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1- Motivation

Trend in semiconductor technology: miniaturization
=⇒ Challenge: simulation tools

Features of novel devices=⇒ Quantum effects
Prototype:ResonantTunnelingDiode
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Quantum description
QS QuantumSystem withd degrees of freedom:

• apurestate ofQS↔ ψ ∈ L2(Rd; C),

• aphysicalstate ofQS↔ ρ̂ “density matrix” on
L2(Rd; C) , i.e.ρ(x, y) ∈ L2(R2d; C) kernel

ρ(x, y) =
∑

j∈N

λj ψj(x)ψj(y)︸ ︷︷ ︸
pure state

,

{ψj}j complete orthonormal set,λj ≥ 0,
∑

j λj = 1 .

The position density:

n(x) =
∑

j

λj|ψj|
2(x)∈ L1(Rd; R+)⇔ finite mass.
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Quantum Evolution: reversible dynamics
{
i d
dtψj = −1

2∆xψj + V ψj, j ∈ N, x ∈ R
d

−∆V (x, t) = n(x, t) =
∑

j λj|ψj|
2(x, t)

ρ(x, y, t) =
∑

j∈N

λjψj(x, t)ψj(y, t) , {ψj(t)}j ⊂ L2(Rd; C)

E.g. evolution of an electron ensemble withd d.o.f.,
ballistic regime,mean-field approximation
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Quantum Evolution: reversible dynamics
{
i d
dtψj = −1

2∆xψj + V ψj, j ∈ N, x ∈ R
d

−∆V (x, t) = n(x, t) =
∑

j λj|ψj|
2(x, t)

w(x, v) = Fη→v

∑

j∈N

λjψj(x+
η

2
)ψj(x−

η

2
)

Quantum Liouville equation: Wigner-Poisson
{
wt + v · ∇xw −Θ[V ]w = 0

−∆xV (x, t) = n[w](x, t) =
∫
w(x, v, t) dv

Fη→v{Θ[V ]w}(x, v) := i [V (x+ η/2)−V (x− η/2)]Fv→ηw(x, η)
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2- Quantum Kinetic description
A physicalstate ofQS←→ a quasiprobability on the
phase space,w : (x, v) ∈ R

2d 7→ R =⇒

w(x, v) := Fη→vρ
(
x+

η

2
, x−

η

2

)
∈ L2(R2d; R)

w is theWigner function for thephysicalstate ofQS
The position density

n[w](x, t) :=

∫
w(x, v, t) dv

w ∈ L2(R2d; R) 6⇒ n[w] well-defined,non-negative
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3- Analytical difficulties

•w ∈ L2(R2d; R) NOT⇒ n[w] well-defined

w(x, v, t) >
< 0 ⇒ n[w](x, t) :=

∫
w(x, v, t) dv >

< 0

Quantum counterpart:

{ψj(t)}j ⊂ L2(Rd; C), λj ≥ 0,
∑

j λj = 1

⇒ n(t) =
∑

j λj|ψj|
2(t), ‖n(t)‖L1 <∞ , ∀ t

⇒ (mass cons.) ‖ψj(t)‖
2
L2 = const.

First a-priori estimate for Schr.-Poisson systems
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3- Analytical difficulties

•w ∈ L2(R2d; R) NOT⇒ n[w] well-defined

• ekin(x, t) := 1
2

∫
|v|2w(x, v, t) dv:

w(x, v, t) >
< 0 ⇒ ekin(x, t)

>
< 0

Quantum cp.: Ekin(t) := 1
2

∑
j λj‖∇ψj(t)‖L2

1
2

∑
j λj‖∇ψj(t)‖

2
L2 +

1

2
‖∇V (t)‖2L2

︸ ︷︷ ︸
E2

pot(t)

=const.

(energy cons.)⇒ ‖∇ψj(t)‖
2
L2 = const.

=⇒ can NOT apply physical cons. laws
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Advantages

• w ∈ L2(R2d; R) is necessary for a physical state of
QS

• L2-setting is suitable for numerical approximation
(cf.[Arnold. . . 96])

• pseudo-differential operator

‖Θ[V ]w‖L2
x,v

= ‖ [V (x+ η/2)−V (x− η/2)]Fv→ηw‖L2
x,η

< Θ[V ]w,w >L2
v
= 0 (skew-simmetry)

wt + v · ∇xw −Θ[V ]w = 0

=⇒ ‖w(t)‖L2
x,v

= const.
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4- Open QS: irreversible dynamics

Motivation forquantum kineticapproach

Two examples:

• electron ensemble withd d.o.f. in RTD

[Frensley90]: Time-dependent boundary conditions
(b.c.) forw model ideal reservoir

⇒ Boundary-value problem for Wigner-Poisson:

• inflow time-dependent b.c. forw
•mixed Dirichlet-Neumann b.c. forV

Remark: Reformulation with{ψj}j impossible:
λj NOT const.
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4- Open QS: irreversible dynamics

Motivation forquantum kineticapproach

Two examples:

• electron ensemble withd d.o.f. in RTD

• electron ensemble withd d.o.f. in GaAs:
electron-phonon interaction

Semiclassical cp.: Boltzmann for semiconductors

Density-matrix form.: NOT suitable for boundary-

value problems
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Open QS: irreversible dynamics

wt + v · ∇xw −Θ[V ]w = Qw

• Qw = 1
τ (w −Mρ)⇒ [Degond,. . .03] QDD,QET
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Open QS: irreversible dynamics

wt + v · ∇xw −Θ[V ]w = Qw

• Qw = 1
τ (w −Mρ)⇒ [Degond,. . .03] QDD,QET

• Boltzmann-like collision operator
[Demeio,. . .04]⇒ simulation
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Open QS: irreversible dynamics
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Open QS: irreversible dynamics

wt + v · ∇xw −Θ[V ]w = Qw

• Qw = 1
τ (w −Mρ)⇒ [Degond,. . .03] QDD,QET

• Boltzmann-like collision operator
[Demeio,. . .04]⇒ simulation

• scattering term for electron-phonon interaction
[Fromlet,. . .99]

• quantum Fokker-Planck term [Castella,. . .00]
⇒ [Jüngel,. . .05] QHD
Classical cp. :Vlasov-Fokker-Planck
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QuantumFokker-Planck term

Qw = βdivv(vw)+σ∆vw+2γdivv(∇xw) + α∆xw (QFP)

with α, β, γ ≥ 0, σ > 0.

[Caldeira. . .83]: QS={electrons+reservoir}

β ∼ ξ coupling, σ ∼ T temp., γ, α ∼ 1
T , ǫ ∼

ξ
T

Lindblad condition: ασ ≥ γ2 + β2/16

Model Term Accuracy Lindblad

Classical β divv(vw) + σ∆vw O(ǫ2) NOT ok
Frictionless σ∆vw O(ǫ) ok
Quantum (QFP) O(ǫ3) ok
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5- Three well-posedness results

• WP system with inflow, time-dependent b.c. :
• d = 1, global-in-time well-p.[M,Barletti04]
• d = 3, local-in-time well-p.[M05]

• WPFP system,d = 3 [Arnold,Dhamo,M05]:
• global-in-time well-p.,NEW a-priori

estimates

⇒ NEW strategy for well-p. of WP(FP)

Common feature:L2-setting, ONLY kinetic tools
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WP system with inflow b.c.d = 1, 3

{
{∂t + v · ∇x −Θ[V (t) + Ve(t)]}w(t) = 0, t ≥ 0,

−∆xV (x, t) = n[w](x, t) =
∫
w(x, v, t) dv

(x, v) ∈ Ω× R
d, Ω ⊂ R

d open, bounded, convex,
Ve ≡ Ve(x, t), (x, t) ∈ R

d × R
+





w(s, v, t) = γ(s, v, t), (s, v) ∈ Φin, t ≥ 0,

V (x, t) = 0, x ∈ ∂Ω, t ≥ 0,

w(x, v, 0) = w0(x, v)

Φin :=
{
(s, v) ∈ ∂Ω× R

d| v·n(s) > 0
}

Easy:non homogeneous Dirichlet/Neumann b.c.
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• Weighted space:

Xk := L2(Ω× R
d; (1 + |v|2k)dxdv), d = 1, 3⇒ k = 1, 2

cf. [Markowich,. . . 89,Arnold,. . . 96]

Prop. : d = 3, w ∈ X2 ⇒ ‖n[w]‖L2 ≤ C‖w‖X2
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• Weighted space:

Xk := L2(Ω× R
d; (1 + |v|2k)dxdv), d = 1, 3⇒ k = 1, 2

cf. [Markowich,. . . 89,Arnold,. . . 96]

Prop. : d = 3, w ∈ X2 ⇒ ‖n[w]‖L2 ≤ C‖w‖X2

=⇒ V solution of Poisson pb. withn[w] ∈ L2(Ω):

V ∈W 1,2
0 (Ω) ∩W 2,2(Ω), ‖V ‖W 2,2 ≤ C‖n[w]‖L2

DefineP : X2 −→ W 2,2(R3)

P : w ∈ X2 7−→ V 7−→ Pw ≡ V a.e.Ω, Pw = 0 outsideΣ

with Σ open,Ω ⊂ Σ and ‖Pw‖W 2,2(R3) ≤ C‖w‖X2
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WP system with inflow b.c. inX2





wt + v · ∇xw − Θ[Pw]w = 0, t ≥ 0,

w(s, v, t) = γ(s, v, t), (s, v) ∈ Φin, t ≥ 0,

w(x, v, 0) = w0(x, v)∈ X2

• for all u ∈ X2, ‖Θ[U ]u‖X2
: contains‖v2

i Θ[U ]u‖L2

Fη→v

{
v2

i Θ[U ]u
}

= ∂2
ηi
{ [U(x+ η/2)−U(x− η/2)]Fv→ηu}

contains∂ηi
, ∂2

xi
U andvi, v

2
i u
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WP system with inflow b.c. inX2





wt + v · ∇xw − Θ[Pw]w = 0, t ≥ 0,

w(s, v, t) = γ(s, v, t), (s, v) ∈ Φin, t ≥ 0,

w(x, v, 0) = w0(x, v)∈ X2

• for all u ∈ X2, ‖Θ[U ]u‖X2
: contains‖v2

i Θ[U ]u‖L2

Fη→v

{
v2

i Θ[U ]u
}

= ∂2
ηi
{ [U(x+ η/2)−U(x− η/2)]Fv→ηu}

Prop. : ‖Θ[U ]u‖X2
≤ C‖U‖W 2,2(R3)‖u‖X2

⇒ ‖Θ[Pw]w‖X2
≤ C‖Pw‖W 2,2(R3)‖w‖X2

≤ C‖w‖2X2
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WP system with inflow b.c. inX2

{
{∂t − Tγ(t) −Θ[Pw](t)}w(t) = 0, t ≥ 0,

w(x, v, 0) = w0(x, v)∈ X2

w(t) ∈ D(Tγ(t)) := {u ∈ X2 | v · ∇xu ∈ X2, u|Φin
= γ(t)}

Remark ∀u1, u2 ∈ D(Tγ(t))⇒ u1 − u2 ∈ D(T0)

∀ p : [0,+∞)→ X2, s.t. p(t) ∈ D(Tγ(t)), ∀t ≥ 0

⇒ D(Tγ(t)) = p(t) +D(T0)

(cf.[Barletti00])
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WP system with inflow b.c. inX2

{
{∂t − Tγ(t) −Θ[Pw](t)}w(t) = 0, t ≥ 0,

w(x, v, 0) = w0(x, v)∈ X2

∀w : [0,+∞)→ X2, s.t. w(t) ∈ D(Tγ(t)), ∀t ≥ 0

w(t) = p(t) + u(t),with u : [0,+∞)→ D(T0)
{
{∂t − T0− Lp(t)−Θ[Pu](t)}u(t) = Qp(t)

u(x, v, 0) = w0(x, v)− p(x, v, 0) ∈ D(T0)

Lp(t)u(t) := Θ[Pp](t)u(t) + Θ[Pu](t)p(t)

Qp(t) := −{∂t − Tγ(t) −Θ[Pp](t)} p(t)

Choosep s.t.Qp ∈ C[0,+∞), Q′p ∈ L
1(0, T ], ∀T (1)
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WP system with inflow b.c. inX2:
local-in-t solution

{
{∂t − Tγ(t) −Θ[Pw](t)}w(t) = 0, t ≥ 0,

w(x, v, 0) = w0(x, v)∈ X2

Theorem

∀ γ s.t.∃ pas in(1) , ∀w0 ∈ D(Tγ(0)), ∃tmax ≤ ∞ s.t.

∃! classical solutionw(t),∀ t ∈ [0, tmax).
If tmax <∞, thenlimtրtmax

‖w(t)‖X2
=∞.

•Ex. :

γ ∈ C1([0,∞);L2(∂Ω×R
d; (v·n(s))(1 + |v|4)dsdv))

•A priori estimates are needed for global-in-t result
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WPFP system,d = 3





{∂t + v · ∇x −Θ[V (t)]}w(t) = Qw(t)

−∆xV (x, t) = n[w](x, t)

w(x, v, t = 0) = w0(x, v)

w ≡ w(x, v, t), (x, v, t) ∈ R
2d × [0,∞)

Qw = βdivv(vw) + σ∆vw + 2γdiv(∇xw) + α∆xw

Assumeασ > γ2 ⇒ Q uniformly elliptic in x andv.

• Classical cp. : Vlasov-PFP with
• non-linear term: ∇xV ·∇vw,
• FP term: β divv(vw) + σ∆vw.

• Frictionless FP term:σ∆vw hypoelliptic case.
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Existing results

• “density matrix” ρ̂ : [Arnold,. . .03]
global-in-t solution, by conservation laws.

• Quantum Kinetic:L1-analysis [Cañizo,. . .04]
global-in-t solution, bŷρ(t) ≥ 0, cons. laws:

w(t) ∈ L1(R2d; R) ⇒ n[w](t) ∈ L1(Rd)

(mass cons.)⇒ ‖n[w](t)‖L1 = const.

ekin[w](x, t)> −∞⇒ ekin[w](x, t)<∞

INSTEAD keep toL2-setting, purely kinetic analysis
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• Weighted space:X2 := L2(R6; (1 + |v|4)dxdv)

Prop. : w ∈ X2 ⇒ ‖n[w]‖L2 ≤ C‖w‖X2

=⇒ V (x) :=
1

4π|x|
∗ n[w](x), x ∈ R

3 :

• V /∈ Lp, ∀p, ∇V = −
x

4π|x|3
∗ n[w] ∈ L6.

FvΘ[V ]z(x, η) = i (V (x+ η/2)− V (x− η/2))︸ ︷︷ ︸
=:δV (x,η)

Fvz(x, η)

Forη fixed,‖δV (. , η)‖L∞ ≤ C|η|
1
2‖n[w]‖L2

• ‖Θ[V ]z‖L2 ≤ C‖n[w]‖L2‖|η|
1
2Fvz‖L2
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• Weighted space:X2 := L2(R6; (1 + |v|4)dxdv)

• V /∈ Lp, ∀p, ∇V = −
x

4π|x|3
∗ n[w] ∈ L6.

• ‖Θ[V ]z‖L2 ≤ C‖n[w]‖L2‖|η|
1
2Fvz‖L2

Prop. : w, z,∇vz ∈ X2 ⇒

‖Θ[V ]z‖X2
≤ C{ ‖z‖X2

+ ‖∇vz‖X2
} ‖w‖X2

⇒ parabolic reguralizationis needed
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The linear equation

wt = Aw(t), t > 0, Aw := −v · ∇xw +Qw

w(t = 0) = w0 ∈ X2 ,

• {etA, t ≥ 0} C0–semigrouponX2

(cf. [Arnold,. . .02])

⇒ ‖w(t)‖L2 ≤ e
3
2
βt‖w0‖L2, t ≥ 0

•w(x, v, t) = G(x, v, t)∗w0 (cf. [Sparber,. . .03])⇒

‖∇vw(t)‖X2
≤ B t−1/2 eκt‖w0‖X2

, 0 < t ≤ T0

(cf. classical cp. VPFP [Carpio98])
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The non-linear equation
∀T ∈ (0,∞) fixed

wt = Aw(t)+(Θ[V ]w)(t), t ∈ [0, T ], w(t = 0) = w0,

YT := {z ∈ C([0, T ];X2) |∇vz ∈ C((0, T ];X2),

t1/2‖∇vz(t)‖X2
≤ CT ∀t ∈ (0, T )}.

∀T < T0, the mapw ∈ YT 7−→ w̃ s. t.

w̃(t) = etAw0 +

∫ t

0

e(t−s)A(Θ[Ṽ ]w)(s) ds, t ∈ [0, T ]

is a strict contraction on some ball ofYτ with
τ(‖w0‖X2

).
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The non-linear equation
∀T ∈ (0,∞) fixed

wt = Aw(t)+(Θ[V ]w)(t), t ∈ [0, T ], w(t = 0) = w0,

YT := {z ∈ C([0, T ];X2) |∇vz ∈ C((0, T ];X2),

t1/2‖∇vz(t)‖X2
≤ CT ∀t ∈ (0, T )}.

Existence and Uniqueness Theorem

∀w0 ∈ X2,∃ tmax ≤ ∞ s.t.∃ ! mild solution
w ∈ YT , ∀T < tmax. If tmax <∞, then

limtրtmax
‖w(t)‖X2

=∞.
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Global-in-t well-posedness
A priori estimates

• ‖w(t)‖2 ≤ e
3
2
βt‖w0‖2, t ≥ 0,

• for ‖|v|2w(t)‖2 <∞ 0 ≤ t ≤ T,

someLp-bounds for∇xV (t) are needed

⇒Idea: get bounds for∇xV (t) depending on‖w(t)‖2

Strategy: exploit dispersive effects of the free-str.
(cf. [Perthame96])=⇒

estimate(define)∇xV via integral equation
⇒ definition ofn[w] is by-passed

Anticipation: global-in-t well-posedness WITHOUT

WEIGHTS
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A priori estimate for electric field: WP case

E(x, t)=−∇V (x, t)=− 1
4π

x
|x|3 ∗ n(x, t)

∫

R3
v

w(x, v, t) dv=

∫

R3
v

w0(x− vt, v) dv+

∫

R3
v

∫ t

0

(Θ[V ]w)(x− vs, v, t− s) ds dv

CorrespondinglyE into

E0(x, t) = −
1

4π

x

|x|3
∗x

∫

R3
v

w0(x− vt, v) dv

E1(x, t) = −
1

4π

x

|x|3
∗x

∫

R3
v

∫ t

0

(Θ[V ]w)(x− vs, v, t − s) ds
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A priori estimate for electric field: WP,E1

n1(x, t) =
∫ ∫ t

0 (Θ[V ]w)(x− vs, v, t− s) ds dv

Classical cp. : Vlasov-Poisson [Perthame96]

n1(x, t) =

∫

R3
v

∫ t

0

E ·∇vw (x− vs, v, t− s) ds dv

= divx

∫

R3
v

∫ t

0

s(E w)(x− vs, v, t− s) ds dv

•Θ[V ]w = F−1
η (δV ŵ) = F−1

η (W [E]· ∇̂vw )

since δV (x, η) = V (x+ η
2)− V (x− η

2)

= η ·
∫ 1

2

− 1
2

E(x− rη)dr =: W [E](x, η)· η
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A priori estimate for electric field: WP,E1

n1(x, t) =
∫ ∫ t

0 (Θ[V ]w)(x− vs, v, t− s) ds dv

•Θ[V ]w = F−1
η (δV ŵ) = F−1

η (W [E]· ∇̂vw )

since δV (x, η) = V (x+ η
2)− V (x− η

2)

= η ·
∫ 1

2

− 1
2

E(x− rη)dr =: W [E](x, η)· η

n1(x, t) =

∫

R3
v

∫ t

0

F−1
η (W [E]· ∇̂vw )(x− vs, v, t− s) ds

= divx

∫

R3
v

∫ t

0

sF−1
η (W [E]ŵ)(x− vs, v, t− s)ds
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A priori estimate for electric field: WP,E1

E1(x, t) = − 1
4π

x
|x|3 ∗ n1(x, t) =

−divx

(
1
4π

x
|x|3

)
∗
∫ t

0s
∫
F−1

η (W [E]ŵ)(x− vs, v, t−s)dvds

Lemma :
∥∥∫
F−1

η (W [E]ŵ)(x−vs, v, t−s)dv
∥∥

L2
x

≤ s−3/2 ‖E(t− s)‖L2
x
‖w(t− s)‖L2

x,v

Quantum case: just inL2.
Classical case:Lp-version.
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A priori estimate for electric field: WP,E1

E1(x, t) = − 1
4π

x
|x|3 ∗ n1(x, t) =

−divx

(
1
4π

x
|x|3

)
∗
∫ t

0s
∫
F−1

η (W [E]ŵ)(x− vs, v, t−s)dvds

Lemma :
∥∥∫
F−1

η (W [E]ŵ)(x−vs, v, t−s)dv
∥∥

L2
x

≤ s−3/2 (‖E0(t− s)‖L2 + ‖E1(t− s)‖L2) ‖w(t− s)‖L2

Prop. : ‖E0(t)‖L2 ≤ CT t
−ω with ω ∈ [0, 1)

⇒ ‖E1(t)‖L2 ≤ C
(
T, sups∈[0,T ]‖w(s)‖L2

)
t1/2−ω.

NEW : w ∈ C([0, T ];L2
x,v) 7→ E1[w] ∈ L1

t ((0, T ];L2
x)
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A priori estimate for electric field: WP,E0

E0(x, t) = −
1

4π

x

|x|3
∗x

∫
w0(x− vt, v) dv

Ex. Strichartz forfree-str.[Castella-Perthame ’96],
∥∥∥∥
∫
w0(x− vt, v)dv

∥∥∥∥
L

6/5
x

≤ t−
1
2‖w0‖L1

x(L
6/5
v )
, t > 0.

Let ∀ t ∈ (0, T ]
∥∥∥∥
∫
w0(x− vt, v)dv

∥∥∥∥
L

6/5
x

≤ CT t
−ω, ω ∈ [0, 1)

(HP1)

⇒ ‖E0(t)‖2 ≤ C
∥∥∥
∫
w0(x− vt, v)dv

∥∥∥
L

6/5
x

≤ CCT t
−ω
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WPFP: global-in-t, smooth solution

w(x, v, t) = G(t, x, v)∗w0 +

∫ t

0

G(s, x, v)∗(Θ[V ]w)(t−s)ds

E1 ∈ L
1
t ((0, T ];L

[2,6]
x ) by parabolic reguralization.

Classical cp. : VPFP [Castella98]

Remark: E(t) ∈ L3 is needed for bootstraping
‖vw(t)‖2, ‖|v|

2w(t)‖2 ≤ C, 0 ≤ t ≤ T, ∀T.

Theorem[Arnold,Dhamo,M05]
∀w0 ∈ X2 s.t. (HP1) holds,∃!w global mild solution,
w(t) ∈ C∞(R6),∀t > 0,
n(t), E(t) ∈ C∞(R3),∀t > 0.
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WPFP: global-in-t, smooth solution

w(x, v, t) = G(t, x, v)∗w0 +

∫ t

0

G(s, x, v)∗(Θ[V ]w)(t−s)ds

E1 ∈ L
1
t ((0, T ];L

[2,6]
x ) by parabolic reguralization.

Remarks

•NOT used pseudo-conformal law (cf. classical cp.)

•w ∈ C([0, T ];L2
x,v) 7→ E1[w] ∈ L1

t ((0, T ];L
[2,6]
x ) 7→

V1[w](x, t) := − 1
4π

x
|x|3 ∗ E1[w](x, t)

⇒ V1[w] ∈ L1
t ((0, T ];L

[6,∞]
x )⇒ fixed-point-map for

w

WPFP: global-in-t, smooth solution,without weights
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7- Final considerations

• kinetic analysis,L2-framework:
• physically consistent,
• suitable for real device simulation,
• admissable parallelism with classical cp.

• by-pass the definition of the particle density

Perspectives

•WPFP: hypoelliptic case, WPd = 3, all-space case

• a priori estimates in the bounded domain case

• long-time-behaviour: decayt → ∞ of E(t), n(t)

(cf. [Sparber,. . .04],[Perthame96])
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