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MEF model: derivation
[Morandi,Modugno05]: Ψ pure state of electron in a
crystal lattice, subject toV external potential

Ψ(x, t) =
∑

n

∫

k∈B

ϕn(k, t)ψn(k, x) with ψn

(−~
2/2∆ + VL)ψn(k, x) = En(k)ψn(k, x)

i~ ∂tϕn(k) = En(k)ϕn(k) +

∫

k′

V̂ (k − k′)ϕn(k
′)

+
~

m

∑

n′ 6=n

∫

k′

Pn,n′(k, k′)

∆En,n′(k, k′)
(k − k′)V̂ (k − k′)ϕn′(k′)

with Pn,n′(k, k′) momentum matrix elements.
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MEF model: derivation
[Morandi,Modugno05]: (O(1)-in-k version)

i~ ∂tϕn(k) = En(k)ϕn(k) +

∫

k′

V̂ (k − k′)ϕn(k
′)

− i
~

m

∑

n′ 6=n

Pn,n′(0, 0)

En(0) − En′(0)

∫

k′

∇̂V (k − k′)ϕn′(k′)

χn(Ri) =

∫

k

ϕn(k) exp {ik·Ri}, Ri lattice sites,

Ψ(x) =
∑

n

∑

Ri

χn(Ri)φ
W
n (x − Ri)
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MEF model: derivation
[Morandi,Modugno05]: χn(x) can be considered
cell-averaged wavefunctionof the electron in then-th
band

⇒ n(x) ≈
∑

n

|χn(x)|2

i~ ∂tχn(x) = En(−i~∇)χn(x) + V (x)χn(x)

− i
~

m

∑

n′ 6=n

Pn,n′(0, 0)

En(0) − En′(0)
∇V (x)χn′(x)

Effective mass approx. :En(k) = En +
~

2k2

2m∗
n

+O(k3).
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Two-band model
ψc, ψv wavefunctions for electron in thec,v-bands

⇒ n(x) = |ψc|
2(x) + |ψv|

2(x)

i~
∂ψc

∂t
= −

~
2

2m∗
c

∆ψc + (Ec + V )ψc − i∇V
~P

mEg

ψv

i~
∂ψv

∂t
=

~
2

2|m∗
v|

∆ψv + (Ev + V )ψv − i∇V
~P

mEg

ψc

with Eg = Ec − Ev, Ec.

NEW: couplig reduces asEg increases, no coupling

whenV = 0.
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Quantum kinetic formulation
Density matices description:

ρij(x, y) = ψi(x)ψj(y), i, j ∈ {c, v}

Wigner matrices description:

wij(x, v) = (W ρij) (x, v), i, j ∈ {c, v}.

The Wigner transform:

(Wρ)(x, v) := Fη→vρ
(
x + η

2 , x − η
2

)

Wρij ∈ L2(R2d; C) ⇐⇒ ρij ∈ L2(R2d; C)

ρij(x, y) = ρji(y, x) =⇒ wij(x, v) = wji(x, v).
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Wigner-MEF system

(∂t + v · ∇x + iΘ[Vcc]) wcc = iΘ[F−]wcv − iΘ[F+]wvc(
∂t − i∆x + iv2 + iΘ[Vcv]

)
wcv = iΘ[F−]wcc − iΘ[F+]wvv(

∂t + i∆x − iv2 + iΘ[Vvc]
)
wvc = −iΘ[F+]wcc + iΘ[F−]wvv

(∂t − v · ∇x + iΘ[Vvv]) wvv = −iΘ[F+]wcv + iΘ[F−]wvc

[Frosali, Morandi 05], where

Vij(x, ξ) = (Ei + V )(x + ξ/2) − (Ej + V )(x − ξ/2)

F±(x, ξ) = (∇V · P ) (x ± ξ/2)

(Θ[φ]f) (x, p) = (2π)−d

∫ ∫
e−i(v−v′)·ξ φ(x, ξ) f(x, v′) dξ dv′
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Abstract formulation

∂tW + (A + B)W = FW with

W = (wcc, wcv, wvc, wvv)

A = diag
(
v· ∇x,−i∆x + iv2, i∆x − iv2,−v· ∇x

)

B = idiag (Θ[Vcc], Θ[Vcv], Θ[Vvc], Θ[Vvv])

F = i




Θ[F−] −Θ[F+]

Θ[F−] −Θ[F+]

−Θ[F+] Θ[F−]

−Θ[F+] Θ[F−]



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Difficulties and advantages
• wcc, wvv ∈ L2(R2d; R)

6=⇒ n(x) :=

∫
(wcc + wvv)(x, v) dv

is well-defined and non-negative (⇒ weighted space).

• conservation of the “L2-norm”:
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Difficulties and advantages
• conservation of the “L2-norm”: set

∂tW + (A + B)W = FW

in
(
L2(R2d, dx dv; C)

)4
, with

<W, Z>(L2)4:=
∑

i,j∈{c,v}

<Wij, Zij>L2 .

∂t‖W‖2
(L2)4 =

− <(A+B−F )W, W>(L2)4 − <W, (A+B−F )W>(L2)4

whereiA is self-adjoint and

<BW, W>(L2)4 = − <W, BW>(L2)4

<FW, W>(L2)4 = − <W, FW>(L2)4
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Existing results
• (single-band) Wigner-Poissonsystem,L2-setting,

d = 1 [Markowich, Ringhofer 91],. . .
• (single-band) WPsystem withinflow,

time-dependent b.c.:

d = 1, global-in-time well-p. [CM, Barletti 04]

d = 3, local-in-time well-p.[CM 05]
• two-band Wigner-Kane system,d = 1 [Borgioli,

Frosali, Zweifel 03]: global-in-time well-p.
• two-band Wigner-MEF system,d = 1 [Frosali,

Morandi 05]: global-in-time well-p.
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Wigner-MEF Poisson
{

(∂t + A + B − F )W (x, v, t) = 0 (x, v, t) ∈ [0, 1]×R×R
+

−∂2
xV (x, t) = n(x, t) =

∫
(wcc + wvv)(x, v, t) dv





wii(s, v, t) = γi(s, v, t), (s, v) ∈ Φin, t ≥ 0, i ∈ {c, v}

wij ≡ 0, (x, v) ∈ {0, 1} × R, t ≥ 0, i, j ∈ {c, v}, i 6= j

V (x, t) = 0, x ∈ {0, 1}, t ≥ 0,

W (x, v, 0) = W0(x, v)

Φin := {0} × R
+

⋃
{1} × R

−

Easy:non homogeneous Dirichlet/Neumann b.c.
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Poisson coupling

• (X1)
4 := (L2([0, 1] × R; (1 + v) dxdv; C))4

cf. [Markowich,Ringhofer89]
(for d 6= 1[Barletti, CM 04])

‖n‖L2 ≤ C‖wcc + wvv‖X1
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Poisson coupling

• (X1)
4 := (L2([0, 1] × R; (1 + v) dxdv; C))4

cf. [Markowich,Ringhofer89]
(for d 6= 1[Barletti, CM 04])

‖n‖L2 ≤ C‖wcc + wvv‖X1

• V solution of Poisson pb. withn[w] ∈ L2([0, 1]):

V ∈ W 1,2
0 ([0, 1])∩W 2,2([0, 1]), ‖V ‖W 2,2 ≤ C‖n[w]‖L2

• ‖Θ[V ]wij‖X1
≤ C‖V ‖W 2,2‖wij‖X1
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Poisson coupling

• (X1)
4 := (L2([0, 1] × R; (1 + v) dxdv; C))4

cf. [Markowich,Ringhofer89]
(for d 6= 1[Barletti, CM 04])

‖n‖L2 ≤ C‖wcc + wvv‖X1

• V solution of Poisson pb. withn[w] ∈ L2([0, 1])

• ‖Θ[V ]wij‖X1
≤ C‖wcc + wvv‖X1

‖wij‖X1

• ‖Θ[F±]wij‖X1
≤ C‖wcc + wvv‖X1

‖wij‖X1
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Inflow b.c. in (X1)
4

{
(∂t + Aγ(t) + B − F )W (x, v, t) = 0

W (x, v, 0) = W0(x, v)∈ (X1)
4

W (t) ∈ D(Aγ(t)) := {U ∈ D(A) | wii|Φin
= γi(t), i = c, v}

∀U1, U2 ∈ D(Aγ(t)) ⇒ U1 − U2 ∈ D(A0)

Let pi : [0, +∞) → X1, i = c, v such that

P (t) = (pc, 0, 0, pv) ∈ D(Aγ(t)), ∀t ≥ 0

⇒ D(Aγ(t)) = P (t) + D(A0)

(cf.[Barletti 00])
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Inflow b.c. in (X1)
4

{
(∂t + Aγ(t) + B − F )W (x, v, t) = 0

W (x, v, 0) = W0(x, v)∈ (X1)
4

W (t) = P (t) + U(t), with U : [0, +∞) → D(A0)
{

{∂t − A0− LP (t) − (B + F )[U ](t)}U(t) = QP (t)

U(x, v, 0) = W0(x, v) − P (x, v, 0) ∈ D(A0)

with LP (t) bounded operator on(X1)
4, QP (t) source

term: chooseP such thatQP (t) is regular.
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Local well-posedness
Theorem

∀ γi, i = c, v, s.t. ∃ suitableP , ∀W0 ∈ D(Aγ(0)),
∃tmax ≤ ∞ such that∃! classical solution
W (t),∀ t ∈ [0, tmax). If tmax < ∞, then

lim
tրtmax

‖W (t)‖(X1)4 = ∞.

⇒ A priori estimatesneeded for global-in-t result:

• ‖W (t)‖(L2)4 ≤ ∞ ∀ t

• ‖vW (t)‖(L2)4 necessitates different strategy.

TYPICAL problem with WP pb.in bounded domains
(d = 3 [CM 05])
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