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1 Introduction and preliminaries

One of the most important and deep properties of the Leray-Schauder degree
is the well-known Leray Product Formula for the computation of the degree
of a composite map (see, e.g., [3], [14], [15], [17], [19]). In this paper, using
the concept of boundary set of a map introduced in [1], among other results
we give an extension of the Leray formula (Theorem 3.5) and we provide, as
a consequence, a simple proof of the generalized Jordan-Brouwer Separation
Theorem due to Leray (see [14]).

As it is well-known, the integer valued degree has been extended by several
authors to the framework of Fredholm maps between real Banach manifolds. A
pioneering work in this direction is due to Elworthy and Tromba (see [8], [9]).
In [1], still in the context of nonlinear Fredholm maps, the first two authors
introduce an elementary notion of oriented map (see below) which differs from
the one given in [10] in some aspects which are pointed out in [2]. By means
of this notion they define an integer valued degree which coincides, for a large
variety of maps, with the degree introduced in [10] and can be considered an
evolution of the oriented degree of Elworthy-Tromba.

This work contains two versions of the Product Formula for the oriented
degree of [1], namely Theorem 3.1 and Theorem 3.7. The first one is the analogue
of Theorem 3.5. The second one is a more general formula containing, as a
particular case, an extended additivity property for the degree of oriented maps.



At the end a Jordan’s like separation theorem in Banach manifolds is deduced
from Theorem 3.1.

We need some preliminaries.

Let £ and F be two real Banach spaces. We recall that a bounded linear
operator is said to be Fredholm if both Ker L and coKer L have finite dimension.
In this case its index is the integer

ind L = dim Ker L — dim coKer L.

A map f: M — N between real Banach manifolds is Fredholm of index zero
(see [18]) if it is C! and its Fréchet derivative Df(x), from the tangent space
T, M of M at x to the tangent space Ty N of N at f(x), is Fredholm of index
zero for any z € M.

A map f: M — N between manifolds is said to be proper if f~1(K) is com-
pact for any compact subset K of N. In particular, let us recall that Fredholm
maps are locally proper (see [18]).

A map f: X — FE defined on a subset X of a Banach space F is a compact
vector field if it is a completely continuous perturbation of the identity; that is,
if it has the form f(z) = z — ¢(x), with ¢ : X — E sending bounded subsets
of X into relatively compact subsets of E. We observe that if f : X — FE is
a compact vector field, X is closed, and ||f(z)|| — oo as ||z|| — oo, then f is
proper. In particular, a compact vector field is proper on bounded closed sets.

2 Orientation and degree

In this section we give a brief review of the notion of degree for oriented maps
between real Banach manifolds introduced in [1]. This notion is essentially based
on the concept of orientability for Fredholm maps developed in [1] and [2].

Let L : E — F be a bounded Fredholm linear operator of index zero between
real Banach spaces. We say that a bounded linear operator A : E — F with fi-
nite dimensional range is a corrector of L provided that L+ A is an isomorphism.
Observe that the set of correctors of L is nonempty. In fact, any (possibly triv-
ial) bounded linear operator A : E — F such that Ker A ® Ker L = E and
Range A @ Range L = F' is a corrector of L.

Let A and B be two correctors of L. Observe that the isomorphism T =
(L+B)~!(L+A) is a finite dimensional perturbation of the identity I. Moreover,
given any finite dimensional subspace Ej of E containing the image of I —T', one
has T'(Ey) C Ey. Thus, the determinant of the restriction of T to Ey, det T'|g,,
is well defined. It is not difficult to show that this determinant does not depend
on the choice of the finite dimensional space Ey containing Range (I —T'). This
common value will be denoted detT. We say that A is equivalent to B or, more
precisely, A is L-equivalent to B, if det T > 0. This is an equivalence relations



on the set of correctors of L with just two equivalence classes (see [1]). An
orientation of L is, by definition, one of the two equivalence classes.

Given an oriented operator L : E — F', the elements of its orientation will
be called the positive correctors of L.

We point out that any isomorphism L admits a special orientation, namely
the equivalence class containing the trivial operator 0. We shall refer to this
equivalence class as the natural orientation v(L) of L. However, if an isomor-
phism L happens to be already oriented, we define its sign as follows: signl = 1
if the trivial operator 0 is a positive corrector of L (i.e. if the orientation of L
coincides with v(L)), and signL = —1 otherwise.

Unless otherwise stated, the composition Lo L4 of two oriented operators will
be oriented by taking as a positive corrector the operator Lo Ay + As Ay + ALy,
where A; and As are positive correctors of Ly and Lo, respectively.

An orientation of a bounded Fredholm operator of index zero induces, by a
sort of stability, an orientation to any sufficiently close bounded operator. In
fact, if A is a corrector of L, then L’ + A is an isomorphism whenever L’ is
sufficiently close to L. Thus, any such L’ can be oriented by choosing A as a
positive corrector.

Assume now f : M — N is a Fredholm map of index zero between real
Banach manifolds. An orientation of f at a point z € M is an orientation of
the Fréchet derivative Df(z) of f at x. An orientation of f is a “continuous”
assignment of an orientation at any point of M (see [1] and [2] for a precise
notion of continuous assignment). By an oriented map we mean a Fredholm
map between real Banach manifolds with a given orientation. Let us point out
that, when M and N are finite dimensional orientable connected manifolds (of
the same dimension), an orientation of f : M — N can be regarded as a pair of
orientations, one of M and one of N, up to an inversion of both of them. The
simplest example of a nonorientable Fredholm map (of index zero) is a constant
function from a finite dimensional nonorientable manifold M into a manifold N
of the same dimension as M. An example of a nonorientable map in the flat
case, i.e. acting between open sets of Banach spaces, can be found in [2].

Notice that a local diffeomorphism f : M — N can be oriented by choosing
the natural orientation at any x € M. This makes sense since Df(x) is an
isomorphism for any x € M. Thus, for example, the covering projection from
the two dimensional sphere S? onto the (nonorientable) projective space P? is
orientable. Asshown in [2], if M is simply connected, then any Fredholm map of
index zero f : M — N is orientable (and, consequently, an orientation of f can
be given by assigning an orientation at a chosen point of M). Thus, actually,
any (C') map from S? into P? is orientable.

A homotopy H : M x [0,1] — N is called an oriented homotopy provided
that any partial map Hy := H(-,A) is Fredholm of index zero, the partial
derivative Dy H (-, \) depends continuously on (z, A), and a “continuous” choice
of an orientation of Dy H (z,\) is assigned for any (z,A). Thus, an oriented



homotopy induces an orientation on any partial map Hy. In [2] it is proved
that an orientation of any given partial map H, induces a unique compatible
orientation on H. As a consequence of this we observe the following. Let
T : E — FE be a linear operator in a real Banach space of the form I — K, where I
is the identity and K is a compact operator. Then T has a canonical orientation
induced by the natural orientation of I through the homotopy H(z,\) = z —
AKx. When T happens to be an isomorphism (i.e. when 1 is not an eigenvalue
of K), two associated orientations can be considered: the natural one and the
canonical one. We define the sign of T' to be 1 if these two orientations coincide
and —1 otherwise. One can show that when F is finite dimensional (or, more
generally, when I — T has finite dimensional range), signT coincides with the
sign of the determinant of T'. Actually, we point out that, in general, still under
the assumption that 7" = I — K is invertible, signT" coincides with the sign of
the Leray-Schauder index of T' at zero (i.e. the Leray-Schauder degree of T in
a ball around zero).

The orientation of the composition gf of two oriented maps, f and g, can
be defined as in the linear case. With this induced orientation, g f will be called
the oriented composition of f and g. From now on, the composition of two (or
more) oriented maps will be regarded as an oriented composition.

Let f : M — N be an oriented map. Given an open subset U of M and
an element y € N, we say that the triple (f,U,y) is admissible if f~1(y) N U is
compact. The degree introduced in [1] is an integer valued function defined in
the class of all the admissible triples and satisfying the following main properties:

Normalization. If f : M — N is a naturally oriented diffeomorphism and
y € N, then

deg (f,M,y) = 1.

Additivity. If (f,M,y) is a admissible triple and Uy, U are two open
disjoint subsets of M such that f~!(y) C U; U Us, then

deg (f, M,y) = deg (f, U, y) + deg (f, Uz, y).

Homotopy invariance. Let H : M x [0,1] — N be an oriented homotopy
and let y : [0,1] — N be continuous. If the set {(z,A) € M x [0,1] : H(z,\) =
y()\)} is compact, then deg (Hx, M, y(\)) does not depend on .

The degree of an admissible triple (f,U,y) is firstly defined when y is a
regular value (for f in U) as

deg (f,U,y)= Y signDf(a).
zEf~1(y)

This restrictive assumption on y is then removed by means of the following
lemma of [1].



Lemma 2.1 Let (f,U,y) be admissible and let W1 and Wy be two open neigh-
borhoods of f~1(y) such that W1y U Wy C U and f is proper in W1 U Ws.
Then there exists a neighborhood V' of y such that for any pair of regular values
Yy1,Yy2 € V one has

deg(f7 Wla yl) = deg(fa W27 y2)

Lemma 2.1 justifies the following definition of degree for general admissible
triples, taking also into account that Fredholm maps are locally proper.

Definition 2.2 Let (f,U,y) be admissible and let W be any open neighborhood
of f~1(y) such that W C U and f is proper on W. The degree of (f,U,y) is
given by

deg(f,U,y) = deg(f, W, 2),

where z is any regular value for f in W sufficiently close to y.

As pointed out in [1], no infinite dimensional version of the Sard Theorem
is needed in the above definition, since the existence of a sequence of regular
values for f|y which converges to y is a consequence of the Implicit Function
Theorem and the classical Sard-Brown Lemma.

This notion of degree can be compared with the classical ones of Brouwer
and Leray-Schauder as follows.

Assume that f: M — N acts between connected finite dimensional oriented
manifolds (of the same dimension) and M is compact (or, more generally, assume
that f is proper). Thus, the classical Brouwer degree, degp f, is defined. In
this case, if f is C!, the orientation associated in [1] to the pair of orientations
of M and N is such that deg(f, M,y) = degp f, for all y € N.

As regards the Leray-Schauder degree, let f : Q@ — E be a C! compact
vector field on a bounded open subset {2 of a real Banach space E. Assume
that f admits a continuous extension (still denoted by f) to the closure Q of
Q. Ify & f(09), the Leray-Schauder degree deg; ¢(f, 2, y) is defined. It can be
shown that if f is canonically oriented (i.e. f’(z) has the canonical orientation
for any z € ), then deg(f, 2, y), which is clearly defined since f is proper on
Q and f~1(y) NoQ = 0, coincides with deg; ¢(f,Q,v).

Given an oriented map f : M — N, the degree deg(f, M,y) does not nec-
essarily depend continuously on y. To see this, observe, for instance, that the
triple (exp, R,y) is admissible for all y € R, but the map y — deg(exp, R, )
is discontinuous at y = 0. To overcome this inconvenience we introduce the
boundary set df of f, which is a subset of N with the property that the map
y — deg(f, M,y) is well defined and continuous when restricted to N \ 9f.

Given y € N, we say that f is y-proper if there exists a neighborhood V' of
y such that f~1(K) is compact for any compact subset K of V. Clearly, the set

{y € N : f is y-proper}



is open in N. Consequently, its complement, the boundary set of f, denoted by
af, is closed. As shown in Proposition 2.3 below, a map f: M — N is proper
if and only if Of is empty.

Given an open subset U of M and y € N, we say that f is y-proper in U if
it is y-proper the restriction f|y of f to U. We will denote (f,U) := d(f|v).
The symbol “9” in this notation is justified by the fact that, in many instances,
A(f,U) coincides with f(9U), where, as usual, OU stands for the boundary of
U.

In the following proposition we collect some properties of the boundary set
which will be useful in the next sections. Let us point out in particular that,
as a consequence of 2) below, when f : Q — E is a compact vector field on the
closure of a bounded open subset 2 of a Banach space E, then 9(f, Q) := f(0Q).

Proposition 2.3 Let f : M — N and g : N — Z be two continuous maps
between Banach manifolds. The following properties hold true:

1) If K is any compact subset of N such that K NOf = (), then f~1(K) is
compact. In particular, if 0f = (), then f is proper.

2) Given any open set U C M, one has f(OU) C O(f,U). Moreover, if f is
proper on the closure U of U, then 0(f,U) = f(0U).

3) If C C M is a closed set, then f(C)Udf is closed. In particular, as
well-known, if 0f =0 (i.e. f is proper), then f(C) is closed.

4) Lety & Of. Let U be a family of pairwise disjoint open subsets of M
whose union contains f~1(y). Then there exists an open neighborhood V
of y such that, for any compact K C 'V and any U € U, the set f~H(K)NU
is compact. In particular, y & O(f,U) for allU € U.

5) 0(gf) C g(0f) U dg.

Proof. 1) By the definition of 9f, for any y € K there exists an open
neighborhood V,, of y such that f is proper as a map from f~*(V,) to V,. For
any y € K, let W, be an open neighborhood of y such that W, C V,. Clearly,
for any y € K, f’l(Wy N K) is compact. On the other hand, the compact set
K can be covered by a finite number of W’s, say Wy, ,W,,,...,W,,. . Therefore,

FHE) = FTHUL W) N K) = ULy 1 (W, N K)

is compact, being the union of a finite number of compact sets.

2) Take y € f(OU) and let 2 € U be such that f(x) = y. Given a sequence
{z,} in U converging to x, consider the compact set K = {f(z,) : n € N}U{y}.
Clearly, given any closed neighborhood C' of y, the set U N f~1(C N K) is not
compact, since {x,} converges to ¢ U. Thus, f(0U) C 9(f,U). Assume now



that f is proper in U. We need to show that N\ f(0U) C N\ 9(f,U). Take
y & f(OU). Then, since f is proper, V = N\ f(9U) is an open neighborhood of y.
Now, if K is any compact subset of V, then f~!(K)NU is compact. Moreover, by
construction, f~1(K)NAU = @. Consequently, the set f~H(K)NU = f~1(K)NU
is compact, i.e. f is y-proper on U.

3) Let {y,} be a sequence in f(C)UIf converging toy € N. If y, € If
for infinitely many n, then there exists in df a subsequence of {y,} converging
to 7 so that, df being closed, § € df. Otherwise, there exists m € N such that
yn € f(C) for n > m. Thus, for any n > 7, there exists =, € C such that
f(zn) = Yn. Suppose 7 & df. Since N \ df is open, without loss of generality
we may assume y,, € N\ Jf for all n > nn. Therefore, K = {y,, : n > 1} U{y} is
a compact subset of N \ df. Hence, as proved above, f~1(K) is compact and,
consequently, f~1(K) N C is a compact subset of M containing {z,, : n > n}.
Thus, passing to a subsequence if necessary, we can assume x, — T € C, so
that f(z) =7y € f(C).

4) Consider the closed set M\ (UyeyU). By 3) above, f(M\(UyeyU))UOS is
a closed subset of N not containing y. Therefore, V = N\ (f(M\(UyeU))UIf)
is an open neighborhood of y. Now, if K is any compact subset of V', then, by
1), the set f~!(K) is compact and, taking into account that any U is also closed
in UpeyU, we have that f~1(K)NU is compact too.

5) We can prove, equivalently, that if g is z-proper and g~!(2)Ndf = 0, then
gf is z-proper. To this end, take z ¢ dg. By 3), the set g(9f)U0dg is closed and,
since z & g(0f), V.= Z\ (9(0f) Udg) is an open neighborhood of z. Therefore,
for any compact K C V, g71(K) is compact and, since g~1(K) N af = 0,
(9f) "N K) = f~1 (g }(K)) is compact as well. a

Let us now go back to the degree and conclude this section by introducing
a notation which will be used in some of our statements below.

If f: M — N is an oriented map (between real Banach manifolds), then,
given y € N\ 9f, deg(f, M,y) is well defined and, because of the Homotopy
Property of the degree, depends only on the component V of N\ df containing
y. This common value will be denoted deg(f, M, V). More generally, given a
not necessarily connected open subset V' of N, with the symbol deg(f, M, V)
we shall understand that V N df = () and that deg(f, M,y) is independent of
yeV.

3 The Multiplicativity Property

In this section we are interested in obtaining some extensions of the classical
Leray Product Theorem (see e.g. [19]) both for oriented maps between Banach
manifolds and, in the not necessarily C* case, for compact vector fields in Banach
spaces.



The first result is the following multiplicativity formula for the degree of
oriented maps between Banach manifolds.

Theorem 3.1 (Multiplicativity). Let M, N and Z be real Banach manifolds,
f:M — N and g : N — Z oriented maps, C a closed subset of N containing
Of. Then, for any z ¢ g(C) U dg one has

deg(gf, M,z) = > deg(g,V, z) deg(f, M, V),
vey

where gf is the oriented composition of f and g, and V denotes the family of
the components of N \ C. Therefore, if W is any connected open subset of
Z\ (g(C)Udg) one has

deg(gf, M, W) =Y deg(g,V,W)deg(f, M, V).
Vey

Before proving Theorem 3.1, it is convenient to make the following prelimi-
nary comments to the statement.

a) By assumption, g is z-proper and g~(z) N df = 0. Therefore, by 5) of
Proposition 2.3, it follows that z & d(gf). Thus, deg(gf, M, z) is defined.

b) Since g~1(2) N C = 0, by 4) of Proposition 2.3 it follows that z & 9(g, V)
for any component V of N\ C. Thus deg(g,V, z) is defined. Moreover, all but
a finite number of the terms deg(g,V, z) are equal to zero, since V is an open
covering of pairwise disjoint sets of the compact set g~!(z). Consequently, the
above sum is in fact finite.

Proof. As observed above, the assumptions imply that the composition g f
is z-proper on M.

Assume first that z is a regular value of gf. Hence, (gf)~!(z) is a finite set
and

deg(gf, M,2)= > signD(gf)(x).
z€(g9f) 1 (2)

Since f and g are Fredholm of index zero, then z is a regular value for g and
any y € g~ 1(2) is a regular value for f. Thus,

Y. signD(gf)(x)= Y signDy(f())signDf(x) =

2€(af)1(2) 2€(af)-1(2)
> (> signDf(x))signDg(y) = > signDg(y) deg(f, M, y).
yeg1(z) wef~(y) y€g~1(2)

Since, by assumption, z € Z \ g(C), by considering the family V of the compo-
nents of N\ C, we can write

> signDg(y)deg(f, M,y) =Y > signDg(y)deg(f,M,y) =

y€g—1(2) Vevyeg=1(z)nV



Z Z Sigan(y) deg(f’ M, V) = Z deg(ga‘/az) deg(f’ M, V)

VeV yeg—t(z)NV vey

Thus, the multiplicativity formula for the degree is proved in the case when z
is, in addition, a regular value of gf.

Consider now the general case and take any z € (¢(C) U dg). As a conse-
quence of 3) of Proposition 2.3, Z \ (¢g(C) U dg) is an open set, so that, if Z
is any regular value for ¢gf in the component of Z \ (¢(C) U dg) containing z,
there exists a continuous path joining z and z and having image K contained in
Z\ (g(C) U dg). Clearly, K is compact and K Nd(gf) = 0. Hence, (gf) *(K)
is compact, so that, by the homotopy invariance of the degree, one has

deg(gf, M,z) = deg(gf, M,Z).

Therefore, by the first part of the proof,

deg(gf, M,z) = Y deg(g, V) deg(f, M, V),
Vey

On the other hand, by taking into account again that K C Z \ (¢(C) U 9g), we
obtain that ¢~!(K) is compact and contained in N \ C. Moreover, since any
V €V, being a component on N \ C, is closed, the set g~!1(K) NV is compact.
Consequently, again by the homotopy invariance of the degree, it follows

deg(g,V,z) = deg(g,V,2), VVeV.
This completes the proof. O

In many situations, the maps f and g above turn out to be proper. Hence,
if this is the case, df and dg are empty. Therefore, by taking C' = ), we obtain
the following simplified version of Theorem 3.1.

Corollary 3.2 Let f: M — N and g : N — Z be two proper oriented maps.
Let V be the family of the connected component of N. Then, for any connected
and open subset W of Z, one has

deg(gf, M, W) =Y deg(g,V, W) deg(f, M, V).
vey

In the case of finite dimensional oriented manifolds, one can clearly extend to
not necessarily proper maps the notion of Brouwer degree for triples (f, M, y)
with f : M — N continuous and y ¢ 0f. This extended notion of degree
will be denoted by degg(f, M,y). In this context, by using a standard smooth
approximation of continuous maps, from Theorem 3.1 we obtain the following
extension of the usual version of the multiplicativity property for Brouwer degree
(see e.g. [3], [15], [17], [19]).



Theorem 3.3 Let M, N, and Z be oriented finite dimensional manifolds, f :
M — N and g : N — Z be continuous maps, C a closed subset of N containing

Of. Then, for any z ¢ g(C) U dg one has

degB(gfv M’ Z) = Z degB(g7‘/7Z) degB(fa Ma V)a
vey

where V denotes the family of the components of N\ C. Therefore, if W is any
connected open subset of Z \ (g(C'Udg) one has

degB(gfv M? W) = Z degB(gvvv W) degB(f7 M7 V)
vevy

An immediate consequence of Theorem 3.3 is the following well-known prod-
uct formula (see [12], [13], [16]).

Corollary 3.4 Let f: M — N and g : N — Z be two continuous maps between
compact, connected and oriented finite dimensional manifolds. Then

degp gf = degp gdegp f.

Let now Q be a, not necessarily bounded, open subset of a Banach space
E, and let f : Q@ — E be a compact vector field. Take y ¢ 9(f,2). Hence,
f~1(y) is a compact subset of . Consequently, it makes sense to define the
Leray-Schauder degree of f in  with respect to y as follows:

degLS(f’ Qv y) = degLS(f, Qla y)a

where ) is any bounded open subset of ) such that Q; C Q and f~1(y) C Q.
Clearly, the excision property of the Leray-Schauder degree guarantees that the
above definition is independent of Q. In particular, if 2 is bounded and f
is defined on €, then, as already observed, f is proper on Q and, by 2) of
Proposition 2.3, 9(f, Q) = f(0€2). Thus, as usual, we obtain that the degree is
defined for y & f(09). More generally, if f is defined only on 92 and y & f(99),
then again we will use the notation deg; ¢(f,2,y) to indicate the degree of any
compact vector field defined on Q and coinciding with f on 9€2. This makes sense
because of the boundary dependence property of the Leray-Schauder degree.
In the context of compact vector fields in Banach spaces, the analogue of
Theorem 3.1 is the following result, which is an extension of the classical Leray
Product Theorem (see e.g. [3], [15], [17], [19]). We point out that this exten-
sion cannot be considered a corollary of Theorem 3.1, since the maps are not
necessarily of class C''. Nevertheless, the proof is similar and will be omitted.
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Theorem 3.5 Let E be a Banach space and Q an open subset of E. Let f :
Q — Eand g : Q — E be (continuous) compact vector fields, where Q is an

open subset of E containing f(2). Then, if C is a closed subset on containing
A(f, Q) and z € g(C)U I(g,9), one has

degrs(gf,Q,2) = > _ degrg(g,V,2) deg s(f,9,V),
vey

where V denotes the family of the components 0f§~2 \ C. Therefore, if W is any
connected open subset of E'\ (g(C) U d(g,Q2)) one has

degrs(gf, QW) =Y deg;s(g,V, W) deg,5(f, Q. V).
vVey

From Theorem 3.5 above, we obtain the following well-known multiplicativ-
ity formula for Leray-Schauder degree. In the proof of Corollary 3.6 below, we
will make use of the following fact, which we recall here for completeness. If
[ :Q — Eis a compact vector field on a bounded open subset 2 of E, then
there exists a proper compact vector field f : E — E extending f. To see this,
suppose f of the form f(z) = z—p(x), with ¢ : @ — E compact and recall that,
since () is relatively compact, by Dugundji extension theorem (see [7]) there
exists ¢ : E — E coinciding with ¢ in Q and with image contained in co (),
the convex hull of p(2). By Mazur theorem, co ¢(Q) is relatively compact (see
e.g. [6]). Thus, f(;v) =z — @(z) is a compact vector field extending f and, as
already observed in the Introduction, proper since Hf(x)” — 00 as ||z|| — oo.

Corollary 3.6 Let E be a Banach space and 2 be a bounded open subset of
E. Let f:00 — FE and g : f(0Q) — E be a compact vector fields. Then, if
z & gf(0), one has

degLS(gf7Qaz) = Z degLS(g7‘/72) degLS(f7Q7 V)7

VEV,V#Vo

where V denotes the family of the components of E \ f(0Q) and Vi is the
unbounded component.

Proof. Let f E — F and g : E — E be proper compact vector fields

extendmg f and g respectively. Hence, dg = () and, by 2) of Proposition 2.3,

(f Q) = f(09). Therefore, by applying to f and § Theorem 3.5 with Q = E
and C' = f(09Q), we obtain, for any z & gf(@Q)

deg;s(Gf, Q0 2) = Y deg; (3, V. 2) degs(f, 2, V),
Vvey

where V denotes the family of the components of E \ f(92).

11



Observe now that that one can restrict the above sum only to the bounded
components of E\ f(9Q) since deg;s(f,, Vo) = 0. To see this, it is enough
to compute degLS(f, Q,y) with y & f(ﬁ) Moreover, if V' is any bounded com-
ponent of E\ f(99), since OV C f(99Q), then g = g on V. Hence, by recalling
that the degree depends only on the restriction of a map to the boundary of an
open bounded set, the above equality becomes

degLS(gf7QaZ) = Z degLS(gv‘/vZ) degLS(f7Q7 V)7
VeV, VAVa
as claimed. O

The following more general version of Theorem 3.1 can be obtained by the
same proof as that given above.

Theorem 3.7 (Generalized multiplicativity). Let M, N and Z be Banach man-
ifolds and let f : M — N and g : N — Z be oriented maps. Given z €
Z\ (g(0f)Udg), let V be a family of pairwise disjoint open subsets of N \ Of
such that

i) g~ 1(2) C UveyV;
i) for any V €V and for any yi,y2 € V, deg(f, M,y1) = deg(f, M,y2).

Then,

deg(gf, M,z) = Y deg(g, V, z) deg(f, M, V),
vey

By taking in Theorem 3.7 the map f to be the identity with the natural
orientation recalled in Section 2, we have deg(f, M,V) = 1. Consequently, we
immediately obtain the following generalized additivity formula for the degree.

Theorem 3.8 (Generalized additivity). Let g : N — Z be an oriented map and
let z € Z\ dg. Let V be a family of pairwise disjoint open subsets of N such
that g~1(2) C UyeyV. Then,

deg(g, N,z) = ) _ deg(g,V, 2).
Vey
Another nice consequence of Theorem 3.7 is the following formula.

Corollary 3.9 Let f : M — N and g : N — Z be two oriented maps. For
any k € Z, let Vi, denote the open subset of N given by Vi, = {y € N\ 9f :
deg(f, M,y) = k}. Then, given z € Z \ (g(0f) U dg), one has

deg(gf, M,z) =y _ kdeg(g, Vi, 2).
keZ
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4 Some Jordan like theorems

We apply now the multiplicativity formulas obtained in the previous section to
deduce some homotopic versions of Jordan’s theorem.

Let X and Y be two subsets of a Banach space F. We say that X and Y
have the same homotopy type with respect to compact vector fields if there exist
two compact vector fields f: X — Y and g : Y — X such that gf and fg are
homotopic to Ix (the identity on X) and Iy respectively, through homotopies
which are completely continuous perturbations of the identity.

Theorem 4.1 below is a consequence of the infinite dimensional version
of Alexander-Pontriagin duality due to Geba-Granas (see [11] and references
therein). Here we give a simple proof based on degree theory in the outline
of the argument due to Leray in [14], where he assumes that the two sets are
homeomorphic.

Theorem 4.1 Let E be a Banach space and let X andY be two bounded closed
subsets of E having the same homotopy type with respect to compact vector fields.
Then, E\ X and E\'Y have the same number of components.

Proof. By assumption there exist two compact vector fields f : X — Y
and ¢ : Y — X and two homotopies H : X x [0,1] = X and K : Y x [0,1] = YV
of the form H(x,\) = © — h(z,\), K(y,\) = y — k(y, \) respectively, where
h:Xx[0,1] - Eand k: Y x|[0,1] — FE are compact maps such that h(-,0) = 0,
h(-,1) = Ix —gf, k(-,0) = 0, k(-,1) = Iy — fg. As already observed in the
above section, f and g can be extended to proper compact vector fields on F,
say f : E — E and g : E — FE respectively, such that I — f and I — g have
relatively compact image.

Let U and V denote the family of the components of E\ X and E\Y
respectively. Observe first that, for any U € U and V € V), degLS(f, U, V)
and deg;g(g,V,U) are defined. In fact, take for instance any V € V and
y € V. Since f is proper in E (and, thus, in U), by 2) of Proposition 2.3,
8(}: U) = f(0U). On the other hand, since U C X, it follows f(0U) C Y.
Hence, d(f,U) C Y, so that deg; ¢(f,U,y) makes sense. A similar argument
holds for deg; (g, V,z), x € U.

Let G7 and G5 be the free abelian groups generated by U/ and V respectively.
Define the homomorphisms ¢ : G; — G5 and ¢ : G2 — G by

p(U) =" deg,s(f,U V)V, UelU
vey

and

$(V) =) deg;5(G, V,U)U, VeV
veu

The result follows if we show that ¢ and psi are isomorphisms.
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One has
PoU) = (Y deg g (F,UVIV) =Y degs(f.U.V)$(V) =

\42% Vevy

Z (degLS(ﬁ U,v) Z deg; (G, V,W)W) =

Vey Weu

Z ( Z degLS(ﬁ U,V)degps(g,V, W))W
Weu Vvey

Our aim now is to apply to f and ¢ the multiplicativity Theorem 3.5 with
Q=U,Q=FE,C=Y. Asobserved above, Y is a closed subset of I/ containing
O(f,U). Moreover, since g(Y) C X, the connected open subset W of E \ X is
in fact a connected open subset of FE \ g(Y). Therefore, by Theorem 3.5, we
obtain

ST degrs(f,U. V) degs(@. V.W)W = > deg,s(3f, U,W)W.
weud Vey Wweu

Let h: (E x {0}) U (X x [0,1]) U (E x {1}) — E be the map defined by

0 if A=0
h(z,\) = h(z,A) it (z,)) € X x[0,1]
x—gf(x) if A=1

Clearly h is a continuous map defined on a closed subset of E/x [0, 1] and it is easy
to check that its image is relatively compact. Hence, as previously observed,
h can be extended to a compact map h:Ex [0,1] — E. Consequently, the

compact vector field H=1 E— hisa proper homotopy joining the identity with
§f and satisfying H,\(X) H(X,\) C X for all A € [0,1]. Moreover, as above,

it is casily seen that d(Hy,U) C X, V A € [0,1]. Therefore, degLS(l’;T,\7 UW)is
defined and independent of A. Hence,

deg; o(I,U,W) = deg; (Ho, U, W) = deg, s(Hy, U W) = deg, (Gf, U, W).

Thus,
vp(U) = > degr(Gf, U, W)W = Y degs(I, U, W)W.
weu weud

Clearly, deg;g(I,U, W) is equal to 1 if W = U and equal to 0 if W # U.
Consequently,
vo(U)=U, UelU.

By a similar argument we also obtain

V)=V, Vel
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The above equalities show that the free abelian groups G; and G5 have the
same rank, that is, the families &/ and V have the same cardinality. This proves
the assertion. a

Since any continuous map in R™ is a compact vector field, we obtain the
following extension of the well known Jordan Separation Theorem. The same
result can also be deduced as a consequence of the classical Alexander duality
as is shown, for instance, in [4]. Another elegant proof of the Jordan theorem
can be found in [5].

Theorem 4.2 Let X and Y be compact subsets of R™ having the same homo-
topy type. Then, R™"\ X and R™\'Y have the same number of components.

We close the paper by noting that the multiplicativity property of the ori-
ented degree proved in Theorem 3.1 allows us to prove a quite general version
in Banach manifolds of a Jordan’s like separation theorem. To this end, let
M and N be Banach manifolds and let X and Y be two closed subsets of M
and N respectively. We say that (M,X) and (N,Y) have the same proper
oriented homotopy type, provided that there exist two proper orientable maps
f:(M,X)— (N,Y)and g: (N,Y) — (M, X) such that gf and fg are homo-
topic to the identity maps (a7, x) and I,y through proper oriented homotopies
respectively.

We close with the following result whose proof is in the outline of that of
Theorem 4.1 above, and, therefore, will be omitted.

Theorem 4.3 Let M and N be two Banach manifolds and let X and Y be two
closed subsets of M and N respectively. Assume (M,X) and (N,Y) have the
same proper oriented homotopy type. Then M \ X and N \'Y have the same
number of components.

References

[1] Benevieri P. - Furi M., A simple notion of orientability for Fredholm maps
of index zero between Banach manifolds and degree theory, Ann. Sci. Math.
Québec 22 (1998), 131-148.

[2] Benevieri P. - Furi M., On the concept of orientability for Fredholm maps
between real Banach manifolds, submitted for publication.

[3] Deimling K., Nonlinear Functional Analysis, Springer-Verlag, Berlin,
1985.

=

Dold A., Lectures on Algebraic Topology, Springer-Verlag, Berlin, 1972.

[5] Dold A., A Simple Proof of the Jordan-Alexander Complement Theorem,
Am. Math. Mon. 100, No. 9 (1993), 856-857.

15



[6]

[7]

Dunford N. - Schwartz J.T., Linear Operators, part 1: general theory,
Interscience Publisher inc., New York, 1957.

Dugundji J., An extension of Tietze’s theorem, Pacific J. Math. 1 (1951),
353-367.

Elworthy K.D. - Tromba A.J., Differential structures and Fredholm maps
on Banach manifolds, in “Global Analysis”, S. S. Chern and S. Smale
Eds., Proc. Symp. Pure Math., Vol. 15, 1970, pp. 45-94.

Elworthy K.D. - Tromba A.J., Degree theory on Banach manifolds, in
“Nonlinear Functional Analysis”, F. E. Browder Ed., Proc. Symp. Pure
Math., Vol. 18 (Part 1), 1970, pp. 86-94.

Fitzpatrick P.M. - Pejsachowicz J. - Rabier P.J., Orientability of Fred-
holm Families and Topological Degree for Orientable Nonlinear Fredholm
Mappings, J. Functional Analysis 124 (1994), 1-39.

Geba K. - Granas A., Algebraic Topology in Linear Normed Spaces, III,
Bull. Acad. Polon. Sc. 15 (1967), 137-143.

Guillemin V. - Pollack A., Differential Topology, Prentice-Hall, Englewood
Cliffs, 1974.

Hirsch M.W., Differential Topology, Graduate Texts in Math., Vol. 33,
Springer-Verlag, Berlin, 1976.

Leray J., La théorie des points fizes et ses applications en analyse, Proc.
Int. Congress Math., Cambridge, Mass., 2 (1950), 202-208.

Lloyd N., Degree theory, University Press, Cambridge, 1978.

Milnor J., Topology from the Differentiable Viewpoint, University of Vir-
ginia Press, Charlottesville, 1965.

Schwartz J.T., Nonlinear Functional Analysis, Gordon and Breach Science
Publishers, New York, 1969.

Smale S., An infinite dimensional version of Sard’s theorem, Amer. J.
Math. 87 (1965), 861-866.

Zeidler E., Nonlinear Functional Analysis and its Applications, vol. I,
Springer-Verlag, New York, 1986.

16



