Zero-temperature QUANTUM
HYDRODYNAMIC EQUATIONS
(Madelung fluid equations)

Direct approach from the Schrodinger-type equa-
tions.

Special solution. We |look for solution of the
(scaled) Kane model
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in the following form

Ye(x,t) = WQXD <iSC(€x,t))
Yo(x,t) = WGXD (iSU(E:B,t))

where

ne and n, are the electron and hole densities

Sc. and S, are the phases of the "wave’ func-
tions

Jij(z,t) = m [¢;(z, )] (z,1)], 5 =cv



The equations for the densities n. and n, and
the phases S. and S, take the form

( 8%0 a ( 836) —|— GP\/ 877/0 COS <S'U — Sc)

ot — 83: oz /Ny Ox €
anU . S’ZJJ — SC
— 2P\/n1)\/nc ( )
€

Ony B 0 ( 85'@) n GP\/nvanc cos (Sc — SU)

ot - o ox /Ne Ox €

_2P\/ncx/nv CSIﬂ (SC_SU>
ox €
9S. 1 /0Se\? 2/ 1 92
< “+2(50) +ve-S V2
ot ox 2 \/ Ox?
_ epVYW 05 COS (SU _ )
Ne O €
2 1 1 0 v S’U SC
PQ\/n_U\/_a'r;sm( : )—O
851) —I— 1 (85@)2 —I— Vv _ 62 1 82\/;’1/0
ot ox 2 \\/ny Ox
_ epYle 03c COS (SC _ Sv)
\/nv ox €

_ 1 8?’LC S SQ) —_—
\ epzﬁm sm(—6 >_O.



T he additional unknown

Sch — Slﬂ (M> ’ CCU = COS (M) 9
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can be manipulated in order to obtain links

with the current densities J., Jy,

0
2 Sy ==Cop (22— 22)),

Ox ¢ No

0 J, J
2 Cov= =S (22 - 22)
ox ¢ No

Summarizing, we have the set of equations,
which are the zero-temperature quantum hy-

drodynamic equations:
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For e = O(h = 0) classical Euler equations.



It is easy to verify the CONTINUITY EQUA-
'TON
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where the total density is

ntot(Xa t) — nC(m) t) _I_ ’)”LU(ZC, t) .
and the total particle current density is
Jiot(z,t) = Je(z,t) + Ju(x,t) — 2¢P Re (&c?ﬁv)
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In terms of "interband”’ densities and current
densities

one 0J. €p O .
- - — cv ve P lJe ) — Joc\ T,
ey 5 + > B2 (nev + nue) + P [Je(x,t) — Jye(x, t)]

Ony 0J, ep O .
- - — ve w) — 1P [Jew , T — Jue , T
i 2L D (e ) — P oo 1) — Juc(, )]

with Jiot(x,t) =

Je(x,t) + Ju(z,t) — € P [nev(x,t) + nye(x, t)]



0 11 O0J ce 0
— (R cv) — T 4 T R cv Re v
( en) 2n ( en>[8$+ax‘v( n)]
11 0J vy 0
— —— ( Re ngy Re ncy
2Ilv( . )[8:1: +8:13|C( " )]
1 va2 Nec? 1
—|—2—6 Im ney (nv2 — Hc2> ‘|‘€ Im nev (Vo — Vo)
2 2 /=
+ S Im Ney L Ovne 10 m,)
2 N Vi 0x?
1 1 0
- — I CcV Im CV Im CVv
2 mn ( VV8$|C( " )+ cc8$|v( N ))
0 11 aJcc 0
J— I cv) — —— — I CV Re cv
a(mm) 2C(mn)[8 +8az|( n)]
11 0Jvv 0
= —— — (1 cv Re cv
nv( m n )[833 +(9:B|c( n )]
vv2 cc2 1
L e (21 L e v v
pls nV2 nC2 €

+ L Ren 1 2yne 1 92yn
cv \/n—c o2 /_nv Ox2

_% Re ney ( 1 (Im ney) + 9 ( Im ncv))

VV8£C|C Ccax|v



The previous equations are the

ZERO-TEMPERATURE QUANTUM HY-
DRODYNAMIC EQUATIONS fora TWO-
BAND electron system.

In order to obtain a nonzero temperature,
we consider MIXED STATES.

A mixed quantum mechanical state consists
of a sequence of single states with occupation
probabilities A;, j = 0,1,2,... for the j—th sin-
gle state described by the envelope function ng
(¢7), for each index j.

We look for solutions wg(x,t) and zp%(:p,t), as
before. We define for the mixed state the car-
rier densities and the current densities

ne(z) = 9LoMnl(z)
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nev(x) = Z;";O)\jnév(a:)
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e NO problem for the total quantum conti-
nuity equation.

e [ he "one-band”’ part of the current densi-
ties takes the new form
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and analogously for the valence electrons: Jy, Tvyv.

For each band, T¢c and Tyyv are the total tem-
perature, sum of the current temperature
Tcc€ and TyvvE, and the osmotic temperature
Tec?® and Tyyvo°



e More complicated are the nonzero temper-
ature corrections in the " two-band” part of
the current density equations.
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and a similar term with v instead of c.

e [ he new corrections due to the interband
coupling in the evolution of J., are long
and intricated.



TWO-BAND QUANTUM
HYDRODYNAMIC MODEL

CONCLUSIONS

1. It is impossible to get a system where only
the total quantum current density ap-
pears.

2. The set of equations is not closed.

3. CLOSURE conditions.
2.1 Thermodynamic equilibrium
2.2 Chapman-Enskog expansion

2.3 MEP (Maximum entropy principle)

4. Numerical validation and comparison with
other models and experimental data.

5. Non-smooth potentials.



