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1- Motivation

Trend in semiconductor technology: miniaturization
—> Challenge: simulation tools

Features of novel devices= Quantum effects
Prototype:Resonantl unnelingbiode

nt* region |— nregion —| n* region

P metal —

tunnel barriers substrate
|

710...100 nm |
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-.- Vbias=0.20 eV

___ Vbias=0.32eV
- Doping

-.- Vbias =0.20 eV
___ Vbias=0.32eV
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Quantum description

uantumsystem withd degrees of freedom:
e apurestate ofOS « o € L?(R% C),

e aphysicalstate ofQOS « p “density matrix” on
L*(R%C) ,i.e.p(z,y) € L*(R*; C) kernel

(l‘, y) — Z >‘j wj (x)w_J(y) )

jeN pure state

{v;}; complete orthonormal set,; > 0, Zj Aj=1.

The position density:

(2) = Al (x) & finite mass.
J
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Quantum Evolution: reversible dynamics

idap; = —2 A + Vi, jEN, z € R
\—AV(az,t) =n(z,t) = > A|v51% (=, t)

A
\

(z,y,1) Z)‘ﬂbj z,t) ¢J(ya t), {w;(t)}; C LQ(RdBC)

jeN

E.g. evolution of an electron ensemble witld.o.f.,
ballistic regimemean-field approximation
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Quantum Evolution: reversible dynamics

idap; = =LA + Vi, j EN, z € R
\—AV(az,t) =n(z,t) = > A|v51% (=, t)

A

w(z, v) = Fyw Y Az + g)%’(i’? - 2)

. 2
7€N
Quantum Liouville equation: Wignhd?roisson

{ wi +v - Vyw — O[V]w =0
—A,V(z,t) = njw|(z,t) = [w(z,v,t)dv

Fop-oiOV]wi(z,v):=i[V(z +1/2)=V(z —n/2)|Fynw(z,n)
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2- Quantum Kinetic description

A physicalstate ofQS «—— aquasiprobability on the
phase spacey : (z,v) € R*— R

w(z,v) = Fp_pp (x + g, T — g) R

w 1S theWigner function for thephysicalstate of
The position density

njw|(x,t) = /w(x,v,t) dv

R) # well-defined,non-negative
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3- Analytical difficulties

o R) NOT = well-defined

w(z,v,t) 20 = (x,t) := /w(az,v,t) dv Z 0

Quantum counterpart
{$(t)}; € LAR%C), Aj >0, 30,0 =1
= n(t) = 32 AlUP @), In(t)[[p < oo, Vi

= (mass cons.) ||[v;(t)||3. = const.

First a-priori estimate for Schr.-Poisson systems
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3- Analytical difficulties

o R) NOT = well-defined
o = 2 [|v[Pw(z, v, t) do:
w(az,v,t)z() = exin(x,1) 20
Quantum cp: Eyn(t) := 5>, Xl Vb () |2
1
5 225 Al Ve DI + S IVV(#)][z: =const.

M—/
Egot( )

(energy cons.)= [|V,(t)]|7. = const.

— can NOT apply physical cons. laws
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Advantages

o R) Is necessary for a physical state of
QS

e /. ~-setting Is suitable for numerical approximation
(cf.[Arnold. .. 96])

e pseudo-differential operator

|OV]wll,: = V(e +n/2)=V(z—n/2)|Fenu]

< OWV|w,w>,-=0 (skew-simmetry)
wr +v-Vew—0O[V]w=0
— ||w(t)]|,» = const.
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4- Open QS: irreversible dynamics

Motivation for quantum kineti@pproach

Two examples:

e electron ensemble witihd.o.f.

[Frensley90]: Time-dependent boundary conditions
(b.c.) forw model ideal reservoir

= Boundary-value problem for Wigner-Poisson:

e Inflow time-dependent b.c. far
e mixed Dirichlet-Neumann b.c. fdr

Remark: Reformulation with{); } ; impossible:
A; NOT const.
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4- Open QS: irreversible dynamics

Motivation for quantum kineti@pproach
Two examples:
e electron ensemble witéd d.o.f.

e electron ensemble witlhd.o.f. In GaAs
electron-phonon interaction

Semiclassical cg. Boltzmann for semiconductors

Density-matrix form.: NOT suitable for boundary-
value problems
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Open QS: irreversible dynamics

wr +v - Vyw —6V]§w = Quw

» Quw = 1w — M,) = [Degond,..03] QDD,QET
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Open QS: irreversible dynamics

wr +v - Vyw —6V]§w = Quw

» Quw = 1w — M,) = [Degond,..03] QDD,QET

» Boltzmann-like collision operator
[Demelo, . .04]= simulation
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Open QS: irreversible dynamics

wr +v - Vyw —6V]§w = Quw

« Qu = 1w — M,) = [Degond,..03] QDD,QET

» Boltzmann-like collision operator
[Demelo, . .04]= simulation

 scattering term for electron-phonon interaction
[Fromlet, . .99]

Quantum kinetic models of open quantum systems in semiaodtheory — p.11/30



Open QS: irreversible dynamics

wr +v - Vyw —6V]§w = Quw

« Qu = 1w — M,) = [Degond,..03] QDD,QET
» Boltzmann-like collision operator
[Demelo, . .04]= simulation

 scattering term for electron-phonon interaction
[Fromlet, . .99]

« guantum Fokker-Planck term [CastellapO0]
= [Jungel,..05] QHD
Classical cp. :Vlasov-Fokker-Planck
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QuantumFokker-Planck term
Quw = pdiv,(vw)+oA,w+2vdiv,(V,w) + aA,w  (QFP

with o, 5,7 > 0, o > 0.
[Caldeira. .83]:

. 1 :
G ~ gcoupling o ~ T'temp, v, a0 ~ 7, € ~ >

Lindblad condition: ao > v2 + 32/16

Model Term Accuracy| Lindblad

Classical | gdiv,(vw) + cA,w | O(e*) | NOT ok
Frictionless g A,w O(e) ok
Quantum (QFP O(e) ok
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5- Three well-posedness results

« WP system with inflow, time-dependent b.c. :
* d = 1, global-in-time well-p[M,BarlettiO4]
* d = 3, local-in-time well-p.[MO5]

« WPFP systemy = 3 [Arnold,Dhamo,M05]}

» global-in-time well-p., a-priori
estimates
=4 strategy for well-p. of WP(FP)

Common featureL?-setting, ONLY kinetic tools
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WP system with inflow b.cd = 1, 3

{0+ vV, =BV () + Vi) }w(t) =0, t >0,
—A,V(z,t) = njw|(z,t) = [w(z,v,t)dv

N

(z,v) € Q x RY, O c R? open, bounded, convex,
V.= Vi(z,t), (z,t) € R x RT

w(s,v,t) =y(s,v,t), (s,v) € Dy, t > 0,
Vix,t) =0, z € 002, t > 0,
w(x,v,0) = wy(z,v)

Dy, := {(s,0) € 9N x R v-n(s) >0}
Easy:non homogeneous Dirichlet/Neumann b.c.
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Weighted space:
= L*(Q x R%: (1 + |v|*M)dadv), d=1,3 =k =1,2
cf. [Markowich,...89,Arnold,. .. 96]
Prop.: d=3, we Xy=
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Weighted space:
= L*(Q x R%: (1 + |v|*M)dadv), d=1,3 =k =1,2
cf. [Markowich,...89,Arnold,. .. 96]
Prop.: d=3, we Xy=
— V solution of Poisson pb. with[w] € L*(Q):
Ve Wy (Q) nW22(Q), [[V|wza < Cllnfw]|lz
DefineP : X, — W%?(R?)
P : — V — Pw = V a.e.Q), Pw = 0outsideX

with ¥ open,Q C ¥ and ||| Pw||y22rs) < Cllw|x,
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WP system with inflow b.c. X5

w; +v - V,w —

O Pw|w

—0,t>0,

w(s,v,t) =y(s,v,t), (s,v) € Dy, t > 0,

w(x,v,0) = wy(x,v)

forall u € X5, ||©|U]u|x,: containg||v ©U]u|| 12

Fon{ 0 OUN} = 0 { [U(x +n/2)=Ulx = n/2)) Foyu

containsd,,, 9; U anduv;, v;u
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WP system with inflow b.c. X5

wy +v - Vyw — | O[Pwjw|=0, t >0,
w(s,v,t) =y(s,v,t), (s,v) € Dy, t > 0,

w(x,v,0) = wy(x,v)

forall u € X5, ||©|U]u|x,: containg||v ©U]u|| 12

Fon{ 0 OUN} = 0 { [U(x +n/2)=Ulx = n/2)) Foyu

Prop.: ||OU]u|x, < C||U|lw22ws||ull x,

= [O[Pwlwlx, < Cl|Pwllw2ms w]x, < Cllwllk,
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WP system with inflow b.c. X5

({8 — T, — O[Pw](t)} w(t) = 0, t >0,
w(zx,v,0) = wy(zr,v) € X,

\

w(t) € D(Th) = u € Xa|v- Vou € Xy, ule, = (1)}
Remark Vuq,us € D(T)) = u1 — ug € D(T)

Vp:|0,+0) — Xy, S.t. p(t) € D(T ()) vVt >0
= D(T,)) = p(t) + D(To)

(cf.[BarlettiO0])
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WP system with inflow b.c. X5

({8 — T, — O[Pw](t)} w(t) = 0, t >0,

< >
w(zx,v,0) = wy(zr,v) € X,

\

Vw : |0,400) — Xy, s.t.w(t) € D(1 ), VE >0
w(t) = p(t) + u(t),withwu : [0, +00) — D(Tp)
{0, — To— L, (t) — ©[Pul(t)

< u(x,v,0) = wy(z,v)
(t

U
p(ﬂf,?), 0

Ly, (t)u(t) := O[Pp|(t)u(t) + O[Pu](t
Qp(t) == —{0 — T,») — O[Ppl(t)} p(t)
Chooser s.t.QQ, € C[0, +00 ) Q’ S Ll(O,T] VT (1)



WP system with inflow b.c. 1Xs:
local-in+ solution

({8, — T, — O[Pw](t)} w(t) = 0, t >0,
w(x,v,0) = wy(x,v) € Xy

\

Theorem

Vas.tdpasin(l)|, Vwy € D(Ty)), Ftmax < 00 S.t.

1! classical solutionu(t),Vt € [0, tyax)-
If thax < 00, thenlim; ~__||w(t)|x, = oo.

o EX.:
v € CH[0,00); L2(09 x RY; (v-n(s))(1 + |v]|*)dsdv))
e A priori estimates are needed for global#inesult
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WPFP systemy = 3

{0 +v-V, = OV({)]}w(t) = Qu(t)
—A,V(x,t) = njw|(z, 1)

w(x,v,t=0) = wy(x,v)

w = w(z,v,t), (z,v,t) € R* x [0, 00)
Quw = pdiv,(vw) + cAyw + 2vdiv(V,w) + ad,w
Assumen o > v* = (@ uniformly elliptic in z andv.

» Classical cp. : Vlasov-PFP with
 non-linearterm: V._,V-V,w,
« FP term: gdiv,(vw) + cA,w.

* Frictionless FP termo A, w hypoelliptic case.
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EXxisting results

“density matrix” : [Arnold,. . .03]
global-in-t solution, by conservation laws

» Quantum Kinetic:L!-analysis [Cafiizo, .04]
global-in-t solution, by , cons. laws

w(t) € LH(R?*%4GR) = nfw](t) € LYRY
(mass cons.3= ||n|w](t)|,: = const.

—

INSTEAD keep toL*-setting, purely kinetic analysis
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Weighted spacei’, := L*(R%; (1 + |v|*)dzdv)

Prop.: w € Xy =

|
— V() = snfw|(z), zeR’:
4| x|
L 6
o/ & [P Vp, VV = R xnlw| € L°.

FoOWV|z(z,n) =i (V(x+n/2) =V (x—n/2)) Foz(z,n)
=:0V (z,n)

Fory fixed, |5V (., n)|[ = < Cln||[nfw]] >

¢ |OV]z]|L> < Clln[w]l|z2]l[n]2 Foz| -
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Weighted spacei’, := L*(R%; (1 + |v|*)dzdv)

z .
4rr|x|3

o/ & [P Vp, VV = nfw| € L°.

¢ |OV]z][L> < Clln[w]l|z2]l[n]> Foz| -

Prop.: w,z,V,z € X9 =

1OV]z]lx, < CUllzllx, + [ Vozllx, 1 1wl x,

= parabolic reguralizatiors needed
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The linear equation

wy = Aw(t), t > 0, Aw := —v - Vw + Qu
w(t:O):”UJ()EXQ,

o {c' t > 0} Cy—semigroup
(cf. [Arnold,. . .02])

= [lw®)||lzz < e |lwollzz, >0
ow(x,v,t) = G(x,v,t)*xwy (cf. [Sparber,. .03]) =
IVaw(t)|x, < Bt Y2 e wollx,, 0<t<T

(cf. classical cp. VPFP [Carpio98])

Quantum kinetic models of open quantum systems in semiaodtheory — p.22/30



The non-linear equation
VT € (0,00) fixed

wy = Aw(t)+(OV]w)(t), te€[0,T], w(t=0)=wy,

Yr:={z € C(|0,T]; Xz) | Vyz € C((0,T}; Xz),
t2|V,2(t)]x, < Cr ¥Vt € (0,T)}.

VT < Ty, the mapw € Y — w S. 1.

@(t) = ey + /O te<t—8>_(@[v]w)(s) ds, t € [0, 7]

IS a strict contraction on some ball Bf with
7([lwoll xs)-
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The non-linear equation
VT € (0,00) fixed

w; = Aw(t)+H(O[V]w)(t), t€[0,T], w(t=0)=w,
Yr . ={2€C(|0,T]; X2)| Vyz € C((0, T]; X5),
t2|V,2(t)]x, < Cr ¥Vt € (0,T)}.

Existence and Uniqueness Theorem

Vwy € Xo, 0 < 00 S.t.3! mild solution
w e Yr, VI < tpax If thax < 00, then

limy e, [[0(8)]x, = 0.

max
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G

obal-in4 well-posedness
A priori estimates

somel?’-bounds for\VV .V (t) are needed

=ldea: get bounds fok/,.V/(t) depending ofjw(t)]|

Strategy: exploitdispersive effects of the free-str.
(cf. [Perthame96h)—

estimate(definey .V via integral equation
= definition of IS by-passed

Anticipation: global-in4 well-posedness WITHOUT
WEIGHTS
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A priori estimate for electric field: WP case

E(z,t)=—VV(z,t)=—2= 2 * n(z, t)

an [z? *

w(zx,v,t) dv= | wo(z — v, v) dv+

/O(@[V]w)(x —vs,v,t — §)ds

Correspondingly¥' into

Ei(x,t) = Lz % /O(@[V]w)(x —vs,v,t — s)ds
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A priori estimate for electric field: WHy;
(z,t) = | fg(@[\/]w)(x —vs,v,t — 8)dsdv

Classical cp. : Vlasov-Poisson [Perthame96]

t
nl(x,t)://E-va(x—vs,v,t—s)dsdv
Rr3.J0

t
= divx/ /S(Ew)(x—vs,v,t—s)dsdv
R3J0

A

e OV]w = .7-"?7_1(5‘/@) = F-1{(WI[E]- V,w)

n

since 0V (zx,n)=V(z+1)—V(z—1)
=+ [*, Bz — r)dr = [WE](z,n) 1
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A priori estimate for electric field: WHy;
= [ fg(@[\/]w)(x —vs,v,t — 8)dsdv

A

o O|V]w = .7-"77_1(5‘/@) = F1(WI[E]-V,w)

Ui

since 6V (z,n) =V(z+1)—V(r—1)

= - [*, B(w —rn)dr = [WE](,n)-1

(1.1) — /R /tfn1(W[E]-V/U\w)(a:—vs,v,t—s)ds

—dlv/ /sf w)(x —vs,v,t — s)ds
RS
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A priori estimate for electric field: WHy;

Ei(x,t) = 41 ‘5’3‘3 xny(x,t) =
—div,, (4 " ’3)*f0 | F X w)(x — vs,v,t—s)dvds

Lemma : || [F, ' (W[E|®)(x—
< s PIE( = s)| gz lw(t = sz,

Quantum casqust in L?.
Classical caseLl”-version.
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A priori estimate for electric field: WHy;

El(x t) — 41 ‘33‘3 * (x,t) —

—div,, (4 " ’3)*f0 | F X w)(x — vs,v,t—s)dvds

Lemma: || [F, Y(WI[E]w)(x—
< s (|Bo(t — )l g2 + 1 B1(t — )l 2) lw(t — s) |12

Prop. : ||| Eo(t)||: < Crt ™ withw € [0, 1)

= 1By ®)l2 < C (T, supcllw(s) ]z £/27

NEW : \w e C(|0,T]; wa) — Ey[w] € Ly ((0, T); L3)
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A priori estimate for electric field: WHy,

1 x

EO('I7t) — 47T|33|3 *CB

wo(x — vt, v)

EX. Strichartz forfree-str.[Castella-Perthame '96],

wo(x — vt, v) < t_%HonLl(Lm), t > 0.
e i

LetVt e (0, 7]

wo(x — vt,v) < Crt™ wel0,1)
76/5

x

(HPY
< CCrt™

= B < C| [wolw — vt 0)]| ,, <
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WPFP: global-int, smooth solution

t

w(x,v,t) = G(t,z,v)*w +/OG(5, z,0)x(OV]w)(t—s)ds

Ey € L{((0,T7; L,L?’G]) 0y parabolic reguralizatian
Classical cp. : VPFP [Castella98]

Remark: E(t) € L° is needed for bootstraping
lvw(@ll2, [[vfw)lz < C, 0<t <T,VT.

Theorem[Arnold,Dhamo,M05]

Y wy € X5 s.t. (HP1) holds;3!w global mild solution,
w(t) € C*°(RY),Vt > 0,
(t), B(t) € C®(R?),Vt > 0.
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WPFP: global-int, smooth solution

t

w(x,v,t) = G(t,z,v)*w +/OG(S, z,0)x(OV]w)(t—s)ds

Ey e L((0,T]; L L8 ) by parabolic reguralizatian

Remarks

e NOT used pseudo-conformal law (cf. classical cp.)
ow € C(0T]L3,) = Fafw | € LI((0,7]; L) —
Vilw)(2,t) i= — k5 Bi[uw)(z, 1)

= V1|w] € L%((O,T],LL/ ]) = fixed-point-map for
w

WPFP: global-int, smooth solutionyithout weights
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/- FInal considerations

e kinetic analysisL?*-framework:

» physically consistent,

 suitable for real device simulation,

- admissable parallelism with classical cp.
e by-pass the definition of the particle density

Per spectives

e WPFP: hypoelliptic case, W& = 3, all-space case
e a priori estimates in the bounded domain case

e long-time-behaviour: decay — oo of E(t),n(t)
(cf. [Sparber,. .04],|Perthame96])
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