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We perform the asymptotic analysis of the Wigner quantum transport equation
in a semiconductor. What we mean as asymptotic analysis:

Let us suppose that the evolution process is characterized by the operator A,
acting in the Banach space X,

du
€ — A
dt €u€7
u.(0) = wug

where uq is the initial condition. We are interested in finding a new simpler
operator, say B,, such that the new problem

dv,
— Be €9
dt Y
v:(0) = Vo

admits a solution v, which is sufficiently “close” to the exact solution, u., in the



sense
lue — vl x = O(e”).

The main purpose of this paper is to revisit the derivation of drift-diffusion
approximation for a linear quantum transport in a semiconductor.

Our aim is to make a rigorous asymptotic analysis using the modified
(compressed) Chapman—Enskog method (Mika & Banasiak, 1995a).

This method was applied successfully to more complicated models, yielding a
rigorous mathematical theory of the asymptotic expansion. Here we apply the
compressed method to the quantum Wigner equation, clarifying the derivation and
giving the exact meaning of the hydrodynamic coefficients.

The problem is studied in the Lo setting, where the norm is the natural one
from the physical point of view.



The quantum kinetic model

We consider the linear Wigner equation that describes the evolution in time
of the quasi-distribution function w = w(x,v,t) associated to a quantum system
with d degrees of freedom, under the effect of a potential V =V (x):

%w—kv-vmw—@[‘/]w =0, t>0, (z,v)eR*.

Here the (real-valued) potential V' enters through the pseudo-differential operator
O[V] defined by

1

(O V]w)(x,v,t) = 2m)1 /IRd/IRd5V(x,n)w(a},v’,t)ei(”_”,)'”dv’dn,

where 0V (z,n) :=

2m

St
AN
~
8
+

s

V(e —42)



Let us modify the Wigner equation by adding a collisional term which mimics
the dissipative interaction of the quantum system with the environment. The
simpler model is a BGK relaxation-time operator, which says that after a time 1/v
the system will relax to a state weq. Accordingly,

%’w +v-Voaw—0OV]w = —v(w—we), t>0, (z,v)€ R24

We shall describe the equilibrium state by the O(h?)-quantum corrected
thermodynamical equilibrium function calculated by Wigner (1932). Precisely,

() 1= (5 )de‘ﬁﬂ

2mh
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X1+ h" — — Vs
{ + 72:31 ( 8m Ox? + 24m \ Oz, + 24 72521 vry O0x,0x,

where H(z,v) := mv?/2 + V(z) is the Hamiltonian of the system, 3 = 1/kT,

+ O(h4)}
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with T" the (constant) temperature and k the Boltzmann constant. We recall that

this follows from an expansion in terms of i of the unconstrained minimizer of the
relative (von Neumann) entropy.

Like in Gardner 1994, since the particle density is given by n(z,t) = n[w](x,t) :=
[ w(x,v,t)dv, we parametrize the equilibrium function via

/]R Weae, v) dv = n(a, 1)

Then we can write the Wigner thermal equilibrium function as

52 d 82‘/ /83 d 82‘/
24m ; Ox? + 24 Z rts

Weq(x,v) = n(x, t)F(v) { 1+ h°

r,s=1

d/2 ,
where F'(v) is the classical Maxwellian (g—;”) e~ PmvT/2.

Such function is corrected by a term of order h2.



Formulation of the problem

In the sequel we are interested to study the case in which a “strong” potential
is included, accordingly, we introduce the potential characteristic time ty (i.e. the
time needed by a particle of mass m to cover the distance xy under the effect of
the potential). Moreover we introduce the mean free time ¢~ between interactions
of the system with the background.

The rescaled adimensionalized equation looks as follows

0
€W +ev-Vow—0OV]w = —v(w—1we), t>0, (z,0)cR** (1)
where € := [/xy with [ := vgtc is a characteristic length corresponding to the

classical mean free path

. t t
We have assumed that the times ¢y, and ¢~ are comparable, and t_v ~-C e,



We are now in position to put (1) in abstract form: let X} be the space
L*(IR*?, (1 + |v|**)dz dv; R) with the usual norm

full, = [ a0+ o) dodo,

and XV be the Hilbert space L?(IR%, (1 + |v|?*)dv;IR). We have the following
system

( d
e X _ e Sw + Aw + Cw,
) dt (2)
iy fu(t) — wollx, =0
o streaming operator Su:=—-v-V,,
o field operator Aw := OV]w,

o collision operator Cw:=—(rw—Quw),



where the collision operator € is defined by

52 d 82V_|_ 53 Ed: 92V
N UrUg
24m <~ Oz 24

Quw(z,v,t) :=vF(v)< 1+ A°

We shall call F(?) the previous O(h?)-coefficient and

Quw(x,v) = vnjw](x) [F(v) + hQF(Q)(:E,v)} :

Remark: A formal integration in the v-variable of the evolution equation gives
the continuity equation.



For what the operator A+C is concerned, we can state the following preliminary
result.

Lemma 1.

If V e WF> with 2k > d, then the operator A + C is well-defined from X
into itself and is bounded by

JA+Cllsce,y < k) [[VIiweoe(1+ I Fllxg,,) + 1Flxg +1]
Moreover, A + C is well-defined (bounded) from X into itself.

The existence and uniqueness problems for the initial value system (2) for any
e > 0 can be investigated by using analogous arguments in Manzini-Barletti(2004),
related to semigroup theory in the L*-setting.



We shall apply the compressed Chapman-Enskog procedure, as proposed by J.
Mika (1981) (see also the monograph by Mika & Banasiak (1995)).

Accordingly, it is necessary to study the problem with € = 0, i.e. the equation
(A+C)f =0, in the space Xj. (in the space X} for any fixed x € R).

Proposition 1.
Under the same assumptions of the previous Lemma, for any fixed x

ker(A+C):= {cM(v),c € R} C X}

with
_ FF(n) BR2 N V()
M ‘= L rlls ; ;
(z,v) vF 0 — oV (z.1) T 42 T; U Er— 833 . (x,v)

Moreover, for all h € X7, (A + C)u = h has a solution if and only if

/]RC?(U)dv ~ 0.
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Formal expansion

According to Proposition 1., we can decompose the space X} as follows
Xy = (X)p @ (X2)"

where (Xj),, is the eigenspace spanned by M := {a(z)M(v),a € X7} C X

" (Xi)" = {f e X /f(v)dv = 0} .

We define the corresponding spectral projection P from (X}) into (Xx),,

Pf:M/f(v)dv

and O=1-"7P.
We decompose the function w € X as w = Pw + Qw.
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From now on we call Pw and Qw as ¢ and . We remark that for all
w € Xk, Pw = Mn|w].

@ Is called the hydrodynamic part
1 is called the kinetic part of w.

Operating formally on both sides of the evolution equation (2) for the function w
with the projections P and Q, we obtain the following system of equations

’5@0
ot
Y

Ot

— PSPy + PSQi

1
= QSPp+ Q59 + ;Q(A +C) Qv

with initial conditions

(0)

2 w0 =P fo
¥(0)

Yo = Q fo.
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Applying the compressed asymptotic expansion, we split the solutions ¢ and ¢
into the sums of the “bulk” parts ¢ and % and of the initial layer parts ¢ and 1,
which take account of the rapid changes of f for small times

_ (1T
p(t) = ¢(t)+¢ (E>
_ [t
w0 = 50+ (1)
The bulk hydrodynamic part ¢ is left unexpanded and the other parts are
expanded as

o(1) = @o(T) +epr(T) + 62g52(7) —
() = Po(t) +ehr(t) + halt) + . ..

~

D(T) = bo(T) + i (1) + Eeho(T) + ..,
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Accordingly, Egs. (3) for the bulk part terms of the expansion up to the order
€2 become: )
(9% ) B B
prl PSPp + PSQOyg + €PSOYy
< 0 = Q(A + C)Q@E()
0 = QSP@+ Q(A+C)Qyy

\

thus
%—f = PSPp—ePSQ(Q(A+C)Q) ' OSPy (4)
o = 0
= —(QA+C)Q)T'ASPy,

which have to be supplemented by appropriate initial conditions to be determined
from the analysis of the initial layer terms and the balance of the initial conditions.
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The unexpanded function @(x,v,t) can be written as the product
o(x,v,t) =n(z,t) M(x,v),

since we shall consider the contribution of the initial layer part ¢ via an appropriate
initial condition for Eq. (4).

Auxiliary problems. In order to invert the operator Q(A + C)Q, we solve in
(X3)"

(A+Clu = [—U-VQCM + M [v-V M dv] : (5)

and

(A+C)u = [M (—v—i—/@Mde)] . (6)

Let us call D{(x,v) and Dy(x,v) = (Ds3);(x,v) the respective solutions with
D1, (D2); € (X3)".
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Hence the equation (4) takes the form

‘g—;”:—vx (n/dev) + eV - [(/@@DQCZU) -Vxn—kn/ledU] :

Before going further, we derive formally the initial layer conditions. Such initial
value can be found by the analysis of the initial layer terms:

950(7_)7 1;0(’7'), 951(7_)7 %51(7_) :

We obtain the correct initial value for the bulk hydrodynamic functions
7(0) = o — Po(0) — €91(0) = o — ePSQ(Q(A +C) Q)¢
Putting no(z) = [ wo(z,v) dv

n(z,0) = no(x) + e/v- VDs(x,v)dv
where D3 = D3(x,v) is the unique solution of (A + C)Ds(z,v) = ¥o(x,v).
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The bulk part

We shall prove that all terms of the bulk part of the expansion are well-defined.
Such properties of the expansion terms are relevant into the rigorous asymptotic
analysis.

If we neglect the initial layer part (which will be appropriately taken into account
via the initial condition), we have

J=JO 4ejb ::n/dev—ke/mpldv

where

JO = —LVV(x) — Drift term
vm

/mﬁldv:— [(/v@ngv) -an+n/vD1d'U] .

JM
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Let us call D the matrix given by
Dij(z) := /vi(Dg)j(a:,v)dv,

Lemma. The first term in J1) is D- Vyn where the tensor D is given by

D

1/ T 1 h?

Bm  v*m? 12m?

(V& V) V) +O(RY).

Lemma. The second term in JI) is given by n times [vD;(x,v)dv =

v\ v2m? 2m?2 12m?2

1/ 2 1 i 4
== (Ve V)VVV + AVVV + Vo (Ve V)V | +0(R%).
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Accordingly, the drift-diffusion equation looks like

€

o 1
N VYY) + —V-Vn +

ot vm vBm v3m

V- (VV @ VV'Vn)

2

€

V-[2n(V® V) VVV 4+ nAVVV]

3m>2

e3h?

umeV- (Ve V)VVn+nV- (VR V)V]
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In the same spirit of the approximation

Viogn = —pAVV +O(h?),

we have the fourth order nonlinear drift-diffusion equation for the electron density

n
on 1 €
€ (Vn®Vn) (V®Vn)Vn
+ 3 ﬂ2m2v <nV 2 + - )
2
By R G AAAAUCA
12vm? n

20



Rigorous results: bulk and initial layer parts

Bulk and the initial layer solutions, derived formally in Section 3, contain
functions whose existence and regularity have to be proved in order to make
rigorous the asymptotic analysis.

e The (strongly continuous) semigroup G generated in (X;)" by Q(A+C)Q is
u(z,v,7) = G(T)u(z,v,0) = e "F 1 (ewv(x’”)Tfu(:U,n,O)) :

e Estimates of ||G(7)h| x, and ||G(7)h| p(s)

e All terms of the initial layer expansion are well-defined

e Regularity of the solution of the drift-diffusion equation

e Strong differentiability of the bulk function 1),
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Estimate of the error

We prove that the asymptotic expansion up to the first order gives an
approximation of order ¢ to the Wigner quantum system (2).

Consider hydrodynamic and kinetic parts, whose errors are given by
y(t) = o(t) = [@(t) + @o(T) + €p1(7)]

2(t) = Y(t) — [Wo(t) + et () + Yo(7) + e (T)]

where 7 = %

Taking account of the evolution equations, we can show that the errors y and
z satisfy the system

22



% — PSPy+PSQ:+ f
: (7)
0z 1

with initial condition
y(0) =0,  2(0)=0.

The inhomogeneous terms f and g are given by

f(t) = e |PSP@IT) +PSQY(r)
() = |-Gt + QS0 + QSPA(r) + QSQU()

It is necessary to separate the evolution of the initial layer part from the bulk part.

23



Main Theorem

If the initial value wy and the potential V' are sufficiently smooth,
then for any T, 0 < T' < o0, there is a constant (' independent of ¢
but depending on the problem data such that

ly(t) +2(t)]| x < C¢’

uniformly for 0 < ¢ <T.
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