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The effective-mass approximation

-

Most of mathematical models of quantum transport in
semiconductor devices makes use of the so-called
effective-mass approximation.

This amounts to substituting the true Hamiltonian

ﬁ2
H: —%A—I_Vper‘l_v
with the following:
h2
He = —— VIMIV +V
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The effective-mass approximation (continued)

-

The effctive-mass ten-
sor M arises from a
parabolic approximation
of the conduction band:

M~ = Hess(E¢)p,
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# In such approximation the electron[hole] belongs
exclusively to the conduction[valence] band.

.
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Interband devices

o N

The effective-mass approximation is unable to describe
interband tunneling, a quantum effect which plays an
important role in modern devices.

| |
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Multi-band models

-

We need therefore to go beyond the effective-mass T
approximation and consider more suitable models in which
the electron[hole] “feels the presence” of at least two-bands.
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-

Multi-band models

We need therefore to go beyond the effective-mass T
approximation and consider more suitable models in which
the electron[hole] “feels the presence” of at least two-bands.

1 - two-band Kane model:

R h
(MAJrEngV mK-V)

B2 h?
EK-V — L A+V

HKane —
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-

Multi-band models

We need therefore to go beyond the effective-mass T
approximation and consider more suitable models in which
the electron[hole] “feels the presence” of at least two bands.

2 - two-band order-1 M-M model:

PN+ E,+V L K-VV

- 2mi mkEyg
HM-M - h2 h2
mEgK-VV —2m§A+V
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-

Multi-band models (continued)

All these models furnish an approximation of the real

multi-band dispersion relation:

Energy

\
E (p)
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E(p)

\/\

Momentum
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Multi-band models (continued)

-

As an example, here is the dispersion relation computed T
with the Kane Hamiltonian for GaAs:

Energy (eV)

-3 -2 -1 0 1

Momentum (10"24 Kg m/s)
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Research program



Research program

-

#® Quantum kinetic theory
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Research program

-

#® Quantum kinetic theory
# Nonlinear/dissipative Wigner equations
# MB Wigner equations
# MB thermal equilibrium
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Research program

-

#® Quantum kinetic theory
# Nonlinear/dissipative Wigner equations
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-
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Research program

-

#® Quantum kinetic theory
# Nonlinear/dissipative Wigner equations
# MB Wigner equations
# MB thermal equilibrium

#® Quantum hydrodynamics
o MB-QDD
o MB-QET
o MB-QHD

# Spintronics

® Applications to electronic devices and BEC
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The Wigner transform

The Wigner transform

_ § &Y —itp/h

is a unitary mapping of L?(R? x R3, C) into itself.

It allows a quasi-kinetic formulation of statistical QM.

|
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The Wigner equation

o N

The quantum Liouville equation

ihdp=[—LA+V,p]
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-

The Wigner equation

The quantum Liouville equation

ihdp=[—LA+V,p]

IS equivalent to the Wigner equation

1

1h

V(r+3Vy) —V(r—3Vy)]w

|
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How MB Transport Egs. should look like?

o N

Single band case (no discrete degrees of freedom):

— -~ Wigner transform\

S = 35 A P (@)9k (y) , w(r, p)

mixed state Wigner function

o |
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How MB Transport Egs. should look like?

o N

Single band case (no discrete degrees of freedom):

— -~ Wigner transform\

S = 35 A P (@)9k (y) , w(r, p)

mixed state Wigner function

Multi-band/spin case (one discrete degree of freedom):

Wigner transform

S =3k M UF ()9 (y) > wij(r,p)

mixed state Wigner matrix

where w;;(r,p) = wj;(r, p).
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How MBTE should look like? (contd.)
-

Now assume 1 < 4, j < 2 and recall that the Pauli matrices T

0_10 0_01 O__O—i 0__10
0=\ 1) “Y=\1 o) 927\ o) 937\ 1

are a orthonormal basis of 2 x 2 hermitian matrices over R.

o |
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How MBTE should look like? (contd.)
-

Now assume 1 < 4, j < 2 and recall that the Pauli matrices T

0_10 0_01 O__O—i 0__10
0=\ 1) “Y=\1 o) 927\ o) 937\ 1

are a orthonormal basis of 2 x 2 hermitian matrices over R.

Thus, we can decompose the Wigner matrix W = (w;;) as:

W=w000—|—w10'1—|—’w20'2—|—w30'3

where the functions w,. are real.
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How MBTE should look like? (contd.)
-

Explicitly:

-

1
wo = 5 (’w11 + w22)
w1 = Rewio = Rewa2q

wa = —Imwig = Imway

w3 = 5 (w11 — w22)
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How MBTE should look like? (contd.)
-

Explicitly:

-

1
wo = 5 (’w11 + w22)
w1 = Rewio = Rewa2q

wa = —Imwig = Imway

w3 = 5 (w11 — w22)

Putting (w)(r) = [ w(r,p) dp, we have

(wo)? = (w1)? + (w9)” + (ws)?, for a pure state,

(wo)? > (w1)* + (w2)? + (ws)?, for a mixed state,

in analogy with Stokes parameters describing a polarized
light beam.
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Interpretation

-

Fori:=0.1,2,3 we have

3
Tr(So;) = Z/wk(r,p) dr dp Tr(o o)
k=0

which, since Tr(o0;) = 24, implies

o |
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Interpretation

-

Fori:=0.1,2,3 we have

3
Tr(So;) = Z/wk(r,p) dr dp Tr(oo;)
k=0
which, since Tr(o0;) = 24, implies

/wo(r,p) drdp =1
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Interpretation

-

Fori:=0.1,2,3 we have

3
Tr(So;) = Z/wk(r,p) dr dp Tr(oo;)
k=0
which, since Tr(o0;) = 24, implies
/wo(r,p) drdp =1

and, fori =1, 2, 3,

1 . S .
/ wi(r,p) dr dp = 5 X “spin” expectation in direction i
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Interpretation (continued)

o N

In the case of Kane or M-M model:

o3 = (é 0 ) IS the observable “band index”

o |
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Interpretation (continued)

o N

In the case of Kane or M-M model:

o3 = (é 0 ) IS the observable “band index”

The Wigner function w3 can thus be given a local meaning:

—— = local expectation of band-index.
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-

Dynamics

-

The Kane Hamiltonian can be decomposed as follows:

H=(-3A+V)oy—iK-Vos+ E;o3

where we put A = m = 1.

Assume for simplicity that we are describing electrons in a
bulk crystal (constant £, and K.)

Thus the dynamics of Wigner functions is given by the
following set of equations.

|
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Dynamics (continued)

( (8,5 +p-V, +i@v)wo = —K - V,ws
((9t +p-V, +i@v)w1 = —FEyws + 2K - pws
< (&g +p-V,+ i@v)wg = —K - V,wo + Eywq
\ (8,5 +p-V, —I—i@v)wg — 2K -pw

where
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Plane-wave dynamics

o N

A statistical superimposition of plane waves corresponds Iin
the Wigner picture to a space-homogeneous Wigner
function.

Assuming space-homogeneity and V() = F - r, the
previous equations reduce to

( (8t F- Vp)’wO =
(0 — E. Vp)wi = —Eqws + 2K - pws
| (0 — F - Vp)wz =
(8 — F - Vp)ws = —2K - pwy

o |
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Plane-wave dynamics (continued)

o N

Putting

W = (wy,wy,w3) and B(p):= (0, 2K - p, E,)

the “spinorial part” of the previous system can be presented
in the following simple form:

(0y — F - V)@ = B(p) A0

—

F-V,w = momentum drift  B(p) A @ = band transitions

o |
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Plane-wave dynamics (continued)

-

-

Path of a plane wave on the Poincaré sphere:

0.8

-0.8
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Moment equations

-

Fori =0,1,2, 3, define the local averages:
wlr) = [ witrp) do
Ji(r) = /pwq;("“,P) dp

ci(r) = / p @ pwi(r, p) dp

o |
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Order-0) moment equations

(Osng+V-jo=—-V-Kno
8tn1+V-j1:—Egn2+2K-j3
8tn2+v-j2:—V-Kno+Egn1

 Okrn3+ V- j3 = —2K - ji

|
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Order-0) moment equations

(Osng+V-jo=—-V-Kno
8tn1+V-j1:—Egn2+2K-j3
8tn2—|-v'j2=—v-Kno—|—Egn1

 Okrn3+ V- j3 = —2K - ji

Continuity equation for the total density:

8tn0+v-(j0+Kn2):O
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Order-0) moment equations

(Osng+V-jo=—-V-Kno
8tn1+V-j1:—Egn2+2K-j3
8tn2+v-j2:—V-Kno+Egn1

 Okrn3+ V- j3 = —2K - ji

Continuity equation for the total density:

atno—l—v-(jo—l—an):O

—> Kno = interband current

o |
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Order-1 moment equations

(O jo+Vi.cg+VVng=-V- KR jg
atj1+V°Cl+VV7’L1:— gj2+2K°63
atj2+V°C2+VV7”L2:—V'K®j0—|—Egj1

\at].3+V°63—|—VV’I’L3:—2K-Cl

Q(ng) = -1 (V Q Vn; — (V”i)g(vw) - Bohm term

|
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Two-band Madelung equations

o N

Theorem. If (wg, w1, w2, ws) are the Wigner functions of a
pure state, then the temperature terms vanish:

T; =0, 1 =0,1,2,3.

o |
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Two-band Madelung equations

o N

Theorem. If (wg, w1, w2, ws) are the Wigner functions of a
pure state, then the temperature terms vanish:

T; =0, 1 =0,1,2,3.

Therefore, the order-0 and order-1 moment equations are a
closed system yelding Madelung-like equations for the
Kane model, equivalent to the Schrodinger equation.

o |

Beyond the effective-mass approximation — p.27/28



Conclusions



Conclusions

o N

#® We have discussed the meaning of the multi-band
approach to quantum transport in semiconductor
devices.
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Conclusions

o N

#® We have discussed the meaning of the multi-band
approach to quantum transport in semiconductor
devices.

#® We have focused our attention on the description of a
2-B system by means of Wigner functions.

#® We have seen the form of 2-B transport equations for
the Kane model.
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Conclusions

-

We have discussed the meaning of the multi-band
approach to quantum transport in semiconductor
devices.

We have focused our attention on the description of a
2-B system by means of Wigner functions.

We have seen the form of 2-B transport equations for
the Kane model.

We have seen the form of 2-B Madelung-like QHD
equation for the Kane model.
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