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We study spin structures on compact simply-connected
homogeneous pseudo-Riemannian manifolds (M = G/H, g) of a
compact semisimple Lie group G.

We classify flag manifolds F = G/H of a compact simple Lie group
which are spin. This yields also the classification of all flag
manifolds carrying an invariant metaplectic structure. Then we give
a description of spin structures on C-spaces, i.e. homogeneous
principal torus bundles over flag manifolds.
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|. Basic facts on spin structures on a pseudo-Riemannian manifold

Il. Basic facts on flag manifolds

I1.1. Invariant complex structures and painted Dynkin diagrams.
I1.2. T-roots, isotropy decomposition and invariant metrics.
I1.3. Line bundles and characters.

I1.4. Chern form and Koszul numbers.

[11. Spin structure on flag manifolds

I11.1. Criterion for existence of spin structure on a flag manifold.
[11.2. Classification of spin flag manifolds of classical groups.
I11.3 Classification of spin flag manifolds of exceptional groups.

IV. Spin structures on C-spaces
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Spinor group

Let V :=RP9 (n = p+ q) be the pseudo-Euclidean vector space
with the pseudo-Euclidean metric g = (, ) of signature
(p,q)=(—---—,+---+). We denote by

SO(V) = SO, 4 the pseudo-orthogonal group and by

Spin(V') = Spin, , the spinor group.

Recall that Spin(V) = Spinp q is a Zo covering of SOp 4. It is
defined as the subgroup of the group CI(V)* of invertible even
elements a of the Clifford algebra C1(V) which normalizes

V C CI(V) ; aVa~! = V. The natural representation

Spin(V) 3 a— Ad,, Ad,v = aval

is a Zp-covering Ad : Spin(V) — SO(V) = Spin(V)/{£1}.
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Spinor structure on a pseudo-Riemannian manifold (M, g)

Let 7 : SO(M) — M be the SO(V)-principal bundle of
orthonormal frames of a pseudo-Roemannian manifold M.
A Spin,, ,-structure (shortly spin structure) on M is a

Spin, o-principal bundle 7 : @ = Spin(M) — M, which is a Z;
covering A : Spin(M) — SO(M) such that the following diagram is
commutative:

Spin(M) x Spin,, , —— Spin(M)

o J\

SO(M) x SO, g —— SO(M) —— M

Two spin structures (Q1,/A1) and (@2, A2) are said equivalent if
there is an (Spin, ,-equivariant) isomorphism U/ : Q1 — Q2 which
commutes with the projections on SO(M).
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Existence of spin structure

The tangent bundle of an oriented n-dimensional
pseudo-Riemannian manifold (M, g) admits an orthogonal
decomposition TM = n_ @ n4 into timelike subbundle 7_ s.t.
g|n_ < 0 and spacelike subbundle 74 s.t. g, > 0.

Conversely, any decomposition TM = n_ @ n4 is an orthogonal
decomposition into timelike and spacelike subbundles for some
metric.

(M" g) is time-oriented (resp. space-oriented, oriented) if
wi(n-) = 0 (resp. wi(n4) = 0, wa(M) = wi(n-) + wi(ns) = 0).
Proposition An oriented pseudo-Riemannian manifold (M, g)
admits a spin structure if and only is wo(n_) + wa(ny) = 0 or
equivalently, wo(M) = wy(n-) — wi(ny), where n_, 1, are
timelike and spacelike subbundles. If M is timelike or spacelike
orientable, then this is equivalent to wy(M) = 0.
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Case of almost complex manifold

Assume that M is a compact manifold with a complex structure J.
Then M is oriented and wa(M) = ¢1(M, J)(mod2). Moreover , the
following result holds

Theorem (Lawson-Michelsohn; Atiyah) Let M?" be a compact
complex manifold with complex structure J. Then M admits a spin
structure if and only if the first Chern class c;(M) € H*(M,Z) is
even, i.e. it is divisible by 2 in H2(M,Z). Moreover, spin structures
are in 1-1 correspondence with isomorphism classes of holomorphic
line bundles £ such that £%2 = Ky, where K is the canonical line
bundle.
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Invariant spin structures

A spin structure 7 : @ — M on a oriented homogeneous
pseudo-Riemannian manifold (M = G/L, g) is called G-invariant if
the natural action of G on the bundle SO(M) of oriented
orthonormal frames of M, can be extended to an action on the
Spinp g-principal bundle 7 : Q = Spin(M) — M.

Invariant spin structures on reductive homogeneous spaces can be
described in terms of lifts of the isotropy representation into the
spin group.
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Theorem(Cahen)

Let (M = G/L, g) be an oriented homogeneous pseudo-Riemannian
manifold with a reductive decomposition g = [ +m. A lift

¥ : L — Spin(q) of the isotropy representation 9 : L — SO(m) onto
the spinor group Spin(m) defines a G-invariant spin structure

Q = G xz Spin(q).

Conversely, if G is simply-connected then any spin structure on
(M = G/L,g) is invariant and is defined by a such lift. A spin
structure (if it exists) is unique if M is simply connected.
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Metaplectic structure

Let (V = R2", w) be the symplectic vector space and

Sp(V) = Sp,(R) := Aut(V,w) the symplectic group. The
metaplectic group Mp,(R) is the unique connected (double) cover
of Sp,(R) . For a symplectic manifold (M?",w), we denote by
Sp(M) the Sp,(R)-principal bundle of symplectic frames, i.e.
frames e1,--- ,ep, f1,- -+, f, such that

w(ei, &) = w(fi, f;) = 0, w(ej, fj) = dj;.

A metaplectic structure on a symplectic manifold (M?",w) is a
Mp,,(R)-equivariant lift of the symplectic frame bundle

Sp(M) — M to a principal (Mp),(R)-bundle Mp(M) — M ( with
respect to the double covering p : Mp,(R) — Sp,R) .
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Existence of metaplectic structure

The first Chern class of (M?2",w) is defined as the first Chern class
of (TM, J), where J is a w-compatible almost complex structure.
Since the space of w-compatible almost complex structures is
contractible, ¢;(M,w) := ¢1(TM, J) is independent of J.
Theorem(K. Habermann) A symplectic manifold (M?",w) admits a
metaplectic structure if and only if wo(M) = 0 or equivalently, the
first Chern class c¢1(M,w) is even. In this case, the set of
metaplectic structures on (M?",w) stands in a bijective
correspondence with H(M; Z,).

Invariant metaplectic structures A simply connected compact
homogeneous symplectic manifold (M = G/H,w) (flag manifold)
admits a metaplectic structure if and only if wo(M) = 0. Such
structure is unique and invariant.
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Basic facts about flag manifolds

A flag manifold is an adjoint orbit F = G/H = Adgw C g = T.G
of a compact connected semisimple Lie group G. A flag manifold F
admits invariant complex, symplectic and K&hler structures.
Infinitesimal description:

The B-orthogonal reductive decomposition of F can be written as

g=b+m=(Z(h)+b)+m

We fix a Cartan subalgebra a = Z(h) + o/ C b and denote by Ry,
(resp., R = Ry U RF) the root system of (hS%°) ( resp., (g5°)).
Recall that roots take real values on the real form

ap := ia =t+ap, t :=iZ(h), a5 = ia’ of the Cartan subalgebra.
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Reductive decomposition of g(c

g =%+ m® = (a€ + g(Rn)) + a(RF)

where for @ C R, we denote g(Q) = > co 9a-

Note that Ry|¢ = 0 where t := iZ(h) C ag is the real form of the
center Z(h).

The isotropy representation ¥ : H — Aut(m) in m = T,F is the
restriction Ady|m of the adjoint representation.
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Black and white simple roots and weights and painted

Dynkin diagram (PDD)

Let My = {pB1,---, By} be the fundamental system of Ry and

M = My U g its extension to the fundamental system of R.
Graphically, the decomposition 1 = Iy, U lg is described by
painted Dynkin diagram (PDD) where roots from g are painted in
black.

"Black"fundamental weights A1, --- , A, associated to the black
simple roots f31,--- 8, € Mg are linear forms on ag which vanish on
ag. They defined by

18y e 2B sy
(NilB)) - oy = (Ai|Mw) = 0.

and span a latice P+ C t* which we call T-weight lattice.
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Bijective correspondence between (F = G/H, Jr) and PDD

i) A PDD determines the flag manifold F = G/H together with an
invariant complex structure J. The stability subalgebra is

h =1 @ 3(H) where b’ is the subalgebra associated with My, and
3({]) =it= {h ca: (h,a,') =0,V a; € nw}

A basis of t* = tis given by A;, i = 1,...,v. The complex
structure J is defined by its +i-eigenspace decomposition

m* = g(£([Ng])) As a complex manifold, F is identified with the
homogeneous space F = G©/P where P is the parabolic subgroup
generated by the subalgebra

p=56C4+mt
ii) Invariant complex structures on F = G/H bijectively correspond
to extensions of a fixed fundamental system Iy, of the subalgebra

hC to a fundamental system M = My, U Mg of g€, or equivalently,
to parabolic subalgebras p of g€ with reductive part hC.
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T-roots , decomposition of isotropy representation and

invariant metrics

A T-root is the restriction x(a) = a¢ of a complementary root

a € R to t:=iZ(h) . We denote by Rt := k(Rg) C t* the set of
T-roots.

T-roots £ bijectively correspond to irreducible H-submodules

7(€) = a(k~1(€)) of m® . Note that m(€) = (f(&) +f(—€)) Ng is
irreducible submodule of m .
m® = deRT f(£), m= deR;f m(¢).
By Schur lemma, any G-invariant pseudo-Riemannian metric g on
a flag manifold F = G/H is given by
8o ‘= Z:'j:l ¢ Be;,

where Be; := —Blm,, & € R¥, and x¢, # 0 are real numbers, for
anyi=1,...,d:= ﬁ(R?)
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Invariant closed 2-form on a flag manifold

Let (F = G/H, J) be a flag manifold with reductive decomposition
g=b+m=(b"+it)+m.
The complex Q(F)¢ of invariant differential forms is identified with
subcomplex
Am*)H = {w e Mg, Xow =0VX € b} c A(g*)"

of the complex A(g*)". Denote by w” the basis of 1-forms (m®)*
dual to the basis Eg, 5 € Rr of mC.
Propossition There is a natural isomorphism (transgression)

Tt = A2 (m) = H2(m*) ~ H?(F,R)

given by
* * i I 2 £7a a —«
ag D t* 3 &= 7(§) = we = gd£=§ Z (El’a))w Aw™®
aeR;f

In particular, 7(P7) = H(F,Z) .
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Correspondence between T -weights A € P, characters

x € Hom(H, T') and holomorphic line bundles

A T-weight A\ € Pt defines a character
xx € x(H) = Hom(H, T') = Hom(Z(H), T!)

xa i H— T exp(2miX) — 2™MX) X et

It admits a holomorphic extension to the holomorphic character
X% € x(P) = Hom(P, C*) of the parabolic subgroup

P = H®. Nt c G. This defines an isomorphism

Pt ~ x(H) ~ x(P) of the vector group of T-weights P, the
group of real characters x(H) of H and the group x(P) of
holomorphic characters of P.

Denote by £y the holomorphic line bundle on F = G/H = G¢/P
associated with the holomorphic character Y©*. Then the Chern
class c1(Ly) = [wa]-
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he Koszul form

We set oG == 3> cpe O OH =3 Za€R+ a. Recall that o is
the sum of fundamental weights.

Definition The Koszul 1-form associated with an invariant complex
structure J on flag manifold F = G/H is define by

ol =2(0g —op) = Z o

aER,f
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The Koszul numbers

The Koszul form is a linear combination of black fundamental
weights with positive integers coefficients, given by:

4(0H7/Bj) > 0.

j= 1

The integers k; € Z, are called Koszul numbers and the vector
k :=(ki,...,k,) € ZY is called Koszul vector.
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Chern form of an invariant complex structure

The first Chern class ¢1(J) € H?(F;Z) of the invariant complex
structure J in F, is represented by the closed invariant 2-form

vJ = wys, ( Chern form ).

A flag manifold F = G/H admits a ( G-invariant) spin (or
metaplectic) structure, if and only is the first Chern class ¢;(J) of
an invariant complex structure J on F is even, that is all Koszul
numbers are even. In this case, such spin (or metablectic) structure
is unique.

Corollary The divisibility by two of the Koszul numbers on a flag
manifold F = G/H = G©/P does not depend on the complex
structure.
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Invariant spin and metaplectic structures on classical flag

manifolds

Flag manifolds of classical groups:

T >
—_ o~ o~
3 3 3. 3
= = = =~
Il

= SUny1/U° X S(Up, x --- x Up,), 1= (ng,n,---,ns),
SO2n41/U° X Upy X -++ X Up, X SO241, n= an+ r,
= Spp/U® x Up, x -+ x Un, x Spy, n:an—i—r,

= S502,/U® x Up, X -+ X Uy, x SO2p, n= an—i— r,

O 0O

where i = (no, n1,- -+ , ns, r) for the group By, Cps, D,.
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Standard complex structures

We chose the standard complex structure on a flag manifold G(r)
for one of the groups G = A,, B, C,,, D, as complex structure
associated the following standard painted Dynkin diagram:

Gl "1 " B [T B
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Koszul numbers for classical groups

For a flag manifold (F = G/H, J) of a classical group , the Koszul
number k; associated with the black simple root 3; € Mg equals to

2 + bj, where b; is the number of white roots connected with the black
root by a string of white roots with the following exceptions:

(a) For By, each long white root of the last white string which
corresponds to the simple factor SO,,,1 is counted with multiplicity two,
and the last short white root is counted with multiplicity one. If the last
simple root is painted black, i.e. 85, = a,, then the coefficient b, is
twice the number of white roots which are connected with this root.

(b) For C,, each root of the last white string which corresponds to the
factor Sp, is counted with multiplicity two.

(c) For D,, the last white chain which defines the root system of

D, = SOy, is considered as a chain of length 2(r — 1). If r = 0 and one
of the last right roots is white and other is black, then the Koszul
number k,_ associated to this black end root 3,,, is 2(ns — 1).
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The Koszul vector k := (kq,--- , k,) € ZY_ associated to

the standard complex structure Jy on a flag manifold G(r)
of classical type

A(n) : k = (2,---,2,14+n1,n + na, -+, ns—1 + ng),

B(R): k= (2,---,2,1+4n1,n +no,--- ,ns_1+ ns, ng + 2r),
C(A): k= (2,---,2,14+n,nm+no,- ,ns_1+ ns,ns+2r+1),
D(A) : kK = (2,---,2,14+n1,n +na, -+ ,ns_1+ ng, nsg +2r — 1).

If r =0, then the last Koszul number (over the end black root) is
2ns for B(r), ns + 1 for C(r) and 2(ns — 1) for D(A).
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Spin (= metaplectic) flag manifolds of classical groups

(a) The flag manifold A(#) is spin if and only if ng > 0 and all the
numbers ny,...,ns are odd or ng = 0, and the numbers nq, ..., ng
have the same parity.

(b) The flag manifold B(Fr) is spin if and only if either ng > 0 and

r =0, and all the numbers ny,...,ns are odd or ng =0 and r >0
and all the numbers ny, ..., ns are even. Finally, or np = r =0, and
all the numbers ny, ..., ns have the same parity.

(c) The flag manifold C(7) is spin if ng > 0 and all the numbers
n,...,ns are odd.

(d) The flag manifold D(7) is spin if ng > 0 and all the numbers
n,...,ns are odd, or ng = 0 and r > 0, and all the numbers
ni,...,ns are odd or ng = r = 0 and the numbers ny, ..., ns have

the same parity.
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Flag manifolds of exceptional Lie groups G, and Fy

G|F=G/H by(F) [ d [ o’

Gy | G2(0) = G, /T? 2 6 | 2(A1+Ay)
Gy(1) = Gy / U} 1 3 | 5A,
G2(2) = Gy /U3 1 2 | 3

Fs | F4(0) = F, /T* 4 24 [ 2(A1+ Ay + As + Ay)
Fa(1) = F4 /AL xT3 3 16 | 3MA2 +2(As + Ag)
Fa(4) = F4/A5 x T3 3 13 | 2(A1 + A2) + A3
F4(1,2) = F4/A2 XT2 2 9 6/\3 + 2/\4
Fa(1,4) =F4 /AL x A xT2 | 2 8 | 3A+3As
Fa(2,3) = F4 /By xT2 2 6 | 5A1+ 6/
F4(3,4) = F4/A3 XT2 2 6 2/\1 + 4/\2
Fa(1,2,4) = F4 /AL x AS T | 1 4 | 7As
Fa(1,3,4) = F4 /A x AL xT | 1 3 |5/
F4(1,2,3) = F4 /B3 xT 1 2 | 11A,
F4(2,3,4) = F4/C3 xT 1 2 8/\1
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Flag manifolds of group Eg

T

F=G/H b(F)[d [o
Ea(O) =E¢ /T° 6 36 | 2(A1 + - + Ag)
(1) = E6/A1 XTs 5 25 3A2+2(/\3++/\6)
Ee(3,5) = Es /AT xT* 4 17 | 2A1 +3A; + 4A4 + 3N
(4,5) = E6/A2 x T4 4 15 2(/\1 + Ao+ 203 + /\6)
Ee(1,3,5) = Es /Al xT3 3 4(Ag + Ns) + 3N6
(2,47 5) = E6 /A2 X Al XT3 3 10 3/\1 + 5/\3 + 2/\6
(3,4, 5) = Eg /A3 xT3 3 8 2A1 + 5(/\2 + /\6)
6(273,4, 5) = E6/A4 XT2 2 4 6/\1 + 8/\6
6(1737435) = E6/A3XA1 XT2 2 5 6A2+5/\6
Ee(1,2,4,5) = Eg / A3 xT? 2 6 | 6As +2/\¢
Ee(2,4,5,6) = Eg / Ay x A2 xT?2 | 2 6 | 3A1 + 6/;
E6(2,3,4, 6) = E6 / D4 XT2 2 3 8(/\1 + /\5)
Ee(1,2,4,5,6) = Eg /A2 x A; xT | 1 3 | 7A;
E6(1,2 3 4 5) = E6/A5 xT 1 2 11/\6
Ee(1,3,4,5,6) = Eg /A3 xT 1 2 | 9N,
Es(2,3,4,5,6) = Eg /D5 xT 1 1 | 12
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Flag manifolds of group E7

F=G/H by [ d | o’

E;(0) = E; /T’ 7 163 2(Ai+---+ M)

E7(1) = E7 /Ay xT°® 6 |46 | 3A2+2(As + -+ A7)
E;(4,6) = E7 /A xT° 5 [ 33| 2(A1+NA2) +3(As+ A7) + 4As
E7(5,6) = E7 / A xT® 5 |30 | 2(Ar+---+ A+ A7)
E7(1,3,5) = E; / A} xT* 4 [ 23 [ 4Ny + 4Ny + 3N + 27
E7(1,3,7) = E; / A} xT* 4 | 24 | 4Ny 4 4Ng 4 2Ns + 2N
E7(3,5,6) = E7 / Ay x Ay xT* 4 | 21 | 2A1+ 3N + 5Ag + 27
E7(4,5,6) = E; / As xT* 4 | 18 | 2A1 + 2A2 + 5A3 + 5/;
E7(1,2,3,4) = E; /Ay xT? 3 | 10 | 6As + 2A6 + 6A7
E7(1,2,3,5) = E7 /A3 x Ay xT2 | 3 | 12 | 6As + 3As +2A;
E7(1,2,3,7) = E7/A3 x AL xT? | 3 | 13 | 6As +2As + 2A6
E;(1,2,4,5) = E; /A3 xT® 3 | 13 | 6As + 4N + 4N,
E7(1,2,4,6) = E7 /Ay x A} xT3 | 3 | 14 | 5As + 4As + 3A;
E7(1,3,5,7) = E7 /(A1)* x T3 3 | 16 | 4A2+5Ms + 3A6
E7(3,4,5,7) = E7 / Dg xT3 3 |9 | 2A14+8A2+8As
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T

F=G/H by | d | o
E7(17273 4,5) = E7/A5 XT2 2 5 7/\6 + 10/\7
E7(1,2,3,4,7) = E7/A5 XT2 2 6 10/\5 + 2/\6
E7(1,273,4,6) = E7/A4 X A1 XT2 2 6 7/\5 + 6/\7
E7(1,2,3,5,6) = E7 / Az x Ay x T2 2 |7 | 7+ 20,
E+(1,2,3,5,7) = E7 / Az x A2 xT? 2 | 8 | 7TAs+ 3N
E7(1,3,4,5,7) E7 / D4 X A1 XT2 2 6 9/\2 + 4/\6
E7(1,2,5,6,7) = E7 / Ap x A x T2 2 |8 | 4hs+5M,
E7(1,3,5,6,7) E7/A2 X(Al) X T2 2 9 4/\2 + 6/\4
E7(3,47 5, 6, 7) = E7 / D5 XT2 2 4 2/\1 + 12/\2
E;(1,2,3,4,5,6) = E7 / Ag xT 1 |2 | 14A,
E7(2,3,4,5,6,7) = E; /Eg xT 1|1 18M
E7(1,3,4, 5, 6, 7) E7 / D5 X A1 xT 1 2 13/\2
E7(17274, 5, 6, 7) E7/A4 X A2 xT 1 3 10/\3
E7(1,2,3,5,6,7) E; /A3XA2XA1 xT |1 4 8N4
E;(1,2,3,4,6,7) = E7 / Ag x Ay xT 1 |2 12As
E;(1,2,3,4,5,7) = E; / Dg xT 1 | 2| 177
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Flag manifolds of group Eg

F=G/H by [d | o’

Es(0) = Eg /T° 8 | 120 | 2(A £ - + Mg

Eg(].) = Eg/Al XT7 7 91 3/\2+2(/\3+"'+/\8)
Es(1,2) = Eg / Ay xTO 6 | 63 | 4As+2(As+ -+ Ng)
E8(1,3):E8/A1XA1 XT6 6 68 4/\2+3/\4+2(/\5++/\8)
E8(1,2,3) = Eg/A3 xT> 5 41 5/\4+2(/\5++/\8)

Eg(l, 274—) = Eg/A2 X Al XT5 5 46 5/\3 + 3/\5 + 2/\6 + 2/\7 + 2/\3
Eg(].7 3, 5) = LCg /(A1)3 X T5 5 50 4/\2 + 4/\4 + 3/\5 + 2/\7 + 3/\8
Eg(]., 2, 3,4) = Eg/A4 x T4 4 25 6/\5 + 2(/\6 + A7 + /\g)

Eg(l, 2,3,5) = Eg/A3 x A1 xT* | 4 29 6/As + 3N + 2A7 + 3Ag

Eg(].7 2,475) = Eg/A2 X A2 XT4 4 30 6/\3 + 4/\6 + 2/\7 + 4/\8
Es(1,2,4,6) = Eg /Ay x A2 xT* | 4 | 33 | 5A3 4 4As + 3A; + 2Ag
E8(1,3,5,7) = Eg /(A1)4 x T4 4 36 2(A2+/\4+/\6)+3/\3
Es(4,5,6,8) = Eg / D4 xT* 4 |24 | 2(AL+A2) +8(As + A7)
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F=G/H by [d | o’
Es(1,2,3,4,5) = Eg / Ag x T3 3 | 14 | A + 2A; + TAg
Eg(l,Q7 3,4, 6) = Eg/A4 X A1 XT3 3 17 7/\5 + 3/\7 + 2/\8
E8(17273,5,6) = Eg/A3 X A2 XT3 3 18 7/\4 + 4/\7 + 4/\8
E3(1,2,3,5,7)IEg/A3XA1XA1 xT3 3 20 | 6/A4 + 2N\ + 3As
E8(1,274,5,7) = Eg/A2 X Ax X Aq xT3 3 21 6/\3 + 5/\6 + 4/\8
Es(1,2,4,6,8) = Eg / Ay x(A1)® x T3 3 | 23 | 573+ 5As + 37,
E8(174,5,6,8) = Eg / D4 X A1 XT3 3 16 3/\2 + 8/\3 + 8/\7
Eg(4-757 6, 7, 8) Eg / D5 XT3 3 13 2(/\1 + /\2 + /\3)
Es(1,2,3,4,5,6) = Eg / Ag x 12 2 |7 | 8\ + 12Aq
Es(1,2,3,4,5,7) = Eg / Ag x A x T2 2 19 | 8Ag+7Ag
Eg(l,Q7 3,4, 6, 7) E /A4 X A2 XT2 2 10 8/\5 + 2/\8
Eg(l,27 3, 5, 6, 7) Eg/A3 X A3 XT2 2 10 8/\4 + 5/\8
E3(1,2,3,4,6,8) Eg/A4XA1 X Aq xT? | 2 11 | 8As + 3A;
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Es(1,2,4,5,6,8) = Eg / Dg x Ay x 12 219 | 10A; +8A;
E3(1,475,6,7,8) = Eg/D5 X Aq x T2 2|8 3N + 12/\3
Es(2,3,4,5,6,8) = Eg / Dg x T2 216 | 12A; +17A;
E8(1,2,3,6,7,8): E /A3XA2XA1 XT2 2 12 5/\4+5/\5
E8(1,2,4,6,7,8) = ES/A2 X A2 X Al X A1 XT2 2 14 5/\3 + 6/\5
E3(3, 4,5 6,7, 8) Eg / Eg xT? 2|6 2M\1 + 18A,
Es(1,2,3,4,5,6,7) = Eg / A7 xT 13 [ 177
Es(2,3,4,5,6,7,8) = Eg /E7 xT 12 |20
E8(17374,5,6,778) E /E6 X Al xT 1 3 19/\2
E8(1,2,4,5,6,7,8) Eg/D5 X A2 xT 1|4 14/\3
Es(1,2,3,5,6,7,8) = Eg / Ay x Az xT 15 | 117,
Es(1,2,3,4,6,7,8) = Eg / Ay x Ay x Ay xT 116 | 9As

Eg(l, 27 3,4—7 5, 778) Eg/A6 X A1 xT 114 13/\6
E8(1,2,3,4,5,678) = Eg/D7 xT 1 2 23/\7
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Spin C-spaces

Let F = G/H = G/H'- T* be a flag manifold with reductive
decomposition g = (b’ + it) + m and TK = T§ x T2™ a direct
product decomposition. Then

7:M=G/L=G/H -T*— F = G/H is a principal T2™-bundle.
The manifold M = G/L with reductive decomposition

g=1I+p= (b +itg) + (ity + m)

is called a C-space. An invariant complex structure Jr defined by
Jm is extended to an invariant complex structure Jy, defined by
Jo = Jit, ® Jm. The Chern form v,,, = m%y,,.

Theorem The C-space M = G/L is spin if t] contains all black
fundamental weights from g with odd Koszul numbers.
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