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Introduction

Quantum aspects become predominant in some of the most recent

nanometric semiconductor devices.

In particular, we refer here to modeling interband tunneling, which

is the main mechanism of working for some heterostructure devices

(superlattices) like RITDs (Resonant Interband Tunnel Devices).

In these superlattices the contact of heterogeneous semiconductor

materials enables to obtain potential barriers that interface the con-

duction and the valence band.

A quantum mechanics based model (Kane model) is rather widely

used and studied in literature (Wigner formulation, hydrodynamic

formulation ...).
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The physical environment

Electromagnetic and spin effects are disregarded, just like the field

generated by the charge carriers themselves. Dissipative phenomena

like electron–phonon collisions are not taken into account.

The dynamics of charge carriers is considered as confined in the two

highest energy bands of the semiconductor, i.e. the conduction and

the (non–degenerate) valence band, around the point k = 0, where

k is the “crystal” wave vector, The point k = 0 is assumed to be a

minimum for the conduction band and a maximum for the valence

band. The parabolic approximation is considered as valid.

The Hamiltonian introduced in the Schrödinger equation is

H = H0 + V , H0 = −
~2

2m
∆ + Vper ,

where Vper is the periodic potential of the crystal and V an external

potential.
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Kane Model

The equations system proposed is the following:
i~∂ψc
∂t

= −
~2

2m
∆ψc + Vcψc +

~
m
P∇ψv

i~∂ψv
∂t

= −
~2

2m
∆ψv + Vvψv −

~
m
P∇ψc ,

(1)

• m is the bare mass of the carriers,

• Vc (Vv) is the minimum (maximum) of the conduction (valence)
band energy

• P is the coupling coefficient between the two bands. In a one-
dimension model P = m

~

√
m−m∗
2mm∗Eg, where m∗ is the effective

mass and Eg = Vc−Vv is the energy gap between the two bands.
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Preliminary remark on Kane model

• The external potential V affects the band energy terms Vc (Vv),

but it does not appear in the coupling coefficient P ;

• There is an interband coupling even in absence of an external

potential;

• The interband coefficient P increases when the energy gap be-

tween the two bands Eg increases (the opposite of physical evi-

dence.

5



Derivation of Kane model
Schrödinger equation for an electron in a periodic potential plus an
external potential V

i~∂tΨ = (H0 + V )Ψ (2)

Expansion of a generic solution on a Bloch basis

Ψ(x) =
∑
n

∫
B
ϕn(k)bn(k,x)dk (3)

• B is the first Brillouin zone.

Bloch eigenfunctions

bn(k,x) = eik·xun(k,x) ≡ |n,k〉 (4)
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Consider as a new basis the periodic part of Bloch functions, un(k,x)

at k = 0.

Perform the expansion

un(k,x) =
∞∑

n′=1

Cnn′(k)uon′(x) (5)

where uon′(x) = un′(0,x)

Introduce in (3):

Ψ(x) =
∞∑
n=1

ψn(x)u
o
n(x) , (6)

where the functions

ψn(x) =
∫
B

∞∑
n′=1

ϕn′(k)Cnn′(k)eik·x dk , n = 1,2, . . . , (7)

are “Kane ” envelope functions and do not depend on k.
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In a two-band dynamics, then n,m = c, v where c stands for “con-

duction band” and v stands for “valence band”.

Expansion (6) becomes

Ψ(x) = ψc(x)u
o
c(x) + ψv(x)u

o
v(x) (8)

which is the envelope function expansion of the wave function Ψ

that leads to Kane model (1).
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A different approach

Recall the expansion (3) of a generic solution of the Schrödinger

equation (2) on a Bloch basis

Ψ(x) =
∑
n

∫
B
ϕn(k)bn(k,x)dk

where the Bloch eigenfunctions are

bn(k,x) = eik·xun(k,x) ≡ |n,k〉

Equation for the expansion coefficients

i~∂tϕn(k) = En(k)ϕn(k) +
∑
n′

∫
B
〈n,k|V |n′,k′〉ϕn(k′)dk′dk′ (9)
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Let us separate the intraband dynamics from the interband cou-

pling; after some algebra we get

i~∂tϕn(k) = En(k)ϕn(k) +
∫
B
Ṽ (k− k′)ϕn(k′)dk′ (10)

−i
~2

m

∑
n′ 6=n

∫
B

k− k′

∆En,n′
Ṽ (k− k′)ϕn′(k

′)dk′
(2π)3

Ω

∫
u−cell

u∗n(k,x)∇un′(k
′,x)dx

where Ṽ denotes the Fourier transform of the external potential and

where we have defined

∆En,n′ = ∆En,n′(k,k
′) ≡ En′(k

′)− En(k) +
~2

2m

(
k′2 − k2

)
(11)

where k = |k|
This equation is so far very general and only relies on the assumption

that the external potential V has no appreciable variation on the

scale of a single lattice cell.
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Our aim: simplify the above equation and write it in coordinate

space.

1. Simplify the interband term:

−i
∑
n′ 6=n

~2Pn,n′

m∆En,n′(0)

∫
B

(
k− k′

)
Ṽ (k− k′)ϕn′(k

′)dk′ (12)

with

Pn,n′ ≡
(2π)3

Ω

∫
u−cell

u∗n(0,x)∇un′(0,x)xx (13)

2. Effective mass approximation:

En(k) = En +
~2k2

2m∗
n

+ · · · (14)
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3. keep the un(k,x) to first order in k in the interband term, i.e.
use as a basis

u(0,x) + k
∂u(k,x)

∂k

∣∣∣∣∣
k=0

.

4. obtain the equations for the envelope functions by inverse Fourier
transform.

Remark
More rigorously, by projection on the Wannier basis

Ψ(x) =
∑
n

∑
Ri

χn(Ri)φ
W
n (x−Ri) (15)

which can be expressed in terms of Bloch funtions as

φWn (x−Ri) =

√
Ω

(2π)3

∫
k
bn(k,x−Ri). (16)



The use of the Wannier basis has two advantages:

(i) the amplitudes χn(Ri), that play the role af envelope func-
tions on the new basis can be obtained from the Bloch coeffi-
cients in Eq. (3) by a simple Fourier transform

χn(Ri) =

√
Ω

(2π)3

∫
B
ϕn(k)eik·Ridk; (17)

(ii) they can be interpreted as the actual wave function of an
electron in the nth band if one is interested in “macroscopic”
properties of the system on a scale much larger that the lattice
spacing (that is equivalent to average on a scale of the order of
the lattice cell).

Performing the limit to the continuum by extending the dependence
of the χn(Ri) to the whole space (Ri −→ x), by using standard
properties of the Fourier transform, equations for the coefficients
χn(x) are achieved.



In case of only two bands (“conduction” and “valence”) the equa-

tion for the envelope functions take the form

i~∂tχc(x) = Ecχc(x)−
~2

2m∗
c
∆χc(x) + V (x)χc(x)−∇V (x)

~2P

mEg
χv(x)

i~∂tχv(x) = Evχv(x)−
~2

2m∗
v
∆χv(x) + V (x)χv(x)−∇V (x)

~2P

mEg
χc(x)

Final remarks on Kane model

• Kane model is constructed introducing a new basis (constructed

around k = 0)

ψKanen (k,x) = eik·xun(0,x) (18)
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• the “Kane” basis functions are not eigenfunctions of the un-
perturbed Hamiltonian; the the “Kane” basis correspond to a
rotation of the Bloch basis

un(0,x) =
∑
n,n′

an,n′(k)um(k,x) (19)

• interband coupling even in the absence of an external potential:
there is no direct physical interpretation of “conduction” and
“valence” electrons;

• this means that in principle the “Bloch method” and the “Kane
model” are different in the case of two bands: in the Bloch
case the intraband effects can be fully included by releasing
the effective mass approximation (and approximating only the
coupling term due to the external potential), while in the case
of the Kane model the intraband effects are anyhow truncated.


