid%, B;=0;+n9,
are bases of H, and V,, respectively. Then,
(29) 9,=8¢B, + S{B;, 3 =S¢B,+ S{B;,

where

8]2 - Hfz* Y,{;“_l ’

Sgll =l —v; § _1’ S{ =
- flol-b i1

Si= —yf\Sji= —Sg‘yf;, Sg=-n}St= —Sjinf{.

Consider the basis ¢; := 8; modI'(n), i =1, ..., I, of H,. Then, the above identifi-
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cations have the following coordinate description:

( II"“UY: Ble(é\%—’ﬂ‘ff}’{‘)Qj, Qj""S;Bi,
ut ~wl: Bies (81— nty)) ¢,
(31) vy~ w' oS @ -y,

< .
h’y~hH: Ble(aﬁ_ying)qy’ qy.eS:BA’
¢t~k bye (8% —yint)g,,

| ¢~ ki by (84 - yin) S, B, .

Now we obtain from (25) and (31) the coordinate description of the curvature ten-
sor R} of y with respect to

RM'= (8,vi + vid;y))S¥B* AB“® B, .

In other words, the components of this tensor with respect to the basis (B,, B;) of
TE are

(R, = (3, 7L + v40;vE — 8,7 — vh9vD) SE.

We see that this expression coincides with the standard one when S}“ = o“j-‘, ie.
when V, =V, for a suitable fibring =: £ — B (see[10]).

3. ~ Thre Froilicher-Nijenhuis machinery.

The pair consisting of a pre-connection y and an almost-fibring n transversal to it
can be given by means of each of the projections P,, P,: TE — TE (see previous sec-
tion), or by each of the corresponding C* (E)-linear maps

w,, oy QE)—>0(E).
It is evident that

2 2 _ — .
wiw,, wh = wy, w,+ o, =idee,

F(hy)=imw7=kerwn, I'(m)=kerw,=imao,.

Below we interpret these maps as vector-valued differential forms on
E:w,, o€ AY(E) ® @(E). This enables us to apply the machinery of Frolicher-Ni-
jenhuis bracket (see [3]) which was found to be rather useful in the context of connee-
tions (see[1], [2], [4], [8], [9], [10], [11], [12], [13], [15D.

From (29), (30) we deduce the coordinate expressions of &, and wy:

w, = (S{de’ + SLdy") ® B, = (S§da* + Sf dy) ® 8, + (St yfda' — SFdy») @3y,
wy, = (SEde™ + Stdy") @ B, = (Sfukda* — Stdy) ® 9, + (Skdx* + Skdy*) ® 9, .
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We recall that the Frolicher-Nijenhuis (F-N) bracket on £ is a set of pair-
ings
[ ] ATE)Q®E) X A (E)QDE) > AT (E)® B(E)

which supplies the A* (E)-module N(E):= A*(E) ® @ (&) with a graded Lie algebra-
structure. Here, A*(E):= >, A*(E) stands for the exterior algebra of differential
iz0

forms on E and tensor products are taken over C* (E). On decomposable elements of
N(E) the F-N bracket is given by the formula:

[e@u,BQul=a AU, ul +a NL,AQu~(~1)V"BAL,a@u+
+(-1)i,a ANdE®@u — (—1)*** i, ANdx@u,

where a e A"(E), e A°(E), u, ve B(E) and L, and i, denote the Lie derivative and
the insertion operator along w e M(E), respectively. For an alternative approach,
see [20].

The graded skew-commutativity and the Jacobi identity for F-N bracket looks as

[a, ,3] = - (_1)]a|[,3| [,By a])

(=D [, [8, o1] + (¥ [, [0, ad] + (— 1)FI¥! [, [, 5] = 0,

where we put |w| =s for we A*(E) Q@ O(E).
With any w e N(E) we associate a differential-like map

d,: NE)>NE),  dy(e):=[o, ol

Because of the Jacoby identity, d,, turns out to be a derivation of degree |w| of the
Lie algebra N(E):

dofa, 8] = [d, 2, 1+ (= 1)"!1*/ [, d,8].
The Jacobi identity can be also presented in the form
d,od, — (=D)lelld od, =dy, ;.

In particular, for o = p, we have
S A= (-Dkhdi=d,,

where

=Llg.=1
T, = 2 d,w 2 [w, o].

From the skew-symmetricity of F-N bracket it follows that

r,=0 if || is even.
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On the contrary, in general r, # 0 if |w| is odd. Moreover, if w e A*(E) @ ®(E) is a
connection, then 7, is its curvature (see[10]).
Another consequence of the skew-symmetricity of the F-N bracket is

[r,, r,]=0,

which is valid for arbitrary o e N(E), but is non-trivial for odd |w| only. Further-
more, the following generalized Bianchi identity results from the Jacobi identity

(32) d,7,=0;

it is non-trivial for odd |w|.

4. — Curvature with respect to an almost-fibring.

To illustrate in which way the Frolicher-Nijenhuis techniques can be applied to
(pre-connections), we present below the expressions of the curvature and the torsion
in terms of the F-N bracket.

To start with, we recall the following general formula, which is valid for arbitrary
a, f € Homg= g, (D(E), D(E)) = AI(E)C@ M(E) and u, ve D(E) (see[14], [10]):

&)
(33)  [a, B1(w, v) = [au), B()] + [B(w), a(W)] — al[u, W) — Bu, a(v)]) +
+allv, B(u)]) + By, «(w)]) + «(Bu, u])) + Bledlu, v]) .

The immediate consequences of this formula, for a projection operator «, i.e. such
that «% = «, are:

(34) { [, al(u, v) = 2a([u, u]), for u, vekera,

(o, a)(u, v) = 2[u, v] — 2a((u, v]), for u,veima.
Then, by putting
d, =

Y

dwy : dl‘l = d(un ’
and a = w, or w,, we see from (34) that
d, (0, )1, v) = dy(0 )Y, v) = 20, (u, v]),  u,vel(h).
In other words, we have
Ry =L a0l = 5 datwnls,

and the Bianchi identity for y with respect to u follows from (82) by observing
that
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Let now u be another pre-connection on , transversal to the same almost fibring
0. Then, the difference between y and ¢ can be given by means of the so-called solder-
ing form o e Homg= g, (I'(h,), I'(m)) = F(hy)*c%mp(n)' By definition ¢(u) € I'(n1), for
uwe'(h,), is the unique «vertical» vector field such that u + o(u) eI'(h,).

One can regard the composition oo w,: ®(8) — I'(11) to be a map into M (§) because of
the inclusion I'(x) c @(é). Then, by applying (33) to x = w,, f=cow,, we obtain:

(35) lwy, g0, (%, v) = oy (4, o(W)]) — (v, s(W]) — (o, (u, u])

for u, v e I'(h,). We denote the right hand side of (35) by ~(u, v) = =, ,(u, v) and inter-
pret it as the torsion of y with respect to ¢ and (1) (see[10], [12]). Now, we can
rewrite (35) as

d, (o, OG)IHY =1 ,-

This is the desired expression of the torsion in terms of the F-N bracket.

Part III. - Higher order pre-connections.

1. - The infinite prolongation of pre-connections and almost-fibrings.

In this section the above theory on pre-connections and almost-fibrings is lifted to
J“. This is the necessary step in order to interpret connections and their generaliza-
tions in the framework of the category of differential equations (see [5], [19]). We re-
call that objects of this category are (locally) infinitely prolonged differential equa-
tions and, in particular, infinite jet spaces.

To start with, we need some elementary notions from the theory of smooth
manifolds.

Let M, N be manifolds and F: M — N be a smooth map. Then, the algebra C* (M)
can be considered as a C'* (N)-module according to the multiplication:

(fio)=>F*(f) e, [feC"(N), peC*(M).

An M-valued vector field on N along F is by definition a derivation of the algebra
C* (N) with values in the algebra C* (M), regarded as a C * (N)-module. The set of a]l
such fields will be denoted by ®(N; M, F). If

X:C*°(N)>C* (M)

is an M-valued field on N and fe C= (M), then the operator fX: C*(N)— C> (M),
¢=>fX(p), p e C” (N), is also an M-valued field. This fact shows that the multiplica-
tion (f, X)—fX supplies (N; M, F) with a structure of C* (M)-module.
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For Xe ®(N; M, F) and ae M, we can define the vector X, e Tp,,N by the
rule

X, (p) = X(p)@), VpeC™(N).

From this formuls, it follows that the M-valued vector field X can be interpreted as
the section a— X, of the pullback F'*(zy) of the tangent bundle t5: TN — N along F'.
This gives the identification

DWN; M, F)=T(F*(zy)).
Let now H be a distribution on N:
NBbHHbCTbN.

An M-valued vector filed is said to belong to H if X, € Hp,), Ya € M. Obviously, all
such fields constitute a submodule of ®(N; M, F) denoted by @z (N; M, F).

For each X € M(N) (resp., Y € ®(M)), we obtain the M-valued vector field F* o X
(resp., YoF*) defined by (F*.oX)(¢)=F*(X(g)) (resp., (YoF*)g)=X(F*(p)),
where ¢ € C” (N).

Ifz=(x!,...,2™)and y = (¥, ...,y") are local coordinated on M and X, respect-
ively, then the corresponding local expression of X e OX(N; M, F) looks as

(36) X=> X%x)(F*o a.),
dy'

1sisn

where the Xi(x)'s are the components of the vector X, with respect to the basis
3/8yY, ..., 8/3y* of TN and the s are the coordinates of a € M. This results direct-
ly from the above definition of X,.

Below we will use the simplified notation

X= 2 Xi@-<,
1sisn My’

instead of (36).
A map G: M'— M generates the map

GU:IN; M, F)—»®N; M', FoG),
where
G X)9)=G*(X(¢)), Xe®WN;M,F), €™ (N).
In particular, in such way, we get the map
F° O(N)— O(N; M, F)

by identifying (N) with O(N; N, idy). Evidently, F'(X)=F*.X, for Xe®(N).
Note that G° is injective if G is surjective.
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Returning to jets, we define the C* (J* )-module
BE; T 7w p)

to be the direct limit of the sequence

R ek

0XE) _’i?_") WE; T 7y ) —> ... —> XE; J5, 1 ) — ...
Then, we have the following fundamental isomorphism
(37) Be(J* (B, m)) = NE; J*(E, m), w o)
realized by means of the map:
@De(J*)2Y>York e DE; J*, 7o)

(see [5]). Below we identify @¢(J ") and OXE; /%, 7o ).
Now we are able to associate a submodule of @0 (J “), denoted by @, , with a given
pre-connection y on E:

@y = @y (B; I, me ) C .
We need also the quotient C* (J* )-module
Ky=De/Dy.
The following identifications result directly from definitions:

BRI )=E; J®, 1 o) =T(zF),

(38 ®
) @, =Ih’), x,=I(;),
(see Sec. 2 for the definition of I'(a™)).
Because %,” and vy are pullbacks via 7, o of 4, and v, respetively, it is possible to
lift the notion of deviation to J* by applying the pullback operation =%  to the defini-
tion of ¢, (see sec. 5). This leads us to the following defintion of the lifted deviation

O],.

(39) 55X, N=v>(X, YD), X, Yem,

where v can be interpreted either as the quotient map ®.—«x,, or as the
map I'(h,” ) — I'(v,’ ) which corresponds to the =, ¢-pullback of v, (see Sec. 8).
Similarly, the pullback operation =% ,, applied to the definition of the covariant
differential of a pre-connection, lifts this notion to J“. Taking into account the above
identifications, we can see that this lifted differential V7 is the composition

i
@, > D —> K = Dp/CD
| v 4
In other words, the lifted covariant differential V> assigns to every C-field belonging
to @, its generating function.
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Finally, by the same reasons, the = o-lifting O; of the operator [, can be identi-
fied with the composition

v
R —> My — >k,

| = 4

More generally, we can associate with a distribution Vc TE on E the following
two C™ (J 7 )-modules:

@y = By(E; %, 70 0) CDe
and
Ky = De/Dy.
As above, we have the natural identifications
(40) My=IW"), kKy=IW"),

where v=1z|y: V—FE and u: TE/V—E is the quotient bundle.
By putting together all maps and modules defined previously, we get the follow-
ing eommutative diagram:

"\

CHR

/o

K,

mbs
. o im
@1 0 Ky <L — (o <~

e Py 0
@, K
/ ! \A \

0 0

where iy 1 My —> Me and vy : B — Ky are the inclusion and the quotient map, respect-
ively, and the vertical arrows close, by defintion, the corresponding triangles.

If Vis a distribution complementary to H_, then all these vertical arrows are iso-
morphisms, as it is easily seen from identifications (38), (40). So, in this case we have
the identifications

PDYeKVeG@, K(—’UQVeK’,.

This fact shows (41) to be the lifted variant of (22).
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2, - Higher order connections.

The «lifted» point of view on connections presented in the previous section reveals
one of its advantages in that it leads straightforwardly to the higher order generaliza-
tion of this concept. One of the possible generalizations of the notion of connection, to
which «higher order» is applicable, is geometrically evident; this is a sections of a
fibring 74 ;—y: J¥z—J* 1z, k> 1 (see Sec. 8 and, for example [7], [8]). But, below,
these words are used for a different notion, which might be more worthy than the
standard one.

The mentioned higher order generalization of the notion of connection results di-
rectly from the observation that the basic diagram (41) preserves its meaning when
®, is substituted by an arbitrary n-dimensional projective submodule of ®@.

To perform this passage geometrically, we need the «relative» analogue of the no-
tion of distribution when an underlying base manifold, say M (absolute case) is re-
placed by a map, say F: M — N (relative case). As we have already seen in the pre-
vious section, the C* (M)-module X(N; M, F) is the relative analogue of the C® (M)-
module M(M) of all vector fields on M. Moreover, we can treat an «absolute» distribu-
tion on M as the projective submodule of (M) consisting of all vecotr fields belong-
ing to this distribution. Therefore, from this point of view, it is natural to interpret
projective submodules of M(N; M, F) as relative distributions (with respect to F). To
finish our motivations, it remains to observe that, in virtue of the isomorphism
O(N; M, F) =T'(F*(ty)), every projective submodule of ®(N; M, F) can be realized
geometrically in the form I'(u), where u: H, — M is a vector subbundle of the pull-
back F*(ty).

Thus, we have motivated the following definition.

DEFINITION. ~ A vector subbundle of #* (1) is said to be a relative distribution on
N (with respect to F).

Then, coming back to jets, we get the k-th order analogues of pre-connections on
E, by passing from absolute m-dimensional distributions on £ to the relative ones
with respet to = ¢:

DEFINITION. — An m~dimensional vector subbundle of 7% : T®(E, m) — J*(E, m) is
said to be a k-th order pre-commection on E.

The fibre 1 "1(8) of a k-th order pre-connection u: H,— J*(E, m) at the point
SeJ*(E, m) can be naturally viewed as an m-dimensional subspace of T,E, where
&= my o(H).

DEFINITION. — A k-th order pre-connection on E is said to be a k-th order connection
of a fibring =:E—B, dim B=m, if its fibres are transversal to the fibres of r.
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It is easy to see that the «usual» (pre-)connections are exactly 0-order (pre-)con-
nections in the sense of this definition.

Below, we adopt for k-th order (pre-)connections notations previously used for
«usual» (pre-)connections. For instance, y: H,—J k where H, is an m-dimensional
vecotr subbundle of T®E, will be the standard notations for k-th (pre-)connec-
tions.

ExampLE. — There is a unique canonical k-th order pre-connection for k = 1; name-
ly, it is given by the subbundle c*: C*(E, m) — J*(E, m) of 7§. As being restricted
on J*z c J*(E, m), where =: E — B is a fibring, it gives the canonical k-th order con-
nection on =.

The covariant differential of a k-order pre-connection y: H, —J k=1, is de-
fined to be the eomposition

\Y I=rkoiT: HY—->W’“,

Y

where i,: H, — T™® is the natural inclusion. By passing to sections, we can interpret
V, as an element of the C~ (J*)-module
Homg= g+, (I(y), k¥) =I'*(y) & «*,
c= k)
ie. as a x"valued C* (J*)-linear form on I'(y). Below, we write X1V for X e I'(y)

instead of V, (X). This is to stress the interpretation of X as a relative vector field with
respect to w, o, which results from the inclusion

I(y) cI(z%) = XE; J*, mh0).

The evolution operator corresponding to the generating function XJV, e K",
X eI(y), is called the pre-covariant derivative along X (with respect to v).

PROPOSITION. — If v is a k-th order connection of the fibring =: £ — B, then every
vector field Y e @(B) can be lifted to the section Y e I'(y). Namely, if e J k then the
subspace y "1 (8) c T, E is projected isomorphically onto Ts B by means of dyn. We
define the vector field ¥ to be the image of Y.y e TyyB along this isomor-
phism.

The evolution operator corresponding to the generating fucntion

(42) V,y=Y1V, ext
is called the covariant differential along Y (with respect to y). From (42) it follows
that

V.x=fV,y, forfeC~(B).

This formula reproduces, for k-th order connections, the well-known property of
the «usual» covariant derivatives.
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Next, the quantity
Vy, Y(S) = (jks)* Vy, Y

for s € I'(p), gives the velocity of the parallel transport of s along Y in virtue of y. This
is a direct consequence of the theory of higher order contact transformations (see [5],
[18]). Contrary to the «usual» connections, the operator s—>V, ys is, in general, a
k-th order differential operator if k£ > 0. So, k-th order connections are characterized
by the fact that the corresponding covariant derivatives are differential operators of
k-th order.

ExamrLE. — The covarinat differential of the canonical k-th order connection is
equal to zero.

3. - Infinite lifting of higher order connections.

Thus, we see that there is no need to rise to J ® in order to define covariant differ-
entials and covariant derivatives of k-th order connections. On the contrary, this is
absolutely necessary in what concerns the deviation or the curvature. This seems to
be the reason why k-th order connections as they are defined in this work have not
been introduced earlier. The lift of k-th order connections on J* is carried out as
follows.

Let a: H,— J*(E, m) be a vector subbundle of 7% (not necessarily m-dimen-
sional). We consider its pullback

O HO > JUE,m), 1=k,
along 7; ; to be a subbundle of 4. Therefore,
Ir'@®)cr(zy) = &(E; J*, 71,0)
and
'@ caxE; J>, Tw,0)
where I'(a*)) = li{rl dir I'(2®). Then, by applying the fundamental identification

(37), we can identify I'(a‘*’) with a submodule of @ (J ©), denoted by @, . It is easy to
see that @, consists of all vecotr fields X e M.(J*) such that,

Tyrw o(Xs)ea (maw 1 (8)), for any deJ”,

where the fibre « ~1(¢), £e J¥, is viewed as a subspace of T.E.
Introducing the C* (J* )-module k, = ®./®,, we get the following short exact
sequence

3 %

iy Va
0— @, —> Pe—>xr,—>0,

where i,;” and v; are the inclusion and the quotient maps, respectively.
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DEFINITION. — The C® (J * )-bilinear form on @,
X, N=v; (X, YD, X, Yea,

is called the deviation of «. In particular, if y: H, — J ¥ is a k-th order pre-connection,
then the ¢ is called its deviation.

EXAMPLE. — For the canonical 4-th order (pre-)connection c¢,: H,, — J*, we have
Mg, = CB. Therefore, its deviation (curvature) vanishes identically.

The graded (or «super») extension &; of ¢, can also be defined by following the
lines of Sec. 5. Namely, let A‘®* denote the C*(J™)-module of C*(J* )-linear,
skew-symmetric i-forms on @, and let A*®@} = 3 A'®¥. Consider the map

B ANDERQM, - AT ¥Rk, 1=0,1,...,m,

(tensor products are taken over C*(J*) defined by the formula

(67 ) Xey o Xie) = e 2 (=192 [Xey 6K, ooy Ky oons Ko 1)D),
14+ 1 o<i=i+1

where X, € @, and ¢ € A*®* ® ®,. Then, word by word repetition of the arguments of
sec. 5 leads us to the formulas

8: = 5: (?'drz(eo))

(43) : .
67 (p)=(—1)\"tpdey, for peA'DFQQ,.

Here, J-product and other relevant constructions copy the corresponding ones of
Sec. 5. From (43) it follows that 8., regarded as the graded map

* S IATFR M, > AT Rk,
of A*®,-modules is graded (or «super»-)differential operator of bi-order (0, 1).

The idea of almost-fibring can be also realized in the high order variant. Namely,
we say that an Il-dimensional subbundle of 7% is a k-th order almost fibring of E.

Let now a: H,— J*, g: Hy;— J*® be some vector subbundles of 7% and 7%, respect-
ively. They are said to be transversal each other if, for any 4 e J *, the fibres a "1 (),
3= 7w, (9) and 871(S,), 9, € 7., (<), are transversal as subspaces of T,E. This is
equivalent to the fact that @, + @, is a projective submodule of e and @, N @, = 0.
In particular, we have

PROPOSITION. — A k-th order connection y: H, — J* and an s-th order almost-fibring
a: H,— J* are transversal iff M. = @, D @;.
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Now, by putting together the above constructions, we obtain the following dia-
gram which generalizes (41)

0 0

N e

CH K.,

Doc
y®
¥
Va 0. <

(44) 0 Ko @, 0

(D}, va K

N

0 0

Here, arrows directed forward or backward of @, are defined previously. The
others, are, by definition, the composition of these ones. For instance, the lifted
covariant differential V is defined as the composition

i
B, —> B —> K.

As in Sec. 4, we observe that all double arrows in (44) are isomorphisms iff y and «
are transversal. In this case we can identify @, with ¢® and x, with «.

ProPOSITION. — Under the above identifications the covariant differential is seen to
be the map

Ve —x
and the deviation 4;° to be an element of A%CO* Q k.
Next, by applying the isomorphism A'CR* = A*(J*) (see[5]), where
AT =)= AYT2)/eA (T ™)
and CA*(J ™) consists of differential i-forms vanishing on the Cartan distribution of
J ¥, we can consider ¢; as an element of A%(J*) ® k. So interpreted, 87 is worthy to

be named the curvature of y with respect to the almost fibring «. Similarly, the graded
version of the curvature is the map

& —A*(J*)®Cco—->A*(J") @k
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of A*(J*)-modules which is given by the formula
goi-—)('*l)i—lqo.Jd‘: ,

supposing that p e A*(J ), 67 e A2(J*) @ x.

It is natural to look for the higher order generalization of the approach to pre-con-
nections on almost-fibrings based on the Frélicher-Nijenhuis calculus as it was pre-
sented in sec. 6-9. Our final observation is that this cannot be achieved without the
proper high order generalization of this calculus itself. By this reason, we do not
touch this problem here. We conclude with the remark that this generalization can be
extracted more or less straightforwardly from the «unification» technique of the
work [20] applied to the higher order de Rahm complexes [16].

4. — Higher order (pre-)connections coordinate-wisely.

Here we collect local coordinate expressions of basic objects of the theory of high-
er order (pre-)eonnections. Since the basic bundles to work with, say ck, h;‘, ete., are
pullbacks of bundles defined either on E or on J?, we can adopt as their local bases
pullbacks of the corresponding bases of the original bundles. For simplicity, we de-
note pullback bases by the same symbols, writing, say, B, instead of =} (B,), ¢; in-
stead of =f (¢;), ete.

Let now y and 1 be some k-th order connection and s-th order connection and s-th
order almost-fibring, respectively. A local chart (2) is said to be concordant with y
(resp., with m) in a point 8 e J* if the subspace y ~1(8) ¢ T4E (resp., 1™ () c T,E) is
transversal to the y-coordinates (resp., to the x-coordinates). If so, a local basis of
I'(h,) (resp., of I'm)) ean be chosen in a neighbourhood U of ¢ in the form

B, =8, +7vk: A=1,..,m
resp.,
B;=08;+m+md, i=1,..,1,

where vi e C* (U) (resp., i € C* (U)). In other words, for higher order (pre-)connec-
tions we have

ri=vi@* i), el <k,
and. also,
H?.:H%(x‘uy y]"."’yg:’ )’ ‘O" Ss.

So, from this point of view, the theory of higher order (pre-)connections differs from
the «usual» one by the only fact that quantities v} (and, also, nj) can depend on arbit-

rary high order derivatives.
Similarly, if the chart (2) is concordant both with y and m, then formulae (29)-(31)
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are still valid for higher order connections as well. Also, it is easy to see that the local
expressions (19) of v., (23) of V, and (24) of [J, remain to be local expressions or v, , V;°
and [0, , respectivley, if y is a higher order (pre-)connection.

On the contrary, the form of local expression of the deviation and the curvature
change when passing to higher order (pre-)connections and some preliminaries are to
be listed before.

First, we recall the Lie algebra structure {-,-} on the space of generating
functions:

(45) {o, ¢} =3,1¢") =3y ("),

where o = (o}, ..., '), ¢ = (1, ..., ') and ¢*, ¢'e C* (J*) (see Sec. 2) and, also, [5],
[18]). Then, we can write

(46) [9,,3,1=9¢, 4+
Next, we observe that the equalities
(47) [D;,,9,D=0 and [8,,3,]1=0,,.,
take place for every 2, ¢ and, also,
D, =3, t9,

where y, = (y3, ..., yl) (see (14), (15)).
From (9) and (14) we see that the C-field ¥, (see Sec. 2), corresponding to the
derivation B; e ®(E; J“ (E, m), =, o) via fundamental isomorphism (87), is given by

V=D, +3,-5,=3,+8, 7150k 1)
since B, 1(dy® — yida*) = yi — y}. Then, accounting (46)-(47), we get
(¥, W#] = [37;‘ + al’ Sn + 8#] = s(azm— w¥a+ {ras vu )

Now, the desired local expression of ¢ is deduced straightforwardly from its defi-
nition given in the previous section:

87 = (Bvt = 8uvi+ {v1, 1. })SFB*AB*® Q;.

(compare it with (25)). Similarly, the local expression of the curvature of y with re-
spect to the almost-fibring n is given by

R} = (8,7, ~3vi+{r:, 7.} )SEB* AB*®B,.
Finally, from (15) and (45) we see that

ay};
Y&

3 i
- Do’(Y{f) a;:: .

{Y)n Y‘u }i = Do’(‘)’]j)
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From the last formula we can conclude that the deviation of k-th order connection de-
pends, in general, on all derivatives of order < 2k.

List of main symbols.

E
NcFE
JE=J5E, m)

Ty qs T (H, m)— JU(H, m)
JEN:N—J* e>[NJ
tp: TE—E
L,cTE
g =7y, 0(5)
3= m;1(9)
(@, yH),1<srsm,1<is]
(%, yé)
_ 9 _ 0
o= dx? %= Ay’
ke 7O = 7O, m) — J*
¢k CF = C*(E, m)—J*
wk Wh= WHE, m) — J*
1k C* > T®
ok T® s Wk
x® 1= M(w")
Ia)
(M)
g : TT*— W
a: (J*) — xF
a’: OXE) - x!
CRcOXJS”)
@D C T ™)
wy: Wy—N
n:E—B
7 :=r:o7rk,0:Jkrc—>B
vt V.o E
VI s JE
wh = n¥ ()
@, ¥5, 2")
by, =3, + ¥i;
¢i= g8 ext cr®
DAzaA'*‘Z?!nga‘;
i. o (7

manifold of dim m + 1

submanifold of dim m

space of k-jets of submanifolds of dim m of £
projection of jet spaces

k-jet prolongation of the submanifold N

tangent bundle

m~dimensional subspace corresponding to deJ!
projection of $e JJ* on J°

projection of 4 e J* on J*!

divided chart of &

induced chart on J*

basis of vector fields

pullback of the tangent bundle on J*

contact subbundle C* := {(8, u) e T®|u e L3}
quotient bundle W* := T® /C*

canonieal inclusion

canonical projection

space of sections of w"

space of sections of the bundle «

module of vectors fields of the manifold M
canonical projection

canonical projection

canonical projection

Cartan distribution

Lie algebra of infinites. contact transformations
pullback of the bundle w* via the submanifold N
fibred manifold

fibred manifold of jets of sections

vertical subbundle of the tangent bundle
pullback of the vertical bundle on J*

canonical identification

chart on c*

basis of ¢!

basis of w*

full derivatives
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3
Ay

3?=;Da(§9i)
X=2,+Y
yi E—>JYE, m)

v, 1“(h,yl)—>rc1

O, = vionls Cl—»Vﬁl)
8,: I'th,) X I'Ch,,) = I'(u,)
R.(X,Y)=2,(u,v)
5Y:Ai36;,"®3{3},—>A”13{':}‘®\‘7y
mV,—E

J*n

hy: H,—E

o VP Jk

Rk HE 5 gk

Bi = 82 4+ H?ax

Ry

Wy, wy: A(E)— 0(E)
NE)=A*(E) Q@ a(E)
[, NOEY X N(BE) - N(E)
A*(E):= %ME)

d.: N(E) > N(E)

r, = —;—dww

d,:=d, dy =4,

geI'(h,)* <§) I(m)

- C®

O(N; M, F) =T(F*(zy))

G': X(N;M,F)>®(N;M',FoG)
FO: O(N)—> aXN; M, F)

& X, V) =v(X, Y]

G)V = @V(E;Jw’ Wm,o)C(De

Ky = D /Dy

w: H,— J*(E, m)

evolutionary derivative

decomp. of infinitesimal contact transformations
pre-connection

horizontal subbundle ¢,: H, - TE
vertical bundle V, := TE/H,

canonical projection

canonical identifications

components of y

basis of I'(h, )

basis of I'(v,)

pullback of the horizontal bundle on J*
pullback of the vertical bundle on J*
covariant differential

covariant differential

(alternative) covariant differential
deviation (u, v)—~>u,([u, v])

curvature

graded extension of deviation
almost-fibring V, c TE

jet space of the almost-fibring n
horizontal bundle H, := TE/V,
pullback of the almost-fibring on J*
pullback of the horizontal bundle on J*
basis of V,

curvature of y with respect to o
projections induced by y and n

module of tangent valued forms
Frélicher-Nijenhuis bracket

algebra of differential forms

differential d,, (p) == [w, ¢]
curvature of o

covariant differentials

soldering form

torsion of y with respect to ¢

space of M-valued vector fields on N along F
map induced by G: M' > M

canonical map

lifted deviation

submodule

-quotient module

k-order pre-connection H, c T® (E, m)
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V,:=rfoi,: H — W* covariant differential V, e I'*(y) ®k K"
V,r(s)=(j "s)* Vor covariant derivative €men
{o, ¢} =3,(¢") — 3, (") Lie algebra of generating functions

Acknowledgements. — One of the two authors (M. MopuGNo) thanks Z. OzIEwICZ for
stimulating discussions.

REFERENCES

[1] M. CraMmPIN, Generalized Bianchi identities for horizontal distributions, Math. Proe. Cam-
bridge Phil. Soc., 94 (1983), pp. 125-132.

[2] M. CraMPIN - L. A. IBORT, Graded Lie algebras of dertvations and Ehresmann connections,
J. Math. Pures Appl, 66 (1987), pp. 113-125.

[8] A, FROLICHER - A. NLJENHUIS, Theory of vector valued differential forms. Part I: Derivations
in the graded ring of differential forms., Indag. Math., 18 (1956), pp. 338-385.

[4] J. GRIFONE, Structure presque tangente et connexions, I, Ann. Inst. Fourier., 22, 1 (1972),
pp- 287-334.

{5] 1. S. KrasIL'sHCHIK - V. V. LYCHAGIN - A. M. VINOGRADOV, Geometry of Jet Spaces and Non-
linear Partial Differential Equations, Gordon and Breach, New York (1886).

[6] 1. S. KRASIL'SHCHIK, Some new cohomological invariants on non-linear differentiol equa-
tions, Jour. Diff. Geom. Appl,, to appear.

[7] P. LIBERMANN, Sur les prolongements des fibrés principaux et grupoides différentiables,
Sem. Anal. Glob., Montréal (1969), pp. 7-108.

{8] L. MANGIAROTTI - M. MODUGNO, Fiibered spaces, jet spaces and connections for field theories,
in Proceed. of Internat. Meet. «Geometry and Physics», Florence, 1982, Pitagora Editrice,
Bologna (1983), pp. 135-165.

[97 L. MaNGiARoTTI - M. MopuGNo, Graded Lie algebras and connections on a fibred space,
J. Math. Pur. Appl., 63 (1984), pp. 111-120.

[10] L. MANGIAROTTI - M. MobuGNo, Connections and differential caleulus on fibred manifolds,
Sem. Ist. Mat. Appl. Florence (1989), pp. 1-141.

[11] P. MicHOR, Graded derivations of the algebra of differential forms associated to a connec-
tion, in Differential Geonetry, Proceedings, Peniscola, 1988, Lect. Not. Math., 1410,
Springer-Verlag (1989), pp. 249-261.

[12] M. MobucNo, Torsion and Ricci tensor for non-linear connections, Diff. Geom. Appl, 1
(1991), pp. 177-192.

[13] H. K. NICKERSON, On differential operators and connections, Trans. Amer. Math. Soc., 99
(1961), pp. 509-539.

[14] A. NLUENHUIS, Jacobi type identities for bilinear differential concomitants of certain tensor
fields, I, Indag. Math.,, 17, 3 (1955), 463-469.

[15] ToNG VaN Duc, Sur la géometrie différentielle des fibrés vectoriels, Kodai Math., Sem.
Rep., 26, 4 (1975), pp. 349-408.

[16] A. M. VINOoGRADOV, Some homological systems associated with differential calculus over
commautative algebras, Uspeki Math. Nauk, 34, N. 6 (1979), pp. 145-150 (Russian) (English
transl. in Soviet Math. Surveys, 34, N. 6 (1979), pp. 250-255).

[17] A. M. VINOGRADOV, Geometry of non-linear equations, in Problemi geometrii, t. 11,
Vsesonzny Inst. Nauchoi i Techn. Informatsii Akad: Nauk SSSR (1980), pp. 89-134.



M. MoDuGNO - A. M. VINOGRADOV: Some variations on the notion, etc. 71

[18] A. M. VINOGRADOV, Local synsmetries and conservation laws, Acta Appl. Math., 2, (1984),
pp. 21-78.

{19] A. M. VinograDov, Category of pariial differential equations, Lect. Notes Math., 1108,
Springer-Verlag, pp. 77-102.

[20] A. M. ViNoGraDOV, Unification of the Schouten-Nijenhuis and the Frilicher-Nijenhuis
brackets, Matem. Zametki, 47, N. 6 (1990), pp. 138-140 (Russian) (English transl. in Russian
Mat. Zametki).




