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Outlook

1- Multi-band model (MEF)
2- Quantum kinetic formulation
3- Well-posedness problem

4- Analytical difficulties
5- Final considerations
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MEF model: derivation

[Morandi,ModugnoO5] ¥ pure state of electron in a
crystal lattice, subject t&” external potential

U(r,t) =) /k . (k, ), (k,z)  with ),

(=120 + Vi )Yu(k, ) = En(k)n(k, x)

AN

th Oy, (k) = E, (K)o, (k) + /V(k — Ko, (K

/

S [ R k= KT (= K)o ()

with P, . (k, k/) momentum matrix elements.
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MEF model: derivation
[IMorandi,ModugnoO5] (O(1)-In-k version)

im0y (k) = Bu(k) <k>+/m—k’> ()

h ( ) —— / /
i B By, TV )

(R;) :/ (k)exp{ik- R;}, R, lattice sites,
k

V()= > (R)) (z - Ri)
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MEF model: derivation

[Morandi,ModugnoO5] ., (x) can be considered

cell-averaged wavefunctiaof the electron in thex-th
band

ihop  (x) = B (—ihV) (x) + V(z) (o)

h P,.(0,0)
T2 B0 B0
. h2k? ;
Effective mass approx.£, (k) = E,, - Syl O(k°).
™m
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Two-band model
Y., P, wavefunctions for electron in thev-bands

= n(z) = WGP(CE) + ‘va(x)
DY, h’ AP

| — JAN C Ec c | v
ih e o Ve + (B + V) zVVmng

. 0Y, h? , hP

h — A v Ev v C
ih— o] Yy + (B, + V)Y zVVmng

with £, = E, — E,, E..

NEW: couplig reduces a%, increases, no coupling
whenV = 0.
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Resonant level
Resonant level
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Quantum kinetic formulation
Density matices description:
pij(x,y) = Yi(x)Y;(y), &7 € {cv]
Wigner matrices description:
wij(z,v) = W piy) (®,0), 4,J € {c, v}
The Wigner transform:
Wp)(z,v) = Fyowp (¢ + 2,2 — 2)

<

pii(,y) = pji(y, z) = wij(z,v) = wji(z,v).
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Wigner-MEF system

(O +v- -V, + 1OV ])wee =  1O[F Jwe — iO[F, Jwy,
(0 — 1Ay + iv* +iO[Vey]) wey = 1O[F_Jwee — iO[F}Jwyy
(&g +iA, — iv® + z@VvC) Wye = —1O|F|wee + 1O F_|w,y,
(0 —v -V +10Vy]) wyy = —iO[F |we, + iO]F_|w,,.

[Frosali, Morandi 05)where

Vii(@,§) = (Bi+V)(x+&/2) — (E; +V)(z —§/2)
Fi(z,8) = (VV-P)(z+&/2)

O14]f) (z.p) = (27) // 0V §(z, €) f(x,0') dE dof
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Abstract formulation

N

OW + (A+B)W = FW  with

(Weer Wey, Wye, Wy )
diag (v-Vx,—zA + iv?, i, — iv?, —v- V)
idiag (©[Vee|, ©[Ve], O[Viel, ©[Viy))
( OlF.] —O[Fy] \

\ ~O[F,] O[F] /
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Difficulties and advantages

® Wee, Wy € L2(R*; R)

= n(x) = /(fwcc + Wyy) (2, V) dv

IS well-defined and non-negative ( ).
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Difficulties and advantages

e conservation of theF?-norm”: set
oW +(A+ B)W = FW

in , With
W, Z> 0= Y <Wij, Zij>pe
i,j€{c,v}
QW70 =
— <(A+B-FW,W> — <W, (A+B—F)W>

where: A Is self-adjoint and

<BW,W> = — <W, BW>
<FW W> = — <W FWW>
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EXxisting results
* (single-band) WigneRoissorsystem,/.”-setting,
d = 1 [Markowich, Ringhofer 91],. ..

* (single-band) WP system withinflow,
time-dependent b.c.

d = 1, global-in-time well-p. [CM, Barletti 04]
[CM 05]

» two-band Wigner-Kane systeni,= 1 [Borgioli,
Frosali, Zweifel 03]: global-in-time well-p.

 two-band Wigner-MEF system,= 1 [Frosali,
Morandi 05]: global-in-time well-p.
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Wigner-MEF Poisson

(0, + A+ B— FYW(z,v,t) =0(z,v,t) € [0, ] xRxR
<
| =BV (z,t) = n(z,t) = [(wee + Wwou) (2, v,1) dv

wii(s,v,t) = vi(s,v,t), (s,v) € Py, t >0, 1 € {c,v}
wi; =0, (z,v) € {0,1} xR, t >0, ¢,j € {c,v},i #j

V(x,t) =0, x € {0,1},t >0,
W(%,U,O) — WQ(ZE,?})

P, = {0} x RT[J{1} x R~
Easy:non homogeneous Dirichlet/Neumann b.c.
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Poisson coupling
o (V) :=(L4[0,1] x R; (14 ) dxdv; C))*

cf. [Markowich,Ringhofer89]
(for d # 1[Barletti, CM 04])
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Poisson coupling

o (V) :=(L4[0,1] x R; (14 ) dxdv; C))*
cf. [Markowich,Ringhofer89]
(for d # 1[Barletti, CM 04])

e |/ solution of Poisson pb. with

Ve Wy ([0, 1DnW22([0,1]), [V [|w22 < C

o ||OV]wg| v < ClV|we2||wil
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Poisson coupling

o (V) :=(L4[0,1] x R; (14 ) dxdv; C))*
cf. [Markowich,Ringhofer89]
(for d # 1[Barletti, CM 04])

e |/ solution of Poisson pb. with

o |OV]wy| v <C 1w |
o |OF|w|l <C wij |
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Inflow b.c. in (X;)

[ (Gs+ Ay + B — F)W(z,v,t) =0

Wz, v,0) = Wy(x,v) € (X4)*

W(t) € D(A,y) :={U € D(A) | wiils,, = 7i(t),% = c, v}
VU,Us € D(Ay ) = U — Uz € D(Ap)

Letp; : |0, +00) — X7,7 = ¢, v such that
P(t) — (pc, 0, O,pv) ~ D(A%t)), Yt > 0
~ D(A,) = P(t) +D(A)

(cf.[Barletti 00])
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Inflow b.c. in (X;)

[ (Gs+ Ay + B — F)W(z,v,t) =0
Wiz, v,0) = Wy(z,v) e (X;)*

\

W(t) = P(t) + U(t), with U : [0, +00) — D(A)

[ {0, — Ag— Lp(t) — (B+ F)[UI®)}U(t) = Qp(t)
U(x,v,0) = Wy(x,v) — P(z,v,0) € D(Ap)

A

\

with L»(t) bounded operator ofX;)*, Qpr(t) source
term: choose” such that) »(t) is regular.
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Local well-posedness

Theorem

V7,1 = c, v, S.t. 3 suitablel”, VW, € D(A, ),
tax < 00 such thatd! classical solution
W(t),Vt € |0, tmax). If tmax < 00, then

lim HW(t)”(X1)4 — OQ.

t,/ tmax
= A priori estimateseeded for global-in+ result:
® W(t)H(L2)4 < o0 Vi
o ||[WV(?)]|(z2)+ necessitates different strategy.

TYPICAL problem with WP pbin bounded domains
(d =3 [CM 05)])
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