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Bang�bang traje
tories with a double swit
hing time:suffi
ient strong lo
al optimality 
onditionsLaura Poggiolini Mar
o Spadini∗Abstra
tThis paper gives su�
ient 
onditions for a 
lass of bang-bang extremals withmultiple swit
hes to be lo
ally optimal in the strong topology. The 
onditions arethe natural generalizations of the ones 
onsidered in [5, 14℄ and [16℄. We requireboth the stri
t bang-bang Legendre 
ondition, and the se
ond order 
onditions for the�nite dimensional problem obtained by moving the swit
hing times of the referen
etraje
tory.1 Introdu
tionWe 
onsider a Mayer problem, where the 
ontrol fun
tions are bounded and enter linearlyin the dynami
s. minimize C(ξ, u) := c0(ξ(0)) + cf (ξ(T )) (1.1a)subje
t to ξ̇(t) = f0(ξ(t)) +

m∑

s=1

usfs(ξ(t)) (1.1b)
ξ(0) ∈ N0 , ξ(T ) ∈ Nf (1.1
)
u = (u1, . . . , um) ∈ L∞([0, T ], [−1, 1]m). (1.1d)Here T > 0 is given, the state spa
e is a n-dimensional manifold M , N0 and Nf aresmooth sub-manifolds of M . The ve
tor �elds f0, f1, . . . , fm and the fun
tions c0, cf are

C2 on M , N0 and Nf , respe
tively.We aim at giving se
ond order su�
ient 
onditions for a referen
e bang-bang extremal
ouple (ξ̂, û) to be a lo
al optimizer in the strong topology; the strong topology beingthe one indu
ed by C([0, T ],M) on the set of admissible traje
tories, regardless of anydistan
e of the asso
iated 
ontrols. Therefore, optimality is with respe
t to neighboringtraje
tories, independently of the values of the asso
iated 
ontrols. In parti
ular, if theextremal is abnormal, we prove that ξ̂ is isolated among admissible traje
tories.We re
all that a 
ontrol û (a traje
tory ξ̂) is bang-bang if there is a �nite number ofswit
hing times 0 < t̂1 < · · · < t̂r < T su
h that ea
h 
omponent ûi of the referen
e
ontrol û is 
onstantly either −1 or 1 on ea
h interval (t̂k, t̂k+1). A swit
hing time t̂k is
alled simple if only one 
ontrol 
omponent 
hanges value at t̂k, while it is 
alled multipleif at least two 
ontrol 
omponents 
hange value.
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a Appli
ata, Università degli Studi di Firenze, via di Santa Marta, 3,I-50139 Firenze (laura.poggiolini�math.unifi.it and mar
o.spadini�math.unifi.it) 1
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o SpadiniSe
ond order 
onditions for the optimality of a bang-bang extremal with simple swit
hesonly are given in [5, 11, 14, 16℄ and referen
es therein, while in [18℄ the author gives suf-�
ient 
onditions, in the 
ase of the minimum time problem, for L1-lo
al optimality - anintermediate 
ondition between strong and lo
al optimality - of a bang-bang extremalhaving both simple and multiple swit
hes with the extra assumption that the Lie bra
ketsof the swit
hing ve
tor �elds is annihilated by the adjoint 
ove
tor.All the above 
ited papers require regularity assumptions on the swit
hes (see thesubsequent Assumptions 2.1, 2.2 and 2.3 whi
h are the natural strengthening of ne
essary
onditions) and the positivity of a suitable se
ond variation.Here we 
onsider the problem of strong lo
al optimality in the 
ase of a Mayer problem,when at most one double swit
h o

urs, but there are �nitely many simple ones and no
ommutativity assumptions on the involved ve
tor �elds. More pre
isely we extend the
onditions in [5, 14, 16℄ by requiring the su�
ient se
ond order 
onditions for the �nitedimensional sub-problems that are obtained by allowing the swit
hing times to move.The addition of a double swit
h is not a trivial extension of the known single-swit
h
ases. In fa
t, as explained in Se
tion 2.2, any perturbation of the swit
hing time (of adouble swit
h) of the 
omponents of û generi
ally 
reates two simple swit
hes, that is ita bang ar
 is generated. On the 
ontrary, the small perturbations of a single swit
h donot 
hange the stru
ture of the referen
e 
ontrol.We believe that the te
hniques employed here 
ould be extended to the more general
ase when there are more than one double swit
h. However, su
h an extension may notbe straightforward as the te
hni
al and notational 
omplexities grow qui
kly with thenumber of double swit
hes.Preliminary results were given in [17℄, where the authors exploit a study 
ase and in[15℄ that deals with a Bolza problem in the so-
alled non-degenerate 
ase. Also stabilityanalysis under parameter perturbations for this kind of bang-bang extremals was studiedin [8℄.We point out that, while in the 
ase of simple swit
hes the only variables are theswit
hing times, ea
h time a double swit
h o

urs one has to 
onsider the two possible
ombinations of the swit
hing 
ontrols. The investigation of the invertibility of theinvolved Lips
hitz 
ontinuous, pie
ewise C1 operators has been done via some topologi
almethods des
ribed in the Appendix, or via Clarke's impli
it fun
tion theorem (see [7,Thm 7.1.1.℄) in some parti
ular degenerate 
ase.The paper is organized as follows: Se
tion 2.1 introdu
es the notation and the regu-larity hypotheses that are assumed through the paper. In Se
tion 2.2, where our mainresult Theorem 2.3 is stated, we introdu
e a �nite dimensional subproblem of (1.1) andits �se
ond variations� (indeed this subproblem is C1,1 but not C2 so that the 
lassi
al�se
ond variation� is not well de�ned). The essen
e of the paper will be to show that thesu�
ient 
onditions for the optimality of an extremum of this subproblem are a
tuallysu�
ient also for the optimality of the referen
e pair (ξ̂, û) in problem (1.1). In Se
tion 3we brie�y des
ribe the Hamiltonian methods the proof is based upon. Se
tion 4 
ontainsthe maximized Halmiltonian of the 
ontrol system and its �ow. In Se
tion 5, we writethe �se
ond variations� of the �nite-dimensional subproblem and study their sign on ap-propriate spa
es. Se
tion 6 is the heart of the paper and 
onstitutes its more original2
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ontribution; here we prove that the the proje
tion onto a neighborhood of the graph of
ξ̂ in R ×M of the maximized �ow de�ned in Se
tion 4 is invertible (whi
h is ne
essaryfor our Hamiltonian methods to work). Se
tion 7 
ontains the 
on
lusion of the proof ofTheorem 2.3. In the Appendix we treat from an abstra
t viewpoint the problem, raisedin Se
tion 6, of lo
al invertibility of a pie
ewise C1 fun
tion.2 The resultThe result is based on some regularity assumption on the ve
tor �elds asso
iated tothe problem and on a se
ond order 
ondition for a �nite dimensional sub-problem. Theregularity Assumptions 2.2 and 2.3 are natural, sin
e we look for su�
ient 
onditions.In fa
t Pontryagin Maximum Prin
iple yields the ne
essity of the same inequalities butin weak form.2.1 Notation and regularityWe assume we are given an admissible referen
e 
ouple (ξ̂, û) satisfying Pontryagin Max-imum Prin
iple (PMP) with adjoint 
ove
tor λ̂ and that the referen
e 
ontrol û is bang-bang with swit
hing times t̂1, . . . , t̂r su
h that only two kinds of swit
hings appear:

• t̂i is a simple swit
hing time i.e. only one of the 
ontrol 
omponents û1, . . . , ûmswit
hes at time t̂i;
• t̂i is a double swit
hing time i.e. exa
tly two of the 
ontrol 
omponents û1, . . . , ûmswit
h at time t̂i.We assume that there is just one double swit
hing time, whi
h we denote by τ̂ . Withoutloss of generality we may assume that the 
ontrol 
omponents swit
hing at time τ̂ are û1and û2 and that they both swit
h from the value −1 to the value +1, i.e.

lim
t→τ̂−

ûν = −1 lim
t→τ̂+

ûν = 1 ν = 1, 2.In the interval (0, τ̂ ), J0 simple swit
hes o

ur (if no simple swit
h o

urs in (0, τ̂ ), then
J0 = 0), and J1 simple swit
hes o

ur in the interval (τ̂ , T ) (if no simple swit
h o

urs in
(τ̂ , T ), then J1 = 0). We denote the simple swit
hing times o

urring before the doubleone by θ̂0j , j = 1, . . . , J0, and by θ̂1j , j = 1, . . . , J1 the simple swit
hing times o

urringafterwards. In order to simplify the notation, we also de�ne θ̂00 := 0, θ̂0,J0+1 := θ̂10 := τ̂ ,
θ̂1,J1+1 := T , i.e. we have
θ̂00 := 0 < θ̂01 < . . . < θ̂0J0 < τ̂ := θ̂0,J0+1 := θ̂10 < θ̂11 < . . . < θ̂1J1 < T := θ̂1,J1+1.We shall use some basi
 tools and notation from di�erential geometry. For any sub-manifold N ofM , and any x ∈ N , TxN and T ∗

xN denote the tangent spa
e to N at x andthe 
otangent spa
e to N at x, respe
tively while T ∗N denotes the 
otangent bundle.3
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0 θ̂01

. . .
θ̂0J0

τ̂ θ̂10
. . .

θ̂1J1
TFigure 1: The sequen
e of swit
hing timesFor any w ∈ T ∗

xM and any δx ∈ TxM , 〈w , δx〉 denotes the duality produ
t between aform and a tangent ve
tor.
π : T ∗M →M denotes the 
anoni
al proje
tion from the tangent bundle onto the basemanifold M . In 
oordinates ℓ := (p, x):

π : ℓ = (p, x) ∈ T ∗M 7→ x ∈M.Throughout the paper, for any ve
tor �eld f : x ∈ M 7→ f(x) ∈ TxM , we shall denotethe asso
iated Hamiltonian obtained by lifting f to T ∗M by the 
orresponding 
apitalletter, i.e.
F : ℓ ∈ T ∗M 7→ 〈ℓ , f(πℓ)〉 ∈ R,and −→

F will denote the Hamiltonian ve
tor �eld asso
iated to F . In parti
ular for any
s = 0, 1, . . . ,m Fs(ℓ) := 〈ℓ , fs(πℓ)〉 is the Hamiltonian asso
iated to the drift (s = 0)and to the 
ontrolled ve
tor �elds of system (1.1b).If f, g : x ∈ M 7→ f(x) ∈ TxM , are di�erentiable ve
tor �elds, we denote their Liebra
ket as [f, g]:

[f, g](x) := Dg(x) f(x) −Df(x) g(x)The 
anoni
al symple
ti
 two-form between two Hamiltonian ve
tor �elds −→F and −→
G ata point ℓ is denoted as σ (−→F ,−→G) (ℓ). In 
oordinates ℓ := (p, x):

σ

(−→
F ,

−→
G
)
(ℓ) := −〈pDg(x) , f(x)〉+ 〈pDf(x) , g(x)〉.For any m-tuple u = (u1, . . . , um) ∈ R

m let us denote the 
ontrol-dependent Hamiltonian
hu : ℓ ∈ T ∗M 7→ 〈ℓ , f0(πℓ) +

m∑

s=1

usfs(πℓ)〉 ∈ R.Let f̂t and F̂t be the referen
e ve
tor �eld and the referen
e Hamiltonian, respe
tively:
f̂t(x) := f0(x) +

m∑

s=1

ûs(t)fs(x) , F̂t(ℓ) := 〈ℓ , f̂t(πℓ)〉 = hû(t)(ℓ)and let
H(ℓ) := max {hu(ℓ) : u ∈ [−1, 1]m}be the maximized Hamiltonian of the 
ontrol system. Also, let x̂0 := ξ̂(0), x̂d := ξ̂(τ̂)and x̂f := ξ̂(T ).4
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al optimalityThe referen
e �ow, that is the �ow asso
iated to f̂t, is de�ned on the whole interval
[0, T ] at least in a neighborhood of x̂0. We denote it as

Ŝ : (t, x) 7→ Ŝt(x).Thus, in our situation PMP reads as follows:There exist p0 ∈ {0, 1} and an absolutely 
ontinuous fun
tion λ̂ : [0, T ] → T ∗M su
h that
(p0, λ̂(0)) 6= (0, 0) (2.1)
πλ̂(t) = ξ̂(t) ∀t ∈ [0, T ]

˙̂
λ(t) =

−→̂
F t(λ̂(t)) a.e. t ∈ [0, T ],

λ̂(0)|Tx̂0N0
= p0 dc0(x̂0), λ̂(T )|Tx̂fNf

= −p0 dcf (x̂f ) (2.2)
F̂t(λ̂(t)) = H(λ̂(t)) a.e. t ∈ [0, T ]. (2.3)We shall denote ℓ̂0 := λ̂(0) and ℓ̂f := λ̂(T ).Maximality 
ondition (2.3) implies ûs(t)Fs(λ̂(t)) = ûs(t)〈λ̂(t) , fs(ξ̂(t))〉 ≥ 0 for any

t ∈ [0, T ] and any s = 1, . . . ,m. We assume the following regularity 
ondition holds:Assumption 2.1 (Regularity). Let s ∈ {1, . . . ,m}. If t is not a swit
hing time for the
ontrol 
omponent ûs, then
us(t)Fs(λ̂(t)) = ûs(t)〈λ̂(t) , fs(ξ̂(t))〉 > 0. (2.4)In terms of the swit
hing fun
tions σs : t ∈ [0, T ] 7→ Fs ◦ λ̂(t) ∈ R, s = 1, . . . ,mAssumption 2.1 means ûs(t) = sgn (σs(t)) whenever t is not a swit
hing time of thereferen
e 
ontrol 
omponent ûs.Noti
e that Assumption 2.1 implies that argmax{hu(λ̂(t)) : u ∈ [−1, 1]m} = û(t) forany t that is not a swit
hing time.Let
kij := f̂t|(θ̂ij ,θ̂i,j+1)

, j = 0, . . . , Ji, i = 0, 1,be the restri
tions of f̂t to ea
h of the time intervals where the referen
e 
ontrol û is
onstant and let Kij(ℓ) := 〈ℓ , kij(πℓ)〉 be the asso
iated Hamiltonian. Then, frommaximality 
ondition (2.3) we get
d

dt
(Kij −Ki,j−1) ◦ λ̂(t)

∣∣∣∣
t=θ̂ij

≥ 0for any i = 0, 1, j = 1, . . . , Ji, i.e. if ûs(ij) is the 
ontrol 
omponent swit
hing at time
θ̂ij and ∆ij ∈ {−2, 2} is its jump, then

d

dt
∆ijσs(ij)(t)

∣∣∣∣
t=θ̂ij

≥ 0We assume that the strong inequality holds at ea
h simple swit
hing time θ̂ij : 5
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d

dt
(Kij −Ki,j−1) ◦ λ̂(t)

∣∣∣∣
t=θ̂ij

> 0 i = 0, 1, j = 1, . . . , Ji. (2.5)Assumption 2.2 is known as the Strong bang-bang Legendre 
ondition forsimple swit
hing times.In geometri
 terms Assumption 2.2 means that at time t = θ̂ij the traje
tory t 7→ λ̂(t)
rosses transversally the hypersurfa
e of T ∗M de�ned by Kij = Ki,j−1, i.e. by the zerolevel set of Fs(ij).
Kij = Ki,j−1

−→
K i,j−1

(
λ̂(θ̂ij)

)

λ̂(t)

−→
K ij

(
λ̂(θ̂ij)

)

b
λ̂(θ̂ij)

Figure 2: Behaviour at a simple swit
hing timeAs already said, without any loss of generality we 
an assume that the double swit
hingtime involves the �rst two 
omponents, û1 and û2 of the referen
e 
ontrol û and thatthey both swit
h from −1 to +1, so that
k10 = k0J0 + 2f1 + 2f2.De�ne the new ve
tor �elds

kν := k0J0 + 2fν , ν = 1, 2,with asso
iated Hamiltonians Kν(ℓ) := 〈ℓ , kν(πℓ)〉. Then, from maximality 
ondition(2.3) we get
d

dt
2σν(t)

∣∣∣∣
t=τ̂−

=
d

dt
2Fν ◦ λ̂(t)

∣∣∣∣
t=τ̂−

=
d

dt
(Kν −K0J0) ◦ λ̂(t)

∣∣∣∣
t=τ̂−

≥ 0,

d

dt
2σν(t)

∣∣∣∣
t=τ̂+

=
d

dt
2Fν ◦ λ̂(t)

∣∣∣∣
t=τ̂+

=
d

dt
(K10 −Kν) ◦ λ̂(t)

∣∣∣∣
t=τ̂+

≥ 0,

ν = 1, 2.We assume that the stri
t inequalities hold:Assumption 2.3.
d

dt
(Kν −K0J0) ◦ λ̂(t)

∣∣∣∣
t=τ̂−

> 0,
d

dt
(K10 −Kν) ◦ λ̂(t)

∣∣∣∣
t=τ̂+

> 0, ν = 1, 2. (2.6)6
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Strong lo
al optimalityAssumption 2.3 means that at time τ̂ the �ow arrives the hypersurfa
es F1 = 0 and
F2 = 0 with transversal velo
ity −→

K 0J0 and leaves with velo
ity −→
K10 whi
h is againtransversal to both the hypersurfa
es. We shall 
all Assumption 2.3 the Strong bang-bang Legendre 
ondition for double swit
hing times.

b

F1 = 0F2 = 0

λ̂(τ̂ )

λ̂(t)

−→
K0J0

(
λ̂(τ̂)

)

−→
K10

(
λ̂(τ̂ )

)

Figure 3: Behaviour at the double swit
hing timeEquivalently, 
onditions (2.5) and (2.6) 
an be expressed in terms of the Lie bra
ketsof ve
tor �elds or in terms of the 
anoni
al symple
ti
 stru
ture σ (·, ·) on T ∗M :Proposition 2.1. Assumption 2.2 is equivalent to
〈λ̂(θ̂ij) , [ki,j−1, kij ] (ξ̂(θ̂ij))〉 = σ

(−→
K i,j−1,

−→
K ij

)
(λ̂(θ̂ij)) > 0 (2.7)for any i = 0, 1, j = 1, . . . , Ji.Assumption 2.3 is equivalent to

〈λ̂(τ̂) , [k0J0 , kν ] (x̂d)〉 = σ

(−→
K 0J0 ,

−→
Kν

)
(λ̂(τ̂ )) > 0,

〈λ̂(τ̂) , [kν , k10] (x̂d)〉 = σ

(−→
K ν ,

−→
K10

)
(λ̂(τ̂)) > 0

ν = 1, 2. (2.8)In what follows we shall also need to reformulate Assumptions 2.2 and 2.3 in terms ofthe pull-ba
ks along the referen
e �ow of the ve
tor �elds kij and kν . De�ne
gij(x) := Ŝ−1

θ̂ij ∗
kij ◦ Ŝθ̂ij(x), hν(x) := Ŝ−1

τ̂ ∗kν ◦ Ŝτ̂ (x)and let Gij , Hν be the asso
iated Hamiltonians. We 
an restate Assumptions 2.2 and2.3 as follows:Proposition 2.2. Assumption 2.2 is equivalent to
〈ℓ̂0 , [gi,j−1, gij ] (x̂0)〉 = σ

(−→
G i,j−1,

−→
G ij

)
(ℓ̂0) > 0 (2.9)7
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o Spadinifor any i = 0, 1, j = 1, . . . , Ji.Assumption 2.3 is equivalent to
〈ℓ̂0 , [g0J0 , hν ] (x̂0)〉 = σ

(−→
G0J0 ,

−→
H ν

)
(ℓ̂0) > 0,

〈ℓ̂0 , [hν , g10] (x̂0)〉 = σ

(−→
H ν ,

−→
G10

)
(ℓ̂0) > 0

ν = 1, 2. (2.10)2.2 The �nite dimensional sub-problemBy allowing the swit
hing times of the referen
e 
ontrol fun
tion to move we 
an de�ne a�nite dimensional sub-problem of the given one. In doing so we must distinguish betweenthe simple swit
hing times and the double swit
hing time. Moving a simple swit
hingtime θ̂ij to time θij := θ̂ij+δij amounts to using the values û|(θ̂i,j−1,θ̂ij) and û|(θ̂ij ,θ̂i,j+1) ofthe referen
e 
ontrol in the time intervals (θ̂i,j−1, θij
) and (θi j , θ̂i,j+1

), respe
tively. Onthe other hand, when we move the double swit
hing time τ̂ we 
hange the swit
hing timeof two di�erent 
omponents of the referen
e 
ontrol and we must allow for ea
h of them to
hange its swit
hing time independently of the other. This means that between the valuesof û|(θ̂0J0 ,τ̂) and û|(τ̂ ,θ̂01) we introdu
e a value of the 
ontrol whi
h is not assumed bythe referen
e one - at least in a neighborhood of τ̂ - and whi
h may assume two di�erentvalues a

ording to whi
h 
omponent swit
hes �rst between the two available ones. Let
τν := τ̂ + εν , ν = 1, 2. We move the swit
hing time of the �rst 
ontrol 
omponent û1from τ̂ to τ1 := τ̂ + ε1, and the swit
hing time of the se
ond 
ontrol 
omponent û2 from
τ̂ to τ2 := τ̂ + ε2.Inspired by [5℄, let us introdu
e C2 fun
tions α : M → R and β : M → R su
h that
α|N0

= p0c0, dα(x̂0) = ℓ̂0 and β|Nf
= p0cf , dβ(x̂f ) = −ℓ̂f .De�ne θij := θ̂ij + δij , j = 1, . . . , Ji, i = 0, 1; θ0,J0+1 := min{τν , ν = 1, 2}, θ10 :=

max{τν , ν = 1, 2}, θ00 := 0 and θ1,J1+1 := T . We have a �nite-dimensional sub-problem(FP) given byminimize α(ξ(0)) + β(ξ(T )) (FPa)subje
t to ξ̇(t) =





k0j(ξ(t)) t ∈ (θ0j , θ0,j+1) j = 0, . . . , J0,

kν(ξ(t)) t ∈ (θ0,J0+1, θ10),

k1j(ξ(t)) t ∈ (θ1j , θ1,j+1) j = 0, . . . , J1

(FPb)and ξ(0) ∈ N0, ξ(T ) ∈ Nf . (FP
)where θ00 = 0, θ1,J1+1 = T (FPd)
θij = θ̂ij + δij, i = 0, 1, j = 1, . . . , Ji, (FPe)
θ0,J0+1 := τ̂ +min{ε1, ε2}, θ10 := τ̂ +max{ε1, ε2} (FPf)and {
ν = 1 if ε1 ≤ ε2,

ν = 2 if ε2 ≤ ε1.
(FPg)We shall denote the solution, evaluated at time t, of (FPb) emanating from a point

x ∈M at time 0, as St(x, δ, ε). Observe that St(x, 0, 0) = Ŝt(x).8
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(ε1 ≤ ε2)

0 θ̂01

θ01

. . .

. . .

θ̂0J0

θ0J0

τ̂

τ1 τ2
f0J0 + 2f1

θ̂11

θ11

. . . θ̂1J1

. . .
θ1J1

T

(ε2 ≤ ε1)

θ01
. . .

θ0J0

τ2 τ1
f0J0 + 2f2

θ11
. . .

θ1J1

T

Figure 4: The di�erent sequen
es of ve
tor �elds in the �nite-dimensional sub-problem.Noti
e that the referen
e 
ontrol is a
hieved along ε1 = ε2, that is the referen
e �owis attained by (FP) on a point of non-di�erentiability of the fun
tions
θ0,J0+1 := τ̂ +min{ε1, ε2}, θ10 := τ̂ +max{ε1, ε2}.We are going to prove (see Remark 5.1 in Se
tion 5) that despite this la
k of di�erentia-bility of the swit
hing times θ0J0 , θ10, (FP) is C1 (indeed C1,1) at δij = ε1 = ε2 = 0We 
an thus 
onsider, on the kernel of the �rst variation of (FP), its se
ond variation,pie
e-wisely de�ned as the se
ond variation of the restri
tions of (FP) to the half-spa
es

{(δ, ε) : ε1 ≤ ε2} and {(δ, ε) : ε2 ≤ ε1}. Be
ause of the stru
ture of (FP), this se
ondvariation is 
oer
ive if and only if both restri
tions are positive-de�nite quadrati
 forms.In parti
ular any of their 
onvex 
ombinations is positive-de�nite on the kernel of the�rst variation, i.e. Clarke's generalized Hessian at (x, δ, ε) = (x̂0, 0, 0) is positive-de�niteon that kernel, see Remark 5.2 in Se
tion 5.In Se
tion 5 we give expli
it formulas both for the �rst and for the se
ond variations.We shall ask for su
h se
ond variations to be positive de�nite and prove the followingtheorem:Theorem 2.3. Let (ξ̂, û) be a bang-bang regular extremal (in the sense of Assumption2.1) for problem (1.1) with asso
iated 
ove
tor λ̂. Assume all the swit
hing times of (ξ̂, û)but one are simple, while the only non-simple swit
hing time is double.Assume the strong Legendre 
onditions, Assumptions 2.2 and 2.3, hold. Assume alsothat the se
ond variation of problem (FP) is positive de�nite on the kernel of the �rstvariation. Then (ξ̂, û) is a stri
t strong lo
al optimizer for problem (1.1). If the extremalis abnormal (p0 = 0), then ξ̂ is an isolated admissible traje
tory.3 Hamiltonian methodsThe proof will be 
arried out by means of Hamiltonian methods, whi
h allow us to redu
ethe problem to a �nite dimensional one de�ned in a neighborhood of the �nal point ofthe referen
e traje
tory. For a general introdu
tion to su
h methods see e.g. [3℄. Werepeat here the argument for the sake of 
ompleteness.In Se
tion 4 we prove that the maximized Hamiltonian of the 
ontrol system, H, is wellde�ned and Lips
hitz 
ontinuous on the whole 
otangent bundle T ∗M . Its Hamiltonianve
tor �eld −→
H is pie
ewise smooth in a neighborhood of the range of λ̂ and its �ow, whi
h9
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o Spadiniwe denote as
H : (t, ℓ) ∈ [0, T ]× T ∗M 7→ Ht(ℓ) ∈ T ∗M,is well de�ned in a neighborhood of [0, T ] × {ℓ̂0} and λ̂ is a traje
tory of −→H : d

dt
λ̂(t) =

−→
H (λ̂(t)), i.e. λ̂(t) = Ht(ℓ̂0).In Se
tions 5-6 we prove that there exist a C2 fun
tion α su
h that α|N0

= p0c0,
dα(x0) = ℓ̂0 and enjoying the following property: the map

id×πH : (t, ℓ) ∈ [0, T ]× Λ 7→ (t, πHt(ℓ)) ∈ [0, T ]×Mis one�to�one onto a neighborhood of the graph of ξ̂, where Λ := {dα(x) : x ∈ O(x0)}.Indeed the proof of this invertibility is the main 
ore of the paper and its main novelty.Under the above 
onditions the one�form ω := H∗(p dq −H dt) is exa
t on [0, T ]×Λ,hen
e there exists a C1 fun
tion
χ : (t, ℓ) ∈ [0, T ] × Λ 7→ χt(ℓ) ∈ Rsu
h that dχ = ω. Also it may be shown (see, e.g. [5℄) that d(χt◦(πHt)

−1) = Ht◦(πHt)
−1for any t ∈ [0, T ]. Moreover we may assume χ0 = α ◦ πObserve that (t, ξ̂(t)) = (id×πH)(t, ℓ̂0) and let us show how this 
onstru
tion leads tothe redu
tion. De�ne

V := (id×πH)([0, T ] × Λ), ψ := (id×πH)−1 : V → [0, T ]× Λand let (ξ, u) be an admissible pair (i.e. a pair satisfying (1.1b)�(1.1
)�(1.1d)) su
h thatthe graph of ξ is in V. We 
an obtain a 
losed path Γ in V with a 
on
atenation of thefollowing paths:
• Ξ: t ∈ [0, T ] 7→ (t, ξ(t)) ∈ V,
• ΦT : s ∈ [0, 1] 7→ (T, ϕT (s)) ∈ V, where ϕT : s ∈ [0, 1] 7→ ϕT (s) ∈ M is su
h that
ϕT (0) = ξ(T ), ϕT (1) = x̂f ,

• Ξ̂ : t ∈ [0, T ] 7→ (t, ξ̂(t)) ∈ V, ran ba
kward in time,
• Φ0 : s ∈ [0, 1] 7→ (0, ϕ0(s)) ∈ V, where ϕ0 : s ∈ [0, 1] 7→ ϕ0(s) ∈ M is su
h that
ϕ0(0) = x̂0, ϕ0(1) = ξ(0).Sin
e the one-form ω is exa
t we get

0 =

∮

Γ
ω =

∫

ψ(Ξ)
ω +

∫

ψ(ΦT )
ω −

∫

ψ(Ξ̂)
ω +

∫

ψ(Φ0)
ω.From the de�nition of ω and the maximality properties of H we get

∫

ψ(Ξ̂)
ω = 0,

∫

ψ(Ξ)
ω ≤ 0 (3.1)10



Pr
ep

ri
nt

Strong lo
al optimality
Λ

t

(0, ℓ̂)

ψ
(
0, ξ(0)

)

(T, ℓ̂)

ψ
(
T, ξ(T )

)

(t, ℓ̂)

(t, λ(t))

(πH)−1

M

t

(0, x̂0)

(0, ξ(0)) (T, xf )

(T, ξ(T ))Figure 5: The 
losed path Γ and its preimageso that ∫

ψ(ΦT )
ω +

∫

ψ(Φ0)
ω ≥ 0. (3.2)Sin
e

∫

ψ(ΦT )
ω =

∫

(πHT )−1◦ΦT

d(χT ◦ (πHT )
−1) = χT ◦ (πHT )

−1(x̂f )− χT ◦ (πHT )
−1(ξ(T )),

∫

ψ(Φ0)
ω =

∫ 1

0
〈dα(ϕ0(s)) , ϕ̇0(s)〉ds = α(ξ(0)) − α(x̂0),inequality (3.2) yields

α(ξ(0)) − α(x̂0) + χT ◦ (πHT )
−1(x̂f )− χT ◦ (πHT )

−1(ξ(T )) ≥ 0. (3.3)Thus
α(ξ(0)) + β(ξ(T ))− α(x̂0)− β(x̂f ) ≥

≥
(
χT ◦ (πHT )

−1 + β
)
(ξ(T ))−

(
χT ◦ (πHT )

−1 + β
)
(x̂f ) (3.4)that is: we only have to prove the lo
al minimality at x̂f of the fun
tion

F : x ∈ Nf ∩ O(x̂f ) 7→
(
χT ◦ (πHT )

−1 + β
)
(x) ∈ R.where O(x̂f ) is a small enough neighborhood of x̂f .In proving both the invertibility of id×πH and the lo
al minimality of x̂f for F weshall exploit the positivity of the se
ond variations of problem (FP). See [1, 2, 3℄ for amore general introdu
tion to Hamiltonian methods. 11



Pr
ep

ri
nt

Laura Poggiolini and Mar
o Spadini4 The maximized �owWe are now going to prove the properties of the maximized Hamiltonian H and of the�ow - given by 
lassi
al solutions - of the asso
iated Hamiltonian ve
tor �eld −→
H . Su
h�ow will turn out to be Lips
hitz 
ontinuous and pie
ewise-C1. In su
h 
onstru
tion weshall use only the regularity assumptions 2.1-2.2-2.3 and not the positivity of the se
ondvariations of problems (FP).We shall pro
eed as follows:Step 1: we �rst 
onsider the simple swit
hes o

urring before the double one. We shallexplain the pro
edure in details for the �rst simple swit
h. The others are treatediterating su
h pro
edure [5℄;Step 2: we de
ouple the double swit
h obtaining two simple swit
hes that might 
oin
ideand that give rise to as many �ows;Step 3: We 
onsider the simple swit
hes that o

ur after the double one. For ea
h of the�ows originating from the double swit
h we apply the same pro
edure of Step 1.Step 1: Regularity Assumption 2.1 implies that lo
ally around ℓ̂0, the maximized Hamilto-nian is K00 and that λ̂(t), i.e. the �ow of −→K00 evaluated in ℓ̂0, interse
ts the levelset {ℓ ∈ T ∗M : K01(ℓ) = K00(ℓ)} at time θ̂01. Assumption 2.2 yields that su
hinterse
tion is transverse. This suggests us to de�ne the swit
hing fun
tion θ01(ℓ)as the time when the �ow of −→K00, emanating from ℓ, interse
ts su
h level set andto swit
h to the �ow of −→K 01 afterwards. To be more pre
ise, we apply the impli
itfun
tion theorem to the map

Φ01(t, ℓ) := (K01 −K00) ◦ exp t
−→
K00(ℓ)in a neighborhood of (t, ℓ) := (θ̂01, ℓ̂0) in [0, T ] × T ∗M , so that H(ℓ) = K00(ℓ) forany t ∈ [0, θ01(ℓ)]. We then iterate this pro
edure and obtain the swit
hing surfa
es

{(θ0j(ℓ), ℓ) : ℓ ∈ O(ℓ̂0)}, j = 1, . . . , J0 where:
θ00(ℓ) := 0 ϕ00(ℓ) := ℓand, for j = 1, . . . , J0, we have� θ0j(ℓ) is the unique solution to

(K0j −K0,j−1) ◦ exp θ0j(ℓ)
−→
K 0,j−1 (ϕ0,j−1(ℓ)) = 0de�ned by the impli
it fun
tion theorem in a neighborhood of (t, ℓ) = (θ̂0j, ℓ̂0);� ϕ0j(ℓ) is de�ned by

ϕ0j(ℓ) := exp
(
− θ0j(ℓ)

−→
K0j

)
◦ exp θ0j(ℓ)

−→
K 0,j−1 (ϕ0,j−1(ℓ)) . (4.1)

12
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0 θ01(ℓ)

−→
K00

−→
K01

θ02(ℓ)
. . .. . .Figure 6: Constru
tion of the maximized �ow.Step 2: Let us now show how to de
ouple the double swit
hing time in order to de�ne themaximized Hamiltonian H(ℓ) in a neighborhood of (τ̂ , λ̂(τ̂)). In this we departfrom [5℄ in that we introdu
e the new ve
tor �elds k1, k2 in the sequen
e of valuesassumed by the referen
e ve
tor �eld. We do this in �ve stages:� for ν = 1, 2 let τν(ℓ) be the unique solution to

2Fν ◦ exp τν(ℓ)
−→
K 0J0(ϕ0J0(ℓ)) = (Kν −K0J0) ◦ exp τν(ℓ)

−→
K0J0(ϕ0J0(ℓ)) = 0de�ned by the impli
it fun
tion theorem in a neighborhood of (τ̂ , ℓ̂0);� 
hoose

θ0,J0+1(ℓ) := min {τ1(ℓ), τ2(ℓ)} ;� for ν = 1, 2, de�ne
ϕν0,J0+1(ℓ) := exp

(
− τν(ℓ)

−→
K ν

)
◦ exp τν(ℓ)

−→
K 0J0 (ϕ0J0(ℓ)) ,and let θν10(ℓ) be the unique solution to

2F3−ν ◦ exp θ10(ℓ)
−→
K ν

(
ϕν0,J0+1(ℓ)

)
=

= (K10 −Kν) ◦ exp θ10(ℓ)
−→
Kν

(
ϕν0,J0+1(ℓ)

)
= 0de�ned by the impli
it fun
tion theorem in a neighborhood of (τ̂ , ℓ̂0);� for ν = 1, 2 de�ne

ϕν10 := exp
(
− θν10(ℓ)

−→
K10

)
◦ exp θν10(ℓ)

−→
Kν

(
ϕν0,J0+1(ℓ)

)
;� 
hoose

θ10(ℓ) =

{
θ110(ℓ) if τ1(ℓ) ≤ τ2(ℓ),

θ210(ℓ) if τ2(ℓ) < τ1(ℓ).Noti
e that if τ1(ℓ) = τ2(ℓ), then θ110(ℓ) = θ210(ℓ) = τ1(ℓ) = τ2(ℓ) so that θ10(·) is
ontinuous. To be more pre
ise, the fun
tion θ10(·) is Lips
hitz 
ontinuous on itsdomain and is a
tually C1 on its domain but with the only possible ex
eption ofthe set {ℓ ∈ T ∗M : τ1(ℓ) = τ2(ℓ)}.Step 3: Finally we de�ne analogous quantities for the simple swit
hing times that followthe double one. For ea
h j = 1, . . . , J1 we pro
eed in three stages: 13
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o Spadini� for ν = 1, 2 let θν1j(ℓ) be the unique solution to
(K1j −K1,j−1) ◦ exp θν1j(ℓ)

−→
K 1,j−1

(
ϕν1,j−1(ℓ)

)
= 0de�ned by the impli
it fun
tion theorem in a neighborhood of (θ̂ν1j , ℓ̂0);� de�ne

ϕν1j(ℓ) := exp
(
− θν1j(ℓ)

−→
K1j

)
◦ exp θν1j(ℓ)

−→
K 1,j−1

(
ϕνi,j−1(ℓ)

)
;� 
hoose

θ1j(ℓ) =

{
θ11j(ℓ) if τ1(ℓ) ≤ τ2(ℓ)

θ21j(ℓ) if τ2(ℓ) < τ1(ℓ).We 
on
lude the pro
edure de�ning θ1,J1+1(ℓ) = θ11,J1+1(ℓ) = θ21,J1+1(ℓ) := T .To justify the previous pro
edure we have to show that we 
an a
tually apply the impli
itfun
tion theorem to de�ne the swit
hing times θij(ℓ) and that they are ordered as follows:
θ0,j−1(ℓ) < θ0j(ℓ) . . . < θ0J0(ℓ) < θ0,J0+1(ℓ) ≤ θ10(ℓ) < θ11(ℓ) < . . . .We prove it with an indu
tion argument. The fun
tions θ00(·) and ϕ00(·) are obviouslywell de�ned. Assume that θ0j , ϕ0j are well de�ned for some j ≥ 1 and let

Φ0,j+1(t, ℓ) = (K0,j+1 −K0,j) ◦ exp t
−→
K0j ◦ ϕ0j(ℓ).Then one 
an 
ompute

∂Φ0,j+1

∂t

∣∣∣∣
(θ̂0,j+1,ℓ̂0)

= σ

(−→
K0j ,

−→
K0,j+1

)
(λ̂(θ̂0,j+1))whi
h is positive by Assumption 2.2, so that the impli
it fun
tion theorem yields the C1fun
tion θ0,j+1. Thus, we also get a C1 fun
tion ϕ0,j+1 by equation (4.1). By indu
tion,the θ0j 's are well de�ned for any j = 1, . . . , J0 and, by 
ontinuity, the order is preservedfor ℓ in a neighborhood of ℓ̂0. Also, the impli
it fun
tion theorem yields a re
ursiveformula for the linearizations of θ0j and ϕ0j at ℓ̂0:

〈dθ0j(ℓ̂0) , δℓ〉 =
−σ

(
exp(θ̂0j

−→
K0,j−1)∗ϕ0,j−1 ∗(δℓ), (

−→
K 0j −

−→
K 0,j−1)(λ̂(θ̂0j))

)

σ

(−→
K 0,j−1,

−→
K 0j

)
(λ̂(θ̂0j))

(4.2)
ϕ0j∗(δℓ) = exp(−θ̂0j

−→
K 0j)∗

{
− 〈dθ0j(ℓ̂0) , δℓ〉(

−→
K 0j −

−→
K0,j−1)(λ̂(θ̂0j))+

+ exp(θ̂0j
−→
K0,j−1)∗ϕ0,j−1 ∗(δℓ)

}
. (4.3)14
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al optimalityLet us show that θ0,J0+1 and θ10 are also well de�ned. Let
Ψν(t, ℓ) = (Kν −K0J0) ◦ exp t

−→
K0J0 ◦ ϕ0J0(ℓ) ν = 1, 2.Then

∂Ψν

∂t

∣∣∣∣
(τ̂ ,ℓ̂0)

= σ

(−→
K0J0 ,

−→
K ν

)
(λ̂(τ̂)) ν = 1, 2whi
h are positive by Assumption 2.3, so that τ1(·) and τ2(·) are both well de�ned againby means of the impli
it fun
tion theorem.Now let

Φν10(t, ℓ) = (K10 −Kν) ◦ exp t
−→
Kν ◦ ϕν0,J0+1(ℓ), ν = 1, 2then

∂Φν10
∂t

∣∣∣∣
(τ̂ ,ℓ̂0)

= σ

(−→
Kν ,

−→
K10

)
(λ̂(τ̂)), ν = 1, 2whi
h are positive again by Assumption 2.3, and the same argument applies.As already mentioned, by assumption θ̂0,j−1 < θ̂0j and θ̂0J0 < τ̂ so that, by 
ontinuity,

θ0,j−1(ℓ) < θ0j(ℓ) and θ0J0(ℓ) < θ0,J0+1(ℓ) = min{τ1(ℓ), τ2(ℓ)} for any ℓ in a su�
ientlysmall neighborhood of ℓ̂0.Let us now show that θ0,J0+1(ℓ) ≤ θ10(ℓ). We examine all the possibilities for τ1(ℓ)and τ2(ℓ):
• assume ℓ is su
h that θ0,J0+1(ℓ) = τ1(ℓ) < τ2(ℓ). Sin
e Ψ2(τ2(ℓ), ℓ) = 0 one has

Ψ2(t, ℓ) =
∂Ψ2

∂t
(τ2(ℓ), ℓ)(t − τ2(ℓ)) + o(t− τ2(ℓ)) =

= (t− τ2(ℓ))

(
σ

(−→
K0J0 ,

−→
K 2

)∣∣∣
exp τ2(ℓ)

−→
K 0J0

◦ϕ0J0
(ℓ)

+ o(1)

)
.In parti
ular, 
hoosing t = θ0,J0+1(ℓ) = τ1(ℓ), by Assumption 2.3 and by 
ontinuity,when ℓ is su�
iently 
lose to ℓ̂0, we have Υℓ(θ0,J0+1(ℓ)) < 0, that is:

Ψ2(θ0,J0+1(ℓ), ℓ) = (K2 −K0J0) ◦ exp θ0,J0+1(ℓ)
−→
K 0J0 ◦ ϕ0J0(ℓ) < 0. (4.4)Sin
e K2 −K0J0 = 2F2 = K10 −K1, equation (4.4) 
an also be written as

0 > (K10 −K1) ◦ exp 0
−→
K1 ◦ exp θ0,J0+1(ℓ)

−→
K0J0 ◦ ϕ0J0(ℓ),i.e. the swit
h of the 
omponent u2 has not yet o

urred at time τ1(ℓ), so that

θ110(ℓ)− τ1(ℓ) > 0.
• Analogous proof holds if θ0,J0+1(ℓ) = τ2(ℓ) < τ1(ℓ),
• If ℓ is su
h that τ1(ℓ) = τ2(ℓ), then θ10(ℓ) = θ0,J0+1(ℓ). 15
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o SpadiniFor the simple swit
hes o

urring after the double one, by 
ontinuity, we have:
θ1j(ℓ) ≤ max{θ11j(ℓ), θ21j(ℓ)} < min{θ11,j+1(ℓ), θ

2
1,j+1(ℓ)} ≤ θ1,j+1(ℓ)for ℓ in a su�
iently small neighborhood of ℓ̂0.For the purpose of future referen
e we report here the expression for the di�erentials ofthe θ0j 's, τν 's and θν1j 's, and of the ϕ0j ∗'s ϕν∗ 's and ϕν1j ∗'s. Su
h formulas 
an be provedwith an indu
tion argument.Lemma 4.1. For any j = 1, . . . , J0 
onsider the following endomorphism of T

ℓ̂0
(T ∗M):

∆0jδℓ = δℓ−
j∑

s=1

〈dθ0s(ℓ̂0) , δℓ〉(
−→
G0s −

−→
G0,s−1)(ℓ̂0). (4.5)Then

〈dθ0j(ℓ̂0) , δℓ〉 =
−σ

(
∆0,j−1δℓ, (

−→
G0j −

−→
G0,j−1)(ℓ̂0)

)

σ

(−→
G0,j−1,

−→
G0j

)
(ℓ̂0)

, (4.6)
ϕ0j∗(δℓ) = exp(−θ̂0j

−→
K 0j)∗Ĥθ̂0j ∗

∆0jδℓ, (4.7)
〈dτν(ℓ̂0) , δℓ〉 =

−σ

(
∆0J0δℓ, (

−→
H ν −

−→
G0J0)(ℓ̂0)

)

σ

(−→
G0J0 ,

−→
H ν

)
(ℓ̂0)

, (4.8)
〈dθν10(ℓ̂0) , δℓ〉 =

−1

σ

(−→
H ν ,

−→
G10

)
(ℓ̂0)

σ

(
∆0J0δℓ− 〈dτν(ℓ̂0) , δℓ〉(

−→
H ν −

−→
G0J0)(ℓ̂0) , (

−→
G10 −

−→
H ν)(ℓ̂0)

) (4.9)and
ϕν0,J0+1 ∗(δℓ) = exp(−τ̂−→Kν)∗Ĥτ̂∗

(
∆0J0δℓ− 〈dτν(ℓ̂0) , δℓ〉(

−→
H ν −

−→
G0J0)(ℓ̂0)

)
. (4.10)Moreover

〈dθ110(ℓ̂0) , δℓ〉 = 〈dτ1(ℓ̂0) , δℓ〉 − 〈d(τ1 − τ2)(ℓ̂0) , δℓ〉
σ

(−→
G0J0 ,

−→
H 2

)
(ℓ̂0)

σ

(−→
H 1,

−→
G10

)
(ℓ̂0)

,

〈dθ210(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉 − 〈d(τ2 − τ1)(ℓ̂0) , δℓ〉
σ

(−→
G0J0 ,

−→
H 1

)
(ℓ̂0)

σ

(−→
H 2,

−→
G10

)
(ℓ̂0)

.

(4.11)Also, for ν = 1, 2 and j = 0, . . . , J1 
onsider the endomorphisms
∆ν

1jδℓ = ∆0J0δℓ− 〈dτν(ℓ̂0) , δℓ〉(
−→
H ν −

−→
G0J0)(ℓ̂0)−

− 〈dθν10(ℓ̂0) , δℓ〉(
−→
G10 −

−→
H ν)(ℓ̂0)−

j∑

s=1

〈dθν1s(ℓ̂0) , δℓ〉
(−→
G1s −

−→
G1,s−1

)
(ℓ̂0)

(4.12)
16
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al optimalityThen
ϕν10 ∗(δℓ) = exp(−θ̂10

−→
K 10)∗Ĥθ̂10 ∗

∆ν
10δℓ, (4.13)

〈dθν1j(ℓ̂0) , δℓ〉 =
−σ

(
∆ν

1,j−1δℓ, (
−→
G1j −

−→
G1,j−1)(ℓ̂0)

)

σ

(−→
G1,j−1,

−→
G1j

)
(ℓ̂0)

, (4.14)and
ϕν1j ∗(δℓ) = exp(−θ̂1j

−→
K1j)∗Ĥθ̂1j ∗

∆ν
1jδℓ. (4.15)Thus we get that the �ow of the maximized Hamiltonian 
oin
ides with the �ow of theHamiltonian H : (t, ℓ) ∈ [0, T ] × T ∗M 7→ Ht(ℓ) ∈ T ∗M :

H : (t, ℓ) ∈ [0, T ]× T ∗M 7→ H(ℓ) ∈ T ∗M (4.16)
Ht(ℓ) :=





K0j(ℓ) t ∈ (θ0j(ℓ), θ0,j+1(ℓ)], j = 0, . . . , J0

Kν(ℓ) t ∈ (θ0,J0+1(ℓ), θ10(ℓ)], θ0,J0+1(ℓ) = τν(ℓ)

K1j(ℓ) t ∈ (θ1j(ℓ), θ1,j+1(ℓ)], j = 0, . . . , J1.5 The se
ond variationTo 
hoose an appropriate horizontal Lagrangian manifold Λ we need to write the se
ondvariations of sub-problem (FP) and exploit their positivity. To write an invariant se
ondvariation, as introdu
ed in [4℄, we write the pull-ba
k ζt(x, δ, ε) of the �ows St along thereferen
e �ow Ŝt, whi
h also permits us to analyze the in�uen
e of the double swit
h onthe �nal point of traje
tories.For the sake of greater 
larity we �rst 
lear the �eld of all the notational di�
ulties byperforming our analysis in the 
ase when only the double swit
h o

urs. Only afterwardswe will dis
uss the general 
ase.Let δ0,J0+1 := min{ε1, ε2}, δ10 := max{ε1, ε2}. At time t = T we have
ζT (x, δ, ε) = Ŝ−1

T ◦ ST (x, δ, ε) = exp (−δ10) g10◦
◦ exp (δ10 − δ01)hν ◦ exp (δ01 − δ00) g0J0(x)where ν = 1 if ε1 ≤ ε2, ν = 2 otherwise. Let f̃1 and f̃2 be the pull�ba
ks of f1 and f2from time τ̂ to time t = 0, i.e.,̃

fν := Ŝ−1
τ̂ ∗ fν ◦ Ŝτ̂ , ν = 1, 2so that

hν = g0J0 + 2f̃ν , ν = 1, 2, g10 = g0J0 + 2f̃1 + 2f̃2.The linearized �ow at time T has the following form:
L(δx, δ, ε) = δx+ (δ11 − δ01)g01(x) + 2(δ11 − ε1)f̃1(x) + 2(δ11 − ε2)f̃2(x), 17
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o Spadiniwhi
h shows that the �ow is C1.Let us now go ba
k to the general 
ase: at time t = T we have
ζT (x, δ, ε) = Ŝ−1

T ◦ ST (x, δ, ε) = exp (−δ1J1) g1J1 ◦ . . . ◦ exp (δ11 − δ10) g10◦
◦ exp (δ10 − δ0,J0+1) hν ◦ exp (δ0,J0+1 − δ0J0) g0J0 ◦ . . . ◦ exp δ01g00(x)where ν = 1 if ε1 ≤ ε2, ν = 2 otherwise.De�ne

a00 := δ01;

a0j := δ0,j+1 − δ0j j = 1, . . . , J0;

b := δ10 − δ0,J0+1;

a1j := δ1,j+1 − δ1j j = 0, . . . , J1 − 1;

a1J1 := −δ1J1 .Then b+ 1∑

i=0

Ji∑

j=0

aij = 0 and, with a slight abuse of notation, we may write
ζT (x, a, b) = exp a1J1g1J1 ◦ . . . ◦ exp a11g11 ◦ exp a10g10
◦ exp bhν ◦ exp a0J0g0J0 ◦ . . . ◦ exp a01g01 ◦ exp a00g00(x),- where ν = 1 if ε1 ≤ ε2, ν = 2 otherwise. Hen
eforward we will denote by a the

(J0 + J1 + 2)-tuple (a00, . . . , a0J0 , a10, . . . , a1J1).The referen
e �ow is the one asso
iated to (a, b) = (0, 0). The �rst order approximationof ζT at a point (x, 0, 0) is given by
L(δx, a, b) = δx+ bhν(x) +

1∑

i=0

Ji∑

j=0

aijgij(x) =

= δx+

J0−1∑

j=0

a0jg0j(x) + (δ0,J0+1 − δ0J0)g0J0(x)+

+ (δ10 − δ0,J0+1)hν(x) + (δ11 − δ10)g10(x) +

J1∑

j=1

a1jg1j(x)where ν = 1 if ε1 ≤ ε2, ν = 2 otherwise. Introdu
e the pull-ba
ks of f1 and f2 from time
τ̂ to time t = 0:

f̃ν := Ŝ−1
τ̂ ∗fν ◦ Ŝτ̂ ν = 1, 2.Then hν = g0J0 + 2f̃ν , ν = 1, 2, and g10 = g0J0 + 2f̃1 + 2f̃2. Thus

L(δx, a, b) = δx+

J0−1∑

j=0

a0jg0j(x) + (δ0,J0+1 − δ0J0)g0J0(x)+

+ (δ10 − δ0,J0+1)(g0J0 + 2f̃ν)(x) + (δ11 − δ10)(g0J0 + 2f̃1 + 2f̃2)(x) +

J1∑

j=1

a1jg1j(x) =18
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= δx+

J0−1∑

j=0

a0jg0j(x) + (δ11 − δ0J0)g0J0(x) + 2(δ11 − ε1)f̃1(x)+

+ 2(δ11 − ε2)f̃2(x) +

J1∑

j=1

a1jg1j(x).

(5.1)Remark 5.1. Equation 5.1 shows that in L(δx, a, b) we have the same �rst order expan-sion, whatever the sign of ε2 − ε1. This proves that the �nite-dimensional problem (FP)is C1.Let β̂ := β ◦ ŜT and γ̂ := α+ β̂. Then the 
ost (FPa) 
an be written as
J(x, a, b) = α(x) + β ◦ ST (x, a, b) = α(x) + β̂ ◦ ζT (x, a, b)By PMP dγ̂(x̂0) = 0, thus the �rst variation of J at (x, a, b) = (x̂0, 0, 0) is given by

J ′(δx, a, b) =
(
bhν +

1∑

i=0

Ji∑

j=0

aijgij

)
· β̂(x̂0)whi
h, by (5.1), does not depend on ν, i.e. it does not depend on the sign of ε2 − ε1.On the other hand, the se
ond order expansion of ζνT (x, ·, ·) at (a, b) = (0, 0) is givenby

exp

(
bhν +

1∑

i=0

Ji∑

j=0

aijgij +
1

2

{
J0∑

j=0

a0j

[
g0j ,

J0∑

s=j+1

a0sg0s + bhν +

J1∑

j=0

a1jg1j

]
+

+ b
[
hν ,

J1∑

j=0

a1jg1j

]
+

J1∑

j=0

a1j

[
g1j ,

J1∑

s=j+1

a1sg1s

]})
(x).where ν = 1 if ε1 ≤ ε2, ν = 2 otherwise. Pro
eeding as in [5℄ we get for all (δx, a, b) ∈

ker J ′,
J ′′
ν [(δx, a, b)]

2 =
1

2

{
d2γ̂(x̂0)[δx]

2 + 2 δx ·
( 1∑

i=0

Ji∑

j=0

aij gij + bhν

)
· β̂(x̂0)+

+
( 1∑

i=0

Ji∑

j=0

aij gij + bhν

)2
· β̂(x̂0) +

J0∑

j=0

j−1∑

i=0

a0ia0j [g0i, g0j ] · β̂(x̂0)+

+ b

J0∑

i=0

a0i[g0i, hν ] · β̂(x̂0) +
J1∑

j=0

a1j

( J0∑

i=0

a0i[g0i, g1j ] + b[hν , g1j ]+

+

j−1∑

i=0

a1i[g1i, g1j ]
)
· β̂(x̂0)

}where, again, ν = 1 if ε1 ≤ ε2, ν = 2 otherwise. 19
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o SpadiniRemark 5.2. The previous formula 
learly shows that J ′′
1 = J ′′

2 on {(δx, a, b) : b = 0},i.e. on {(δx, δ, ε) : ε1 = ε2}. The se
ond variation is J ′′
1 if ε1 ≤ ε2, J ′′

2 otherwise. Its
oer
ivity means that both J ′′
1 and J ′′

2 are 
oer
ive quadrati
 forms.Remark 5.3. Isolating the addenda where a0J0 , b, a10 appear, as in (5.1), one 
an easilysee that J ′′
1 = J ′′

2 if and only if [f̃1, f̃2] · β̂(x̂0) = 0, i.e. if and only if 〈λ̂(τ̂) , [f1, f2](x̂d)〉 =
0. In other words: problem (FP) is twi
e di�erentiable at (x, δ, ε) = (x̂0, 0, 0) if and onlyif 〈λ̂(τ̂ ) , [f1, f2](x̂d)〉 = 0.The bilinear form asso
iated to ea
h J ′′

ν is given by
J ′′
ν ((δx, a, b), (δy, c, d)) =

1

2

{
d2γ̂(x̂0)(δx, δy)+ (5.2)

+ δy ·
( J0∑

i=0

a0i g0i + bhν +

J1∑

i=0

a1i g1i

)
· β̂(x̂0)+

+ δx ·
( J0∑

i=0

c0i g0i + dhν +

J1∑

i=0

c1i g1i

)
· β̂(x̂0)+

+
( J0∑

i=0

c0i g0i + dhν +

J1∑

i=0

c1i g1i

)
·
( J0∑

i=0

a0i g0i + bhν +

J1∑

i=0

a1i g1i

)
· β̂(x̂0)+

+

J0∑

j=0

j−1∑

i=0

a0ic0j [g0i, g0j ] · β̂(x̂0) + d

J0∑

i=0

a0i[g0i, hν ] · β̂(x̂0)+

+

J1∑

j=0

c1j

( J0∑

i=0

a0i[g0i, g1j ] + d[hν , g1j ] +

j−1∑

i=0

a1i[g1i, g1j ]
)
· β̂(x̂0)

}By assumption, for ea
h ν = 1, 2, J ′′
ν is positive de�nite on

N0 :=
{
(δx, a, b) ∈ Tx̂0N0 × R

J0+J1+2 × R :

b+

1∑

i=0

Ji∑

j=0

aij = 0, L(δx, a, b) ∈ Tx̂fNf

}
.Again following the pro
edure of [5℄ we may rede�ne α by adding a suitable se
ond-orderpenalty at x̂0 (see e.g. [9℄, Theorem 13.2) and we may assume that ea
h se
ond variation

J ′′
ν is positive de�nite on

N :=
{
(δx, a, b) ∈ Tx̂0M × R

J0+J1+2 × R :

b+
1∑

i=0

Ji∑

j=0

aij = 0, L(δx, a, b) ∈ Tx̂fNf

}
,i.e. we 
an remove the 
onstraint on the initial point of admissible traje
tories.Let

Λ := {dα(x) : x ∈M}20
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al optimalityand introdu
e the anti-symple
ti
 isomorphism i as in [5℄,
i : (δp, δx) ∈ T ∗

x̂0
M × Tx̂0M 7→ −δp+ d(−β̂)∗δx ∈ T (T ∗M) . (5.3)De�ne −→

G ′′
ij = i−1

(−→
G ij(ℓ̂0)

), −→H ′′
ν = i−1

(−→
H ν(ℓ̂0)

). The Hamiltonian �elds −→G ′′
ij and −→

H ′′
νare asso
iated to the following linear Hamiltonians de�ned in T ∗

x̂0
M × Tx̂0M

G′′
ij(ω, δx) = 〈ω , gij(x̂0)〉+ δx · gij · β̂(x̂0) (5.4)

H ′′
ν (ω, δx) = 〈ω , hν(x̂0)〉+ δx · hν · β̂(x̂0). (5.5)Moreover L′′

0 := i−1T
ℓ̂0
Λ =

{
δℓ ∈ T ∗

x̂0
M × Tx̂0M : δℓ =

(
−D2γ̂(x̂0)(δx, ·)

)}. With su
hnotation, the bilinear form J ′′
ν asso
iated to the se
ond variation 
an be written in arather 
ompa
t form, see, e.g. [5℄ or [14℄.For any δe := (δx, a, b) ∈ N let

ω0 := −D2γ̂(x̂0)(δx, ·), δℓ := (ω0, δx) = i−1 (dα∗δx) ,

(ων , δxν) := δℓ+

1∑

i=0

Ji∑

j=0

aij
−→
G ′′
ij + b

−→
H ′′
ν and δℓν := (ων , δxν).Then J ′′

ν 
an be written as
J ′′
ν

(
(δx, a, b), (δy, c, d)

)
= −〈ων , δy +

J0∑

s=0

c0sg0s + dhν +

J1∑

s=0

c1sg1s〉

+

J0∑

j=0

c0j G
′′
0j

(
δℓ+

j−1∑

s=0

a0s
−→
G ′′

0s

)
+ dH ′′

ν

(
δℓ+

J0∑

s=0

a0s
−→
G ′′

0s

)

+

J1∑

j=0

c1jG
′′
1j

(
δℓ+

J0∑

s=0

a0s
−→
G ′′

0s + b
−→
H ′′
ν +

j−1∑

s=0

a1s
−→
G ′′

1s

)

(5.6)
We shall study the positivity of J ′′

ν as follows: 
onsider
V :=

{
(δx, a, b) ∈ N : L(δx, a, b) = 0

}and the sequen
e
V01 ⊂ . . . ⊂ V0J0 ⊂ V10 ⊂ . . . ⊂ V1J1 = Vof sub-spa
es of V , de�ned as folllows

V0j := {(δx, a, b) ∈ V : a0s = 0 ∀s = j + 1, . . . , J0, a1s = 0}
V1j := {(δx, a, b) ∈ V : a1s = 0 ∀s = j + 1, . . . , J1}.Observe that V 1
0j = V 2

0j for any j = 0, . . . , J0, so we denote these sets as V0j . Moreover
dim

(
V0j ∩ V

⊥J′′
ν

0,j−1

)
= dim

(
V1k ∩ V

⊥J′′
ν

1,k−1

)
= 1, dim

(
V10 ∩ V

⊥J′′
ν

0J0

)
= 2 21
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o Spadinifor any j = 2, . . . , J0, k = 0, . . . , J1 and ν = 1, 2 and J ′′
ν is positive de�nite on N if andonly if it is positive de�nite on ea
h Vij ∩ V ⊥J′′

ν

i,j−1, V10 ∩ V ⊥J′′
ν

0J0
and N ∩ V ⊥J′′

ν .As in [5℄ one 
an prove a 
hara
terization, in terms of the maximized �ow, of theinterse
tions above. We state here su
h 
hara
terization without proofs whi
h 
an befound in the aforementioned paper.Lemma 5.1. Let j = 1, . . . , J0 and δe = (δx, a, b) ∈ V0j . Assume J ′′
ν is positive de�niteon V0,j−1. Then δe ∈ V0j ∩ V

⊥J′′
ν

0,j−1 if and only if
G′′

0s(δℓ+
s−1∑

r=0

a0r
−→
G ′′

0r) = G′′
0,j−1(δℓ+

j−2∑

s=0

a0s
−→
G ′′

0s) , ∀ s = 0, . . . , j − 2 (5.7)i.e. if and only if
a0s = 〈d(θ0,s+1 − θ0s) (ℓ̂0) , dα∗δx〉 ∀s = 0, . . . , j − 2. (5.8)In this 
ase

J ′′
ν [δe]

2 = a0j
(
G′′

0j −G′′
0,j−1

)
(δℓ+

j−1∑

s=0

a0s
−→
G ′′

0s) =

= a0j σ
(
δℓ+

j−1∑

s=0

a0s
−→
G ′′

0s,
−→
G ′′

0j −
−→
G ′′

0,j−1

)

= −a0j σ
(
dα∗δx+

j−1∑

s=0

a0s
−→
G0s(ℓ̂0), (

−→
G0j −

−→
G0,j−1)(ℓ̂0)

)
.

(5.9)
Lemma 5.2. Let ν = 1, 2 and δe = (δx, a, b) ∈ V10. Assume J ′′

ν is positive de�nite on
V0,J0. Then δe ∈ V10 ∩ V

⊥J′′
ν

0J0
if and only if

G′′
0s(δℓ+

s−1∑

µ=0

a0µ
−→
G ′′

0µ) = G′′
0,J0(δℓ+

J0−1∑

s=0

a0s
−→
G ′′

0s) , ∀ s = 0, . . . , J0 − 1 (5.10)i.e. if and only if
a0s = 〈d(θ0,s+1 − θ0s) (ℓ̂0) , dα∗δx〉 ∀s = 0, . . . , J0 − 1. (5.11)22
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ase
J ′′
ν [δe]

2 = b
(
H ′′
ν −G′′

0J0

)
(δℓ +

J0∑

s=0

a0s
−→
G ′′

0s)

+ a10
(
G′′

10 −H ′′
ν

)
(δℓ+

J0∑

s=0

a0s
−→
G ′′

0s + b
−→
H ′′
ν) =

= bσ
(
δℓ+

J0∑

s=0

a0s
−→
G ′′

0s,
−→
H ′′
ν −

−→
G ′′

0,J0

)
+

+ a10 σ
(
δℓ+

J0∑

s=0

a0s
−→
G ′′

0s + b
−→
H ′′
ν ,
−→
G ′′

10 −
−→
H ′′
ν

)
=

= − bσ
(
dα∗δx+

J0∑

s=0

a0s
−→
G0s(ℓ̂0), (

−→
H ν −

−→
G0,J0)(ℓ̂0)

)
−

− a10 σ
(
dα∗δx+

J0∑

s=0

a0s
−→
G0s(ℓ̂0) + b

−→
H ν(ℓ̂0), (

−→
G10 −

−→
H ν)(ℓ̂0)

)
.

(5.12)
Lemma 5.3. Let ν = 1, 2, j = 1, . . . , J1 and δe = (δx, a, b) ∈ V1j . Assume J ′′

ν is positivede�nite on V1,j−1. Then δe ∈ V1j ∩ V
⊥J′′

ν

1,j−1 if and only if
G′′

0s(δℓ+

s−1∑

i=0

a0i
−→
G ′′

0i) = G′′
1,j−1(δℓ+

J0∑

i=0

a0i
−→
G ′′

0i + b
−→
H ′′
ν +

j−2∑

i=0

a1i
−→
G ′′

1i) =

= H ′′
ν (δℓ+

J0∑

i=0

a0i
−→
G ′′

0i) = G′′
1k(δℓ+

J0∑

i=0

a0i
−→
G ′′

0i + b
−→
H ′′
ν +

k−1∑

i=0

a1i
−→
G ′′

1i)

∀ s = 0, . . . , J0 ∀ k = 0, . . . , j − 2i.e. if and only if
a0s = 〈d(θ0,s+1 − θ0s) (ℓ̂0) , dα∗δx〉 ∀s = 0, . . . , J0

b = 〈d(θ10 − θ0,J0+1) (ℓ̂0) , dα∗δx〉
a1s = 〈d(θ1,s+1 − θ1s) (ℓ̂0) , dα∗δx〉 ∀s = 0, . . . , j − 2.In this 
ase

J ′′
ν [δe]

2 = a1j
(
G′′

1j −G′′
1,j−1

)
(δℓ+

J0∑

s=0

a0s
−→
G ′′

0s + b
−→
H ′′
ν +

j−1∑

i=0

a1i
−→
G ′′

1i)

= a1j σ
(
δℓ+

J0∑

s=0

a0s
−→
G ′′

0s + b
−→
H ′′
ν +

j−1∑

i=0

a1i
−→
G ′′

1i ,
−→
G ′′

1j −
−→
G ′′

1,j−1

)

= −a1j σ
(
dα∗δx+

J0∑

s=0

a0s
−→
G0s(ℓ̂0) + b

−→
H ν(ℓ̂0) +

j−1∑

i=0

a1i
−→
G1i(ℓ̂0), (

−→
G1j −

−→
G1,j−1)(ℓ̂0)

)
.

23
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o SpadiniLemma 5.4. Let ν = 1, 2 and δe = (δx, a, b) ∈ N . Assume J ′′
ν is positive de�nite on

V1J1 . Then δe ∈ N ∩ V ⊥J′′
ν

1J1
if and only if

G′′
0s(δℓ+

s−1∑

i=0

a0i
−→
G ′′

0i) = G′′
1,J1(δℓ +

J0∑

i=0

a0i
−→
G ′′

0i + b
−→
H ′′
ν +

J1−1∑

i=0

a1i
−→
G ′′

1i) =

= H ′′
ν (δℓ+

J0∑

i=0

a0i
−→
G ′′

0i) = G′′
1k(δℓ+

J0∑

i=0

a0i
−→
G ′′

0i + b
−→
H ′′
ν +

k−1∑

i=0

a1i
−→
G ′′

1i)

∀ s = 0, . . . , J0 ∀ k = 0, . . . , J1i.e. if and only if δe ∈ N and
a0s = 〈d(θ0,s+1 − θ0s) (ℓ̂0) , dα∗δx〉 ∀s = 0, . . . , J0

b = 〈d(θ10 − θ0,J0+1) (ℓ̂0) , dα∗δx〉
a1s = 〈d(θ1,s+1 − θ1s) (ℓ̂0) , dα∗δx〉 ∀s = 0, . . . , J1 − 1.In this 
ase

J ′′
ν [δe]

2 = −〈ων , δx+
1∑

i=0

Ji∑

s=0

aisgis(x̂0) + b hν(x̂0)〉 =

= σ

((
0, δx +

1∑

i=0

Ji∑

s=0

aisgis(x̂0) + bhν(x̂0)
)
,

−D2γ̂(x̂0)(δx, ·) +
1∑

i=0

Ji∑

s=0

ais
−→
G ′′
is + b

−→
H ′′
ν

)
=

= −σ

(
d(−β̂)∗

(
δx+

1∑

i=0

Ji∑

s=0

aisgis(x̂0) + bhν(x̂0)
)
,

dα∗δx+
1∑

i=0

Ji∑

s=0

ais
−→
G is(ℓ̂0) + b

−→
H ν(ℓ̂0)

)
.6 The invertibility of the �owWe are now going to prove that the map

id×πH : (t, ℓ) ∈ [0, T ]× Λ 7→ (t, πHt(ℓ)) ∈ [0, T ]×Mis one-to-one onto a neighborhood of the graph of ξ̂. Sin
e the time interval [0, T ] is 
om-pa
t and by the properties of �ows, it su�
es to show that πH
θ̂ij
, i = 1, 2, j = 1, . . . , Jiand πHτ̂ are one-to-one onto a neighborhood of ξ̂(θ̂ij) and ξ̂(τ̂) in M , respe
tively.The proof of the invertibility at the simple swit
hing times θ̂0j , j = 1, . . . , J0 my be
arried out either as in [5℄ or by means of Clarke's inverse fun
tion theorem (see [7, Thm24
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al optimality7.1.1.℄), while the invertibility at the double swit
hing time and at the simple swit
hingtimes θ̂1j , j = 1, . . . , J1 will be proved by means of Clarke's inverse fun
tion theorem orby means of topologi
al methods (see Theorem 7.6) a

ording to the dimension of thekernel of d(τ1 − τ2)|T
ℓ̂0
Λ.For the sake of uniformity with the others swit
hing times, for the simple swit
hingtimes θ̂0j , j = 1, . . . , J0 and we give here the proof based on Clarke's inverse fun
tiontheorem. Namely, we 
onsider the expressions of πH

θ̂0j
(ℓ), whi
h are di�erent a

ordingto whether θ0j(ℓ) is greater than or smaller than θ̂0j . We write the linearization of su
hexpressions and their 
onvex 
ombinations. Finally, using the 
oer
ivity of the se
ondvariation on V0j we prove that all their 
onvex 
ombinations are one�to�one.The �owH

θ̂0j
at time θ̂0j , asso
iated to the maximized Hamiltonian de�ned in equation(4.16), has the following expression:

H
θ̂0j

(ℓ) =

{
exp θ̂0j

−→
K 0,j−1(ϕ0,j−1(ℓ)) if θ0j(ℓ) > θ̂0j

exp(θ̂0j − θ0j(ℓ))
−→
K0j ◦ exp θ0j(ℓ)

−→
K0,j−1(ϕ0,j−1(ℓ)) if θ0j(ℓ) < θ̂0j.Lemma 6.1. Let j ∈ {1, . . . , J0}. De�ne

A0j : δℓ ∈ Tℓ̂0Λ 7→ π∗ exp θ̂0j
−→
K0,j−1 ∗ϕ0,j−1 ∗δℓ ∈ T

ξ̂(θ̂0j)
M

B0j : δℓ ∈ T
ℓ̂0
Λ 7→ A0jδℓ− 〈dθ0j(ℓ̂0) , δℓ〉

(
k0j − k0,j−1

)
|
ξ̂(θ̂0j)

∈ T
ξ̂(θ̂0j)

MThen, for any t ∈ [0, 1], the map
tA0j + (1− t)B0j : Tℓ̂0Λ → T

ξ̂(θ̂0j)
Mis one-to-one.Proof. Let t ∈ [0, 1] and let δℓ ∈ T

ℓ̂0
Λ su
h that (tA0j + (1− t)B0j)(δℓ) = 0. We need toshow that δℓ is null. From formula (4.3) it follows that δℓ is in ker(tA0j + (1− t)B0j) ifand only if

π∗Ĥθ̂0j ∗
∆0,j−1δℓ = 0. (6.1)Let δx := π∗δℓ, so that δℓ = dα∗δx. Equation (6.1) is equivalent to

δx+

j−2∑

s=1

〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ〉g0s(x̂0)+

+
(
t〈dθ0j(ℓ̂0) , δℓ〉 − 〈dθ0,j−1(ℓ̂0) , δℓ〉

)
g0,j−1(x̂0)− t〈dθ0j(ℓ̂0) , δℓ〉g0j(x̂0) = 0. (6.2)Let δe := (δx, a, b) su
h that

a0s = 〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ〉 s = 0, . . . , j − 2

a0,j−1 = t〈dθ0j(ℓ̂0) , δℓ〉 − 〈dθ0,j−1(ℓ̂0) , δℓ〉
a0j = −t〈dθ0j(ℓ̂0) , δℓ〉
a0s = b = a1r = 0 s = j + 1, . . . , J0, r = 0, . . . , J1. 25
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o SpadiniThere are three possible 
ases:a) If t = 0, then δe ∈ V0,j−1 ∩ V
⊥J′′

ν

0,j−1 = {0}, be
ause of the 
oer
ivity of J ′′
ν .b) If t = 1, then δe ∈ V0j ∩ V

⊥J′′
ν

0j = {0}, be
ause of the 
oer
ivity of J ′′
ν . In both 
aseswe thus have δx = 0, so that δℓ = dα∗δx is also null.
) If t ∈ (0, 1), then δe ∈ V0j ∩ V

⊥J′′
ν

0,j−1. Therefore, applying (5.9) we get
0 < J ′′

ν [δe]
2 = t〈dθ0j(ℓ̂0) , δℓ〉σ

(
δℓ+

j−2∑

s=0

〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ〉
−→
G0s(ℓ̂0)+

+
(
t〈dθ0j(ℓ̂0) , δℓ〉 − 〈dθ0,j−1(ℓ̂0) , δℓ〉

)−→
G0,j−1(ℓ̂0) , (

−→
G0j −

−→
G0,j−1)(ℓ̂0)

)
=

= t 〈dθ0j(ℓ̂0) , δℓ〉σ
(
∆0,j−1δℓ+ t 〈dθ0j(ℓ̂0) , δℓ〉

−→
G0,j−1(ℓ̂0) , (

−→
G0j −

−→
G0,j−1)(ℓ̂0)

)
=

=− t (1− t)〈dθ0j(ℓ̂0) , δℓ〉2σ
(−→
G0,j−1,

−→
G0j

)
(ℓ̂0),a 
ontradi
tion.Lemma 6.1 implies that Clarke's Generalized Ja
obian of the map πH

θ̂0j
at ℓ̂0 is ofmaximal rank. Therefore, by Clarke's inverse fun
tion theorem (see [7, Thm 7.1.1.℄) themap πH

θ̂0j
is lo
ally invertible about ℓ̂0 with Lips
hitz 
ontinuous inverse. Hen
e themap

ψ : (t, ℓ) ∈ [0, T ]× Λ 7→ (t, πHt(ℓ)) ∈ [0, T ]×M (6.3)is lo
ally invertible about [0, τ̂ − ε]×
{
ℓ̂0
}. In fa
t, ψ is lo
ally one-to-one if and only if

πHt is lo
ally one-to-one in ℓ̂0 for any t. On the other hand πHt is lo
ally one-to-one forany t < τ̂ if and only if it is one-to-one at any θ̂0j .We now show that su
h pro
edure 
an be 
arried out also on [τ̂ − ε, T ]×
{
ℓ̂0
}, so that

ψ will turn out to be lo
ally invertible from a neighborhood [0, T ] × O ⊂ [0, T ] × Λ of
[0, T ]×

{
ℓ̂0
} onto a neighborhood U ⊂ [0, T ]×M of the graph Ξ̂ of ξ̂. The �rst step willbe proving the invertibility of πHτ̂ at ℓ̂0.In a neighborhood of ℓ̂0, πHτ̂ has the following pie
ewise representation:1. if min
{
τ1(ℓ), τ2(ℓ)

}
≥ τ̂ , then πHτ̂ (ℓ) = exp τ̂

−→
K 0J0 ◦ ϕ0J0(ℓ),2. if min

{
τ1(ℓ), τ2(ℓ)

}
= τ1(ℓ) ≤ τ̂ ≤ θ10(ℓ), then

πHτ̂ (ℓ) = exp(τ̂ − τ1(ℓ))
−→
K 1 ◦ exp τ1(ℓ)

−→
K 0J0 ◦ ϕ0J0(ℓ),3. if min

{
τ1(ℓ), τ2(ℓ)

}
= τ2(ℓ) ≤ τ̂ ≤ θ10(ℓ), then

πHτ̂ (ℓ) = exp(τ̂ − τ2(ℓ))
−→
K 2 ◦ exp τ2(ℓ)

−→
K 0J0 ◦ ϕ0J0(ℓ),4. if min

{
τ1(ℓ), τ2(ℓ)

}
= τ1(ℓ) ≤ θ10(ℓ) ≤ τ̂ , then

πHτ̂ (ℓ) = exp(τ̂
−→
K10) ◦ ψ10(ℓ) = exp(τ̂ − θ10(ℓ))

−→
K 10◦

◦ exp(θ10(ℓ)− τ1(ℓ))
−→
K 1 ◦ exp τ1(ℓ)

−→
K0J0 ◦ ϕ0J0(ℓ),26
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al optimality5. if min
{
τ1(ℓ), τ2(ℓ)

}
= τ2(ℓ) ≤ θ10(ℓ) ≤ τ̂ , then

πHτ̂ (ℓ) = exp(τ̂
−→
K10) ◦ ψ10(ℓ) = exp(τ̂ − θ10(ℓ))

−→
K 10◦

◦ exp(θ10(ℓ)− τ2(ℓ))
−→
K 2 ◦ exp τ2(ℓ)

−→
K0J0 ◦ ϕ0J0(ℓ).The invertibility of πHτ̂ will be proved by means of two di�erent arguments: in thegeneri
 
ase when d(τ1 − τ2)(ℓ̂0) : Tℓ̂0Λ → R is not identi
ally zero, we will use thetopologi
al argument of Theorem 7.6 in the Appendix; whereas, in the opposite 
ase wewill apply Clarke's inverse fun
tion theorem [7, Thm 7.1.1.℄, as in the 
ase of simpleswit
hes. In parti
ular, in the spe
ial 
ase when dτ1(ℓ̂0)|T

ℓ̂0
Λ ≡ dτ2(ℓ̂0)|T

ℓ̂0
Λ ≡ 0 we willprove that πHτ̂ is indeed di�erentiable at ℓ̂0.

θ0j(ℓ) > θ̂0j

b

θ0j(ℓ) < θ̂0j

ℓ̂0(a) t = θ̂0j

τ1(ℓ) = τ2(ℓ) > τ̂

θ02(ℓ) > τ̂

θ02(ℓ) =
= τ1(ℓ) < τ̂ < θ10(ℓ)

θ02(ℓ) =
= τ2(ℓ) < τ̂ < θ10(ℓ)

θ02(ℓ) =
= τ2(ℓ) < θ10(ℓ) < τ̂

θ02(ℓ) =
= τ1(ℓ) < θ10(ℓ) < τ̂ℓ̂0

b

(b) t = τ̂Figure 7: Lo
al behaviour of Ht near ℓ̂0 at a simple swit
hing time and at the doubleone.In all 
ases we need to write the pie
ewise linearized map (πHτ̂ )∗.1. Let M0 = {δℓ ∈ T
ℓ̂0
Λ: min{〈dτ1(ℓ̂0) , δℓ〉, 〈dτ2(ℓ̂0) , δℓ〉} ≥ 0}. Then

(πHτ̂ )∗δℓ = L0δℓ := (exp τ̂ k0J0)∗π∗ϕ0J0 ∗δℓ ∀δℓ ∈M0 (6.4a)2. Let M11 := {δℓ ∈ T
ℓ̂0
Λ: 〈dτ1(ℓ̂0) , δℓ〉 ≤ 0 ≤ 〈dθ110(ℓ̂0) , δℓ〉, 〈dτ1(ℓ̂0) , δℓ〉 ≤

〈dτ2(ℓ̂0) , δℓ〉}. Then
(πHτ̂ )∗δℓ = L11δℓ := −2〈dτ1(ℓ̂0) , δℓ〉f1(x̂τ̂ ) + exp(τ̂ k0J0)∗π∗ϕ0J0∗δℓ

∀δℓ ∈M11 (6.4b)3. Let M21 := {δℓ ∈ T
ℓ̂0
Λ: 〈dτ2(ℓ̂0) , δℓ〉 ≤ 0 ≤ 〈dθ210(ℓ̂0) , δℓ〉, 〈dτ2(ℓ̂0) , δℓ〉 ≤

〈dτ1(ℓ̂0) , δℓ〉}. Then
(πHτ̂ )∗δℓ = L21δℓ := −2〈dτ2(ℓ̂0) , δℓ〉f2(x̂τ̂ ) + exp(τ̂ k0J0)∗π∗ϕ0J0∗δℓ

∀δℓ ∈M21 (6.4
)27
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o Spadini4. Let M12 := {δℓ ∈ T
ℓ̂0
Λ: 〈dτ1(ℓ̂0) , δℓ〉 ≤ 〈dθ110(ℓ̂0) , δℓ〉 ≤ 0, 〈dτ1(ℓ̂0) , δℓ〉 ≤

〈dτ2(ℓ̂0) , δℓ〉}. Then
(πHτ̂ )∗δℓ = L12δℓ := −2〈dθ110(ℓ̂0) , δℓ〉f2(x̂τ̂ )−

− 2〈dτ1(ℓ̂0) , δℓ〉f1(x̂τ̂ ) + exp(τ̂ k0J0)∗π∗ϕ0J0∗δℓ ∀δℓ ∈M12 (6.4d)5. Let M22 := {δℓ ∈ T
ℓ̂0
Λ: 〈dτ2(ℓ̂0) , δℓ〉 ≤ 〈dθ210(ℓ̂0) , δℓ〉 ≤ 0, 〈dτ2(ℓ̂0) , δℓ〉 ≤

〈dτ1(ℓ̂0) , δℓ〉}. Then
(πHτ̂ )∗δℓ = L22δℓ := −2〈dθ210(ℓ̂0) , δℓ〉f1(x̂τ̂ )−

− 2〈dτ2(ℓ̂0) , δℓ〉f2(x̂τ̂ ) + exp(τ̂ k0J0)∗π∗ϕ0J0∗δℓ ∀δℓ ∈M22 (6.4e)Lemma 6.2. The pie
ewise linearized maps (6.4) have the same orientation in the fol-lowing sense: given any basis of T
ℓ̂0
Λ0 and any basis of T

ξ̂(τ̂)
M , the determinants of thematri
es asso
iated to the linear maps L0, Lνj , ν, j = 1, 2, in su
h bases, have the samesign.Proof. The proof is given by means of Lemma 7.1. We show that for any δℓ1, δℓ2 ∈ T

ℓ̂0
Λand ν = 1, 2 the following 
laims hold:Claim 1. If 〈dτν(ℓ̂0) , δℓ〉 < 0 < 〈dτν(ℓ̂0) , δℓ1〉 then L0(δℓ1) 6= Lν1τ̂ (δℓ2), i.e.

exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ1) 6= exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ2)− 〈dτν(ℓ̂0) , δℓ2〉(kν − k0J0)(x̂τ̂ ).Claim 2. If 〈dθν01(ℓ̂0) , δℓ2〉 < 0 < 〈dθν01(ℓ̂0) , δℓ1〉 then Lν1(δℓ1) 6= Lν2(δℓ2), i.e.
exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ1)− 〈dτν(ℓ̂0) , δℓ1〉(kν − k0J0)(x̂τ̂ ) 6=

6= exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ2)− 〈dτν(ℓ̂0) , δℓ2〉(kν − k0J0)(x̂τ̂ )−
− 〈dθν10(ℓ̂0) , δℓ2〉(k10 − kν)(x̂τ̂ )Proof of Claim 1. Fix ν ∈ {1, 2} and assume, by 
ontradi
tion, that there exist δℓ1,

δℓ2 ∈ Tℓ̂0Λ su
h that 〈dτν(ℓ̂0) , δℓ2〉 < 0 < 〈dτν(ℓ̂0) , δℓ1〉 and
exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ1) =

= exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ2)− 〈dτν(ℓ̂0) , δℓ2〉(kν − k0J0)(x̂τ̂ ). (6.5)Let δxi := π∗δℓi, i = 1, 2. Taking the pull-ba
k along the referen
e �ow Ŝτ̂ ∗ and usingformula (4.7), equation (6.5) 
an be equivalently written as
δx1 − δx2 +

J0−1∑

s=0

〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ1 − δℓ2〉g0s(x̂0)+

+
(
−〈dτν(ℓ̂0) , δℓ2〉 − 〈dθ0J0(ℓ̂0) , δℓ1 − δℓ2〉

)
g0J0(x̂0) + 〈dτν(ℓ̂0 , δℓ2〉hν(x̂0) = 0.28
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al optimalityThat is, if we de�ne δx := δx1 − δx2,
a0s :=

{
〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ1 − δℓ2〉 s = 0, . . . , J0 − 1

−〈dθ0J0(ℓ̂0) , δℓ1 − δℓ2〉 − 〈dτν(ℓ̂0) , δℓ2〉 s = J0

b := 〈dτν(ℓ̂0 , δℓ2〉, and a1j := 0 for any j = 0, . . . , J1, then δe := (δx, a, b) ∈ V10 ∩ V ⊥
0J0

,so that by (5.12)
− 〈dτν(ℓ̂0) , δℓ2〉σ

(
dα∗δx+

J0−1∑

s=0

〈d(θ0,s+1 − θ0s)(ℓ̂0) , dα∗δx〉
−→
G0s(ℓ̂0)

+ (〈dθ0J0(ℓ̂0) , dα∗δx〉 − 〈dτν(ℓ̂0) , dα∗δx2〉
−→
G0J0(ℓ̂0) , (

−→
H ν −

−→
G0J0)(ℓ̂0)

)
> 0or, equivalently,

− 〈dτν(ℓ̂0) , δℓ2〉σ
(
∆0J0 dα∗δx− 〈dτν(ℓ̂0) , dα∗δx2〉

−→
G0J0(ℓ̂0) ,

(
−→
H ν −

−→
G0J0)(ℓ̂0)

)
> 0.Applying formula (4.8) we �nally get

〈dτν(ℓ̂0) , δℓ2〉〈dτν(ℓ̂0) , δℓ1〉σ
(−→
G0J0 ,

−→
H ν

)
(ℓ̂0) > 0,a 
ontradi
tion.Proof of Claim 2. Let us �x ν ∈ {1, 2} and assume, by 
ontradi
tion, that there exist

δℓ1, δℓ2 ∈ T
ℓ̂0
Λ su
h that 〈dθν10(ℓ̂0) , δℓ2〉 < 0 < 〈dθν10(ℓ̂0) , δℓ1〉 and

exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ1)− 〈dτν(ℓ̂0) , δℓ1〉(kν − k0J0)(x̂τ̂ ) =

= exp(τ̂ k0J0)∗π∗ϕ0J0 ∗(δℓ2)− 〈dτν(ℓ̂0) , δℓ2〉(kν − k0J0)(x̂τ̂ )−
− 〈dθν10(ℓ̂0) , δℓ2〉(k10 − kν)(x̂τ̂ ) (6.6)Let δxi := π∗δℓi, i = 1, 2. Taking the pull-ba
k along the referen
e �ow and usingformula (4.7), equation (6.6) 
an be equivalently written as

δx1 − δx2 +

J0−1∑

s=0

〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ1 − δℓ2〉g0s(x̂0)+

+ 〈d(τν − θ0J0)(ℓ̂0) , δℓ1 − δℓ2〉g0J0(x̂0)+
+
(
−〈dτν(ℓ̂0) , δℓ1 − δℓ2〉 − 〈dθν10(ℓ̂0) , δℓ2〉

)
h1(x̂0) + 〈dθν10(ℓ̂0) , δℓ2〉g10(x̂0) = 0.That is, if we de�ne δx := δx1 − δx2,

a0s :=

{
〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ1 − δℓ2〉 s = 0, . . . , J0 − 1

〈d(τν − θ0J0)(ℓ̂0) , δℓ1 − δℓ2〉 s = J0 29
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b := −〈dτν(ℓ̂0) , δℓ1 − δℓ2〉 − 〈dθν10(ℓ̂0) , δℓ2〉, and

a1s :=

{
〈dθν10(ℓ̂0) , δℓ2〉 s = 0

0 s = 1, . . . , J1,then δe := (δx, a, b) ∈ V10 ∩ V ⊥
0J0

so that by Lemma 5.2,
(
〈dτν(ℓ̂0) , dα∗δx〉+ 〈dθν10(ℓ̂0) , δℓ2〉

)
σ

(
dα∗δx+

+

J0−1∑

s=0

〈d(θ0,s+1 − θ0s)(ℓ̂0) , dα∗δx〉
−→
G0s(ℓ̂0)+

+ 〈d(τν − θ0J0)(ℓ̂0) , dα∗δx〉
−→
G0J0(ℓ̂0) , (

−→
H ν −

−→
G0J0)(ℓ̂0)

)
−

− 〈dθν10(ℓ̂0) , δℓ2〉σ
(
dα∗δx+

J0−1∑

s=0

〈d(θ0,s+1 − θ0s)(ℓ̂0) , dα∗δx〉
−→
G0s(ℓ̂0)+

+ 〈d(τν − θ0J0)(ℓ̂0) , dα∗δx〉
−→
G0J0(ℓ̂0)− (〈dτν(ℓ̂0) , dα∗δx〉+ 〈dθν10(ℓ̂0) , δℓ2〉)

−→
H ν(ℓ̂0) ,

(
−→
G10 −

−→
H ν)(ℓ̂0)

)
> 0or, equivalently,

(
〈dτν(ℓ̂0) , dα∗δx〉+ 〈dθν10(ℓ̂0) , δℓ2〉

)
σ

(
∆0J0 dα∗δx+ 〈dτν(ℓ̂0) , dα∗δx〉

−→
G0J0(ℓ̂0) ,

(
−→
H ν −

−→
G0J0)(ℓ̂0)

)
− 〈dθν10(ℓ̂0) , δℓ2〉σ

(
∆0J0 dα∗δx+

+ 〈dτν(ℓ̂0) , dα∗δx〉
−→
G0J0(ℓ̂0)− (〈dτν(ℓ̂0) , dα∗δx〉

+ 〈dθν10(ℓ̂0) , δℓ2〉)
−→
H ν(ℓ̂0) , (

−→
G10 −

−→
H ν)(ℓ̂0)

)
> 0that is

(
〈dτν(ℓ̂0) , dα∗δx〉+ 〈dθν10(ℓ̂0) , δℓ2〉

)(
− 〈dτν(ℓ̂0) , dα∗δx〉+ 〈dτν(ℓ̂0) , dα∗δx〉

)

σ
(−→
G0J0 ,

−→
H ν)(ℓ̂0)−

− 〈dθν10(ℓ̂0) , δℓ2〉
(
− 〈dθν10(ℓ̂0) , dα∗δx〉 − 〈dθν10(ℓ̂0) , δℓ2〉

)
σ
(−→
H ν ,

−→
G10

)
(ℓ̂0) > 0. (6.7)Sin
e dα∗δx = δℓ1 − δℓ2, we get 〈dθν10(ℓ̂0) , δℓ2〉〈dθν10(ℓ̂0) , δℓ1〉σ(−→H ν ,
−→
G10

)
(ℓ̂0) > 0, a
ontradi
tion.We 
an now 
omplete the proof of the lo
al invertibility of πHτ̂ . Let us �rst 
onsiderthe generi
 
ase when d(τ1 − τ2)(ℓ̂0) is not identi
ally zero on T

ℓ̂0
Λ.We need to express the boundaries between the adja
ent se
tors M0, Mνj .

• The boundary between M0 and M11 is given by
{δℓ ∈ T

ℓ̂0
Λ: 0 = 〈dτ1(ℓ̂0) , δℓ〉 ≤ 〈dτ2(ℓ̂0) , δℓ〉};30
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• The boundary between M0 and M21 is given by

{δℓ ∈ T
ℓ̂0
Λ: 0 = 〈dτ2(ℓ̂0) , δℓ〉 ≤ 〈dτ1(ℓ̂0) , δℓ〉};

• The boundary between M11 and M12 is given by
{δℓ ∈ T

ℓ̂0
Λ: 〈dθ110(ℓ̂0) , δℓ〉 = 0, 〈dτ1(ℓ̂0) , δℓ〉 ≤ 〈dτ2(ℓ̂0) , δℓ〉};

• The boundary between M21 and M22 is given by
{δℓ ∈ T

ℓ̂0
Λ: 〈dθ210(ℓ̂0) , δℓ〉 = 0, 〈dτ2(ℓ̂0) , δℓ〉 ≤ 〈dτ1(ℓ̂0) , δℓ〉};

• The boundary between M12 and M22 is given by
{δℓ ∈ T

ℓ̂0
Λ: 〈dτ2(ℓ̂0) , δℓ〉 = 〈dτ1(ℓ̂0) , δℓ〉 ≤ 0};A

ording to Theorem 7.6, in order to prove the invertibility of our map it is su�
ientto prove that both the map and its linearization are 
ontinuous in a neighborhood of ℓ̂0and of 0 respe
tively, that they maintain the orientation and that there exists a point δywhose preimage is a singleton that belongs to at most two of the above de�ned se
tors.Noti
e that the 
ontinuity of πHτ̂ follows from the very de�nition of the maximized�ow. Dis
ontinuities of (πHτ̂ )∗ may o

ur only at the boundaries des
ribed above. Adire
t 
omputation in formulas (6.4) shows that this is not the 
ase. Let us now provethe last assertion.For �symmetry� reasons it is 
onvenient to look for δy among those whi
h belong tothe image of the set {δℓ ∈ T

ℓ̂0
Λ : 0 < 〈dτ1(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉}. Observe that

〈dτ1(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉 also implies 〈dθν10(ℓ̂0) , δℓ〉 = 〈dτν(ℓ̂0) , δℓ〉, ν = 1, 2, seeformulas (4.11).Let δℓ ∈ T
ℓ̂0
Λ su
h that 0 < 〈dτ1(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉 and let δy := L0δℓ.Clearly δy has at most one preimage per ea
h of the above polyhedral 
ones. Let usprove that a
tually its preimage is the singleton {δℓ}.In fa
t we show that for ν, j = 1, 2, there is no δℓ ∈Mνj su
h that Lνj(δℓ) = δy.1. Fix ν ∈ {1, 2} and assume, by 
ontradi
tion, that there exists δℓ ∈M1ν su
h that

Lν1δℓ = δy. The 
ontradi
tion is shown exa
tly as in the proof of Claim 1 in Lemma 6.2.2. Fix ν ∈ {1, 2} and assume, by 
ontradi
tion, that there exists δℓ ∈ Mν2 su
hthat Lν2δℓ = δy that is: let δx := π∗δℓ, and δx := π∗δℓ. Taking the pull-ba
k along thereferen
e �ow at time τ̂ , and re
alling formula (4.7) we assume by 
ontradi
tion that
δx−

J0∑

s=1

〈dθ0s(ℓ̂0) , δℓ〉(g0s − g0,s−1)(x̂0) = δx−
J0∑

s=1

〈dθ0s(ℓ̂0) , δℓ〉(g0,s − g0,s−1)(x̂0)−

− 〈dτ1(ℓ̂0) , δℓ〉(hν − g0J0)(x̂0)− 〈dθν10(ℓ̂0) , δℓ〉(g10 − hν)(x̂0).31
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δx− δx+

J0−1∑

s=1

〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ− δℓ〉)g0s(x̂0)−

−
(
〈dθ0J0(ℓ̂0) , δℓ− δℓ〉+ 〈dτ1(ℓ̂0) , δℓ〉

)
g0J0(x̂0)−

− 〈d(θν10 − τν)(ℓ̂0) , δℓ〉h1(x̂0) + 〈dθ10(ℓ̂0) , δℓ〉g10(x̂0) = 0.Let δe := (δx− δx, a, b), where,
a0s :=

{
〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ− δℓ〉 s = 0, . . . , J0 − 1,

〈dθ0J0(ℓ̂0) , δℓ− δℓ〉 − 〈dτ1(ℓ̂0) , δℓ〉 s = J0,

b := −〈d(θν10 − τν)(ℓ̂0) , δℓ〉,

a1s :=

{
〈dθν10(ℓ̂0) , δℓ〉 s = 0,

a1s = 0 s = 1, . . . , J1.Then δe ∈ V10 ∩ V ⊥J′′
ν

0J0
and Lemma 5.2 applies:

0 <J ′′
ν [δe]

2 = −bσ
(
δℓ− δℓ+

J0∑

s=0

a0s
−→
G0s(ℓ̂0), (

−→
H ν −

−→
G0J0)(ℓ̂0)

)
−

− a10 σ

(
δℓ− δℓ+

J0∑

s=0

a0s
−→
G0s(ℓ̂0) + b

−→
H ν(ℓ̂0), (

−→
G10 −

−→
H 1)(ℓ̂0)

)
=

=〈d(θν10 − τν)(ℓ̂0) , δℓ〉
(
〈dτν(ℓ̂0) , δℓ− δℓ〉 − 〈dτν(ℓ̂0) , δℓ〉

)
σ

(−→
G0J0 ,

−→
H ν

)
(ℓ̂0)−

− 〈dθν10(ℓ̂0) , δℓ〉
((

− 〈dθν10(ℓ̂0) , δℓ− δℓ〉 − 〈dθν10(ℓ̂0) , δℓ〉
)
σ

(−→
H ν ,

−→
G10

)
(ℓ̂0)+

+ 〈dτν(ℓ̂0) , δℓ〉σ
(−→
G0J0 ,

−→
H 3−ν

)
(ℓ̂0)

)
=

=〈d(θν10 − τν)(ℓ̂0) , δℓ〉〈dτν(ℓ̂0) , δℓ〉σ
(−→
G0J0 ,

−→
H ν

)
(ℓ̂0)−

− 〈dθν10(ℓ̂0) , δℓ〉
(
〈dθν10(ℓ̂0) , δℓ〉σ

(−→
H ν ,

−→
G10

)
(ℓ̂0)+

+ 〈dτν(ℓ̂0) , δℓ〉σ
(−→
G0J0 ,

−→
H 3−ν

)
(ℓ̂0)

)whi
h is a 
ontradi
tion, sin
e all the addenda are negative.By Theorem 7.6 this proves the invertibility of πHτ̂ , hen
e ψ is one-to-one in a neigh-borhood of [0, θ̂10 − ε]×
{
ℓ̂0
}.Assume now that the non generi
 
ase T

ℓ̂0
Λ ⊂ ker d(τ1− τ2)(ℓ̂0) holds. We are going toprove the Lips
hitz invertibility of πHτ̂ |Λ by means of Clarke's inverse fun
tions theorem,see [7℄. The generalized Ja
obian ∂(πHτ̂ )(ℓ̂0) (in the sense of Clarke) of πHτ̂ : Λ → Mat ℓ̂0 is the 
losed 
onvex hull of the linear maps L0, Lνj , ν, j = 1, 2 de�ned in (6.4).32
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al optimalityWe distinguish between two sub-
ases:1. 〈dτ1(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉 = 0 for any δℓ ∈ T
ℓ̂0
ΛIn this 
ase we also have dθ110(ℓ̂0)|Tℓ̂0Λ ≡ dθ210(ℓ̂0)|Tℓ̂0Λ ≡ 0, see formulas (4.11), hen
eall the linear maps L0, Lνj , ν, j = 1, 2 de�ned in (6.4) 
oin
ide with the map L0, sothat πHτ̂ is di�erentiable at ℓ̂0. The invertibility of L0 and Clarke's invertibility theoremyield the 
laim.2. 〈dτ1(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉 for any δℓ ∈ T

ℓ̂0
Λ but ker(dτ1(ℓ̂0)|T

ℓ̂0
Λ) 6= T

ℓ̂0
Λ. Inthis 
ase we also have dθ110(ℓ̂0)|Tℓ̂0Λ ≡ dθ210(ℓ̂0)|Tℓ̂0Λ ≡ dτ1(ℓ̂0)|T

ℓ̂0
Λ (see formulas (4.11))so that L12 ≡ L22.Let {v1, v2, . . . , vn} be a basis of Tx̂0M su
h that 〈dτ1(ℓ̂0) , dα∗v1〉 = 1 and 〈dτ1(ℓ̂0) , dα∗vi〉 =

0 for i = 2, . . . , n. We will show that ∂(πHτ̂ )(ℓ̂0) is made up of invertible matri
es byshowing that
(L0)−1

(
t0L

0 + t1L
11 + t2L

21 + t3L
12 + t4L

22
)
◦ dα∗is invertible for any t0, . . . , t4 ≥ 0 su
h that ∑4

i=0 ti = 1.Let cνi , ν = 1, 2, i = 1, . . . , n su
h that
(hν − g0J0)(x̂0) =

n∑

i=1

cνi vi.We have
(L0)−1Lνj dα∗vi = vi i = 2, . . . , n and ν, j = 1, 2and, for ea
h ν = 1, 2:

(L0)−1Lν1 dα∗v1 = v1 − (hν − g0J0)(x̂0) = (1− cν1)v1 −
n∑

k=2

cνkvk

(L0)−1Lν2 dα∗v1 = v1 − (hν − g0J0)(x̂0)− (g10 − hν)(x̂0) =

= (1− c11 − c21)v1 −
n∑

k=2

(c1k + c2k)vk.Thus the determinant of (L0)−1
(
t0L

0 + t1L
11 + t2L

21 + t3L
12 + t4L

22
)
◦ dα∗ is given by

t0+ t1 det(L
0)−1L11 dα∗+ t2 det(L

0)−1L21 dα∗+(t3+ t4) det(L
0)−1L12 dα∗ whi
h 
annotbe null sin
e all the addenda are positive as it follows from Lemmata 6.2 and 7.1. This
on
ludes the proof of the invertibility of πHτ̂ . Let us now turn to πH

θ̂1j
, j = 1, . . . , J1.For any j = 1, . . . , J1, there are four regions in Λ, 
hara
terized by the followingproperties

{ℓ ∈ Λ: θ1j(ℓ) ≥ θ̂1j and θ0,J0+1(ℓ) = τ1(ℓ)},
{ℓ ∈ Λ: θ1j(ℓ) ≥ θ̂1j and θ0,J0+1(ℓ) = τ2(ℓ)},
{ℓ ∈ Λ: θ1j(ℓ) < θ̂1j and θ0,J0+1(ℓ) = τ1(ℓ)},
{ℓ ∈ Λ: θ1j(ℓ) < θ̂1j and θ0,J0+1(ℓ) = τ2(ℓ)}. 33



Pr
ep

ri
nt

Laura Poggiolini and Mar
o SpadiniAs for πHτ̂ , πHθ̂1j
turns out to be a Lips
hitz 
ontinuous, pie
ewise C1 appli
ation.Its invertibility 
an be proved applying again Theorem 7.6. Let us write the pie
ewiselinearized map (πH
θ̂1j

)∗

• Let N10
1j := {δℓ ∈ T

ℓ̂0
Λ: 〈dτ1(ℓ̂0) , δℓ〉 ≤ 〈dτ2(ℓ̂0) , δℓ〉, 〈dθ11j(ℓ̂0) , δℓ〉 ≥ 0}. Then

(πH
θ̂1j

)∗δℓ = A1
1jδℓ := exp(θ̂1jk1,j−1 ∗)π∗ϕ

1
1,j−1 ∗(δℓ)

• Let N20
1j := {δℓ ∈ T

ℓ̂0
Λ: 〈dτ2(ℓ̂0) , δℓ〉 ≤ 〈dτ1(ℓ̂0) , δℓ〉, 〈dθ21j(ℓ̂0) , δℓ〉 ≥ 0}. Then

(πH
θ̂1j

)∗δℓ = A2
1jδℓ := exp(θ̂1jk1,j−1 ∗)π∗ϕ

2
1,j−1 ∗(δℓ)

• Let N11
1j := {δℓ ∈ T

ℓ̂0
Λ: 〈dτ1(ℓ̂0) , δℓ〉 ≤ 〈dτ2(ℓ̂0) , δℓ〉, 〈dθ11j(ℓ̂0 , δℓ〉 ≤ 0}. Then

(πH
θ̂1j

)∗δℓ = B1
1jδℓ := exp(θ̂1jk1,j−1 ∗)π∗ϕ

1
1,j−1 ∗(δℓ)−
− 〈dθ11j(ℓ̂0) , δℓ〉(k1j − k1,j−1)(x̂1j)

• Let N21
1j := {δℓ ∈ T

ℓ̂0
Λ: 〈dτ2(ℓ̂0) , δℓ〉 ≤ 〈dτ1(ℓ̂0) , δℓ〉, 〈dθ21j(ℓ̂0) , δℓ〉 ≤ 0}. Then

(πH
θ̂1j

)∗δℓ = B2
1jδℓ := exp(θ̂1j

−→
K1,j−1 ∗)π∗ϕ

2
1,j−1 ∗(δℓ)−
− 〈dθ21j(ℓ̂0) , δℓ〉(k1j − k1,j−1)(x̂1j)Analogously to what we did at time τ̂ , let us �rst 
onsider the non degenerate 
ase

〈d(τ1 − τ2)(ℓ̂0) , δℓ〉 6= 0 for some δℓ ∈ T
ℓ̂0
Λ: a

ording to Theorem 7.6, we only have toprove that both the map and its pie
ewise linearization are 
ontinuous in a neighborhoodof ℓ̂0 and of 0 respe
tively, that the linearized pie
es are orientation preserving and thatthere exists a point δy whose preimage is a singleton.The only nontrivial part is the last statement whi
h 
an be proved by pi
king δy ∈

A1
1j(N

10
1j ) ∩A2

1j(N
20
1j ): let δℓ ∈ T

ℓ̂0
Λ su
h that 〈dτ1(ℓ̂0) , δℓ〉 = 〈dτ2(ℓ̂0) , δℓ〉 > 0 and let

δy := A1
1jδℓ = A2

1jδℓ.Let ν ∈ {1, 2} and assume, by 
ontradi
tion, that there exists δℓν ∈ Nν1
1j su
h that

Bν
1jδℓ1 = δy, i.e.
exp(θ̂1jk1,j−1 ∗)π∗ϕ

ν
1,j−1 ∗(δℓ) =

= exp(θ̂1jk1,j−1 ∗)π∗ϕ
ν
1,j−1 ∗(δℓ)− 〈dθν1j(ℓ̂0) , δℓ〉(k1j − k1,j−1)(x̂1j).Taking the pull-ba
k along the referen
e �ow Ŝ

θ̂1j
and de�ning δx := π∗δℓ, δxν := π∗δℓν34
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al optimalitywe 
an equivalently write
δx− δx−

J0∑

s=1

〈dθ0s(ℓ̂0) , δℓ− δℓ〉(g0s − g0,s−1)(x̂0)−

− 〈dτν(ℓ̂0) , δℓ− δℓ〉(hν − g0J0)(x̂0)− 〈dθν10(ℓ̂0) , δℓ− δℓ〉(g10 − hν)(x̂0)−

−
j−1∑

s=1

〈dθν1s(ℓ̂0) , δℓ− δℓ〉(g1s − g1,s−1)(x̂0)− 〈dθν1j(ℓ̂0) , ℓ̂0〉(g1j − g1,j−1)(x̂0) = 0that is
δx− δx+

J0−1∑

s=0

〈d(θ0,s+1 − θ0s(ℓ̂0) , δℓ− δℓ〉g0s(x̂0)+

+ 〈d(τν − θ0J0)(ℓ̂0) , δℓ− δℓ〉g0J0(x̂0)+

+ 〈d(θν10 − τν)(ℓ̂0) , δℓ− δℓ〉hν(x̂0) +
j−2∑

s=0

〈d(θν1,s+1 − θν1s)(ℓ̂0) , δℓ− δℓ〉g1s(x̂0)+

+
(
〈dθν1j(ℓ̂0) , δℓ〉 − 〈dθν1,j−1(ℓ̂0) , δℓ− δℓ〉

)
g1,j−1(x̂0)− 〈dθν1j(ℓ̂0) , δℓ〉g1j(x̂0) = 0Let δe := (δx− δx, a, b), where,

a0s :=

{
〈d(θ0,s+1 − θ0s)(ℓ̂0) , δℓ− δℓ〉 s = 0, . . . , J0 − 1,

〈d(τν − θ0J0)(ℓ̂0) , δℓ− δℓ〉 s = J0,

b := 〈d(θν10 − τν)(ℓ̂0) , δℓ− δℓ〉

a1s :=





〈d(θν1,s+1 − θν1s(ℓ̂0) , δℓ− δℓ〉 s = 0, . . . , j − 2

〈dθν1j(ℓ̂0) , δℓ〉 − 〈dθν1,j−1(ℓ̂0) , δℓ− δℓ〉 s = j − 1,

−〈dθν1j(ℓ̂0) , δℓ〉 s = j,

0 s = j + 1, . . . , J1.Then δe ∈ V1j ∩ V ⊥J′′
ν

1,j−1 and Lemma 5.3 applies:
0 >a1j σ

(
dα∗(δx− δx) +

J0∑

s=0

a0s
−→
G0s(ℓ̂0)+

+ b
−→
H ν(ℓ̂0) +

j−1∑

s=0

a1s
−→
G1s(ℓ̂0) , (

−→
G1j −

−→
G1,j−1)(ℓ̂0)

)
=

=〈dθν1j(ℓ̂0) , δℓ〉
{
〈dθν1j(ℓ̂0) , δℓ− δℓ〉σ

(−→
G1,j−1,

−→
G1j

)
(ℓ̂0)−

− 〈dθν1j(ℓ̂0) , δℓ〉σ
(−→
G1,j−1,

−→
G1j

)
(ℓ̂0)

}
= 35
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=− 〈dθν1j(ℓ̂0) , δℓ〉〈dθν1j(ℓ̂0) , δℓ〉σ

(−→
G1,j−1,

−→
G1j

)
(ℓ̂0),a 
ontradi
tion.Let us now turn to the degenerate 
ase dτ1|T

ℓ̂0
Λ ≡ dτ2|T

ℓ̂0
Λ. From equations (4.14)one 
an re
ursively show that 〈dθ11j(ℓ̂0) , δℓ〉|Tℓ̂0Λ = 〈dθ21j(ℓ̂0) , δℓ〉|Tℓ̂0Λ for any δℓ ∈ T

ℓ̂0
Λand for any j = 1, . . . , J1, so that A1

1j = A2
1j and B1

1j = B2
1j and the result 
an be provedrepeating the proof of Lemma 6.1.This proves the invertibility of πH

θ̂1j
, j = 1, . . . , J1. Thus the map

id×πH : [0, T ] × Λ →Mis one-to-one from a neighborhood of [0, T ] × {λ̂(0)} in [0, T ] × Λ and we 
an apply thepro
edure des
ribed in Se
tion 3.6.1 Proof of Theorem 2.3Let
id×πH : [0, T ]×O → V = [0, T ]× Ube one-to-one and let ξ : [0, T ] →M be an admissible traje
tory whose graph is in V.Applying the Hamiltonian methods explained in Se
tion 3 we have:
C(ξ, u)− C(ξ̂, û) ≥ F(ξ(T )) −F(x̂f ).Thus, to 
omplete the proof of Theorem 2.3 it su�
es to show that F has a lo
al minimumat x̂f . In order to shorten the notation, let us denote ψT (ℓ) := (πHT )

−1(ℓ).Theorem 6.3. F has a stri
t lo
al minimum at x̂f .Proof. It su�
es to prove that
dF(x̂f ) = 0 and D2F(x̂f ) > 0 . (6.8)The �rst equality in (6.8) is an immediate 
onsequen
e of the de�nition of F and of PMP.Let us prove that also the inequality holds.Sin
e d(α ◦ πψT ) = HT ◦ ψT , we also have

dF = HT ◦ ψT + dβ (6.9)
D2F(x̂f )[δxf ]

2 =
(
(HT ◦ ψT )∗ +D2β

)
(x̂f )[δxf ]

2

= σ ((HT ◦ ψT )∗δxf ,d(−β)∗δxf )
(6.10)From Lemma 5.4 we have

σ

(
d(−β̂)∗

(
δx+

1∑

i=0

Ji∑

s=0

aisgis(x̂0) + bhν(x̂0)
)
,

dα∗δx+

1∑

i=0

Ji∑

s=0

ais
−→
G is(ℓ̂0) + b

−→
H ν(ℓ̂0)

)
< 0. (6.11)

36
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al optimalityApplying ĤT∗ to both arguments and using the anti-simmetry property of σ we get
σ (HT∗ dα∗δx,d(−β)∗((πHT )∗ dα∗δx)) > 0whi
h is exa
tly (6.10) with δx := π∗ψT∗δxf .To 
on
lude the proof of Theorem 2.3 we have to show that ξ̂ is a stri
t minimizer.Assume C(ξ, u) = C(ξ̂, û). Sin
e x̂f is a stri
t minimizer for F , then ξ(T ) = x̂f andequality must hold in (3.1):
〈Hs(ψ

−1
s (ξ(s))) , ξ̇(s)〉 = Hs(Hs(ψ

−1
s (ξ(s)))).By regularity assumption, u(s) = û(s) for any s at least in a left neighborhood of T ,hen
e ξ(s) = ξ̂(s) and ψ−1

s (ξ(s)) = ℓ̂0 for any s in su
h neighborhood. u takes the value
û|(θ̂1J1 ,T )

until Hsψ
−1
s (ξ(s)) = Hs(ℓ̂0) = λ̂(s) hits the hyper-surfa
e K1,J1 = K1,J1−1,whi
h happens at time s = θ̂1,J1. At su
h time, again by regularity assumption, u mustswit
h to û|(θ̂1,J1−1,θ̂1,J1 )

, so that ξ(s) = ξ̂(s) also for s in a left neighborhood of θ̂1,J1.Pro
eeding ba
kward in time, with an indu
tion argument we �nally get (ξ(s), u(s)) =
(ξ̂(s), û(s)) for any s ∈ [0, T ].In the abnormal 
ase the 
ost is zero, thus the existen
e of a stri
t lo
al minimiserimplies that the traje
tory is isolated among admissible ones.7 Appendix: Invertibility of pie
ewise C1 mapsThis Se
tion is devoted to pie
ewise linear maps and to pie
ewise C1 maps. Our aim isto prove a su�
ient 
ondition, in terms of the �pie
ewise linearization�, of pie
ewise C1maps.Some linear algebra preliminaries are needed.Lemma 7.1. Let A and B be linear automorphisms of R

n. Assume that for some
v ∈ (Rn)∗ \ {0}, A and B 
oin
ide on the spa
e π(v) := {x ∈ R

n : 〈v , x〉 = 0}. Then,the map LAB de�ned by x 7→ Ax if 〈v , x〉 ≥ 0, and by x 7→ Bx if 〈v , x〉 ≤ 0, is ahomeomorphism if and only if det(A) · det(B) > 0.Proof. Let w1, . . . , wn−1 be a basis of the hyperplane π(v). We 
omplete it with v toobtain a basis of Rn. The matrix of A−1B in this basis is given by



In−1

γ1...
γn−1

0
t
n−1 γn


where In−1 is the n − 1 unit matrix and 0n−1 is the n − 1 null ve
tor and the γi's arede�ned by

A−1Bv =

n−1∑

i=1

γiwi + γnv. 37
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o SpadiniThus γn is positive if and only if det(A) det(B) is positive and γn is zero if and onlyeither A or B is not invertible.Observe that if γn is negative, then
LABv = LAB

(
n−1∑

i=1

− γi
γn

wi +
1

γn
v

)
.Thus, in this 
ase LAB is not one�to�one.We now prove that LAB is inje
tive if γn is positive. Assume this is not true. Sin
eboth A and B are invertible, there exist zA, zB ∈ R

n su
h that 〈v , zA〉 > 0, 〈v , zB〉 < 0and AzA = BzB or, equivalently, A−1BzB = zA. Let
zA =

n−1∑

i=1

ciAwi + cAv, zB =

n−1∑

i=1

ciBwi + cBv.Clearly cA > 0, cB < 0. The equality A−1BzB = zA is equivalent to
n−1∑

i=1

ciBwi + cB

n−1∑

i=1

γiwi + cBγnv =
n−1∑

i=1

ciAwi + cAv.Consider the s
alar produ
t with v, we get cBγn‖v‖2 = cA‖v‖2, whi
h is a 
ontradi
tion.We �nally prove that, if γn is positive, then LAB is surje
tive. Let z ∈ R
n. Thereexist yA, yB ∈ R

n su
h that AyA = ByB = z. If either 〈v , yA〉 ≥ 0 or 〈v , yB〉 ≤ 0,there is nothing to prove. Let us assume 〈v , yA〉 < 0 and 〈v , yB〉 > 0. In this 
ase
A−1ByB = yA and pro
eeding as above we get a 
ontradi
tion.De�nition 7.1. Let G : Rn → R

n be a 
ontinuous, pie
ewise linear map at 0, in thesense that G is 
ontinuous and there exists a de
omposition S1, . . . , Sk of Rn in 
losedpolyhedral 
ones (interse
tion of half spa
es, hen
e 
onvex) with nonempty interior and
ommon vertex in the origin and su
h that ∂Si ∩ ∂Sj = Si ∩ Sj , i 6= j, and linear maps
L1, . . . , Lk with

G(x) = Lix, x ∈ Si,with Lix = Ljx for any x ∈ Si ∩ Sj , and detLi 6= 0, ∀i = 1, . . . , k.Example 7.1. As an example of 
ontinuous pie
ewise linear map 
onsider G : R2 → R
2given by

L1 =

(
1 0
0 1

)
L2 =

(
1 −

√
2

0
√
2− 1

)
L3 =

(
−
√
2 −

√
2 + 1

1 0

)

L4 =

(
0 1

−
√
2 + 1 −

√
2

)
L5 =

(√
2− 1 0

−
√
2 1

)where the Li's are applied in the 
orresponding 
one Si illustrated in pi
ture 838
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S1
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(a) The 
ones Si
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(b) The map G transforms the argu-ment of unit ve
tors.Figure 8: Polyhedral 
ones and the transformation of unit ve
tors under GObserve that any 
ontinuous pie
ewise linear map G is di�erentiable in R
n\∪ki=1∂Si. Itis easily shown that G is proper, and therefore deg(G,Rn, p) is well-de�ned for any p ∈ R

n(the 
onstru
tion in [12℄, Chapter 5 is still valid if the assumption on the 
ompa
tnessof the manifolds is repla
ed with the assumption that G is proper. Compare also [6℄).Moreover deg(G,Rn, p) is 
onstant with respe
t to p. So we shall denote it by deg(G).We shall also assume that detLi > 0 for any i = 1, . . . , k.Lemma 7.2. If G is as above, then deg(G) > 0. In parti
ular, if there exists q 6= 0su
h that its preimage G−1(q) is a singleton that belongs to at most two of the 
onvexpolyhedral 
ones Si, then deg(G) = 1.Proof. Let us assume in addition that q /∈ ∪ki=1G
(
∂Si
). Observe that the set ∪ki=1G

(
∂Si
)is nowhere dense hen
e A := G(S1) \ ∪ki=1G

(
∂Si
) is non-empty.Take x ∈ A and observe that if y ∈ G−1(x) then y /∈ ∪ki=1∂Si. Thus

deg(G) =
∑

y∈G−1(x)

sign det dG(y) = #G−1(x). (7.1)Sin
e G−1(x) 6= ∅, deg(G) > 0. The se
ond part of the assertion follows taking x = q in(7.1).Let us now remove the additional assumption. Let {p} = G−1(q) be su
h that p ∈
∂Si∩∂Sj for some i 6= j. Observe that by assumption p 6= 0 does not belong to any 
one39
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∂Ss for s /∈ {i, j}. Thus one 
an �nd a neighborhood V of p, with V ⊂ int (Si∪Sj \{0}).By the ex
ision property of the topologi
al degree deg(G) = deg(G,V, p). Let LLiLj

be amap as in Lemma 7.1. Observe that, the assumption on the signs of the determinants of
Li and Lj imply that LLiLj

is orientation preserving. Also noti
e that LLiLj
|∂V = G|∂V .The multipli
ativity, ex
ision and boundary dependen
e properties of the degree yield

1 = deg(LLiLj
) = deg(LLiLj

, V, p) = deg(G,V, p). Thus, deg(G) = 1, as 
laimed.7.1 Pie
ewise di�erentiable fun
tionsLemma 7.3. Let A and B be linear endomorphisms of R
n. Assume that for some

v ∈ R
n \ {0}, A and B 
oin
ide on the spa
e {x ∈ R

n : 〈x, v〉 = 0}. Then
det
(
tA+ (1 − t)B

)
= t detA+ (1− t) detB ∀t ∈ R.Proof. We 
an, without loss of generality, assume that |v| = 1. We 
an 
hoose ve
tors

w2, . . . , wn ∈ R
n \ {0} su
h that v,w2, . . . , wn is an orthonormal basis of Rn. In thisbasis, for t ∈ [0, 1] we 
an represent the operator tA + (1 − t)B in the following matrixform:



ta11 + (1− t)b11 a12 . . . a1n... ... ...
tan1 + (1− t)bn1 an2 . . . ann


 =



ta11 + (1− t)b11 b12 . . . b1n... ... ...
tan1 + (1− t)bn1 bn2 . . . bnn


Thus,

det
(
tA+ (1− t)B

)
=

n∑

i=1

(−1)i+1
(
tai1 + (1− t)bi1

)
detAi1

=
n∑

i=1

(−1)i+1
(
tai1 + (1− t)bi1

)
detBi1where Ai1 and Bi1 represent the (i1)-th 
ofa
tor of A and B respe
tively. Clearly,

Ai1 = Bi1 for i = 1, . . . , n. Hen
e, we have
det
(
tA+ (1− t)B

)
=

n∑

i=1

(−1)i+1tai1 detAi1+

+
n∑

i=1

(−1)i+1(1− t)bi1 detBi1 = t detA+ (1− t) detBas 
laimed in the lemma.Lemmas 7.1 and 7.3 imply the following fa
t:40
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al optimalityLemma 7.4. Let A and B be linear automorphisms of R
n. Assume that for some

v ∈ R
n \ {0}, A and B 
oin
ide on the spa
e {x ∈ R

n : 〈x, v〉 = 0}. Assume thatthe map LAB de�ned by x 7→ Ax if 〈x, v〉 ≥ 0, and by x 7→ Bx if 〈x, v〉 ≤ 0, is ahomeomorphism. Then, det(A) · det (tA+ (1− t)B
)
> 0 for any t ∈ [0, 1].Let σ1, . . . , σr be a family of C1-regular pairwise transversal hyper-surfa
es in R

n with
x0 ∈ ∩ri=1σi and let U ⊂ R

n be an open and bounded neighborhood of x0. Clearly, if Uis su�
iently small, U \∪ri=1σi is partitioned into a �nite number of open sets U1, . . . , Uk.Let f : U → R
n be a 
ontinuous map su
h that there exist f1, . . . , fk ∈ C1(U ) withthe property that

f(x) = fi(x), x ∈ U i, (7.2)with fi(x) = fj(x) for any x ∈ U i ∩ U j . Noti
e that su
h a fun
tion is PC1(U ) (seee.g. [10℄ for a de�nition), and Lips
hitz 
ontinuous in U .Let S1, . . . , Sk be the tangent 
ones (in the sense of Boulingand) at x0 to the sets
U1, . . . , Uk, (by the transversality assumption on the hyper-surfa
es σi ea
h Si is a 
onvexpolyhedral 
one with non empty interior) and assume dfi(x0)x = dfj(x0)x for any x ∈
Si ∩ Sj . De�ne

F (x) = dfi(x0)x x ∈ Si. (7.3)so that F is a 
ontinuous pie
ewise linear map (
ompare [10℄).One 
an see that f is Bouligand di�erentiable and that its B-derivative is the map F(
ompare [10, 13℄). Let y0 := f(x0). There exists a 
ontinuous fun
tion ε, with ε(0) = 0,su
h that f(x) = y0 + F (x− x0) + |x− x0|ε(x− x0).Lemma 7.5. Let f and F be as in (7.2)-(7.3), and assume that det dfi(x0) > 0 for all
i = 1, . . . , k. Then there exists ρ > 0 su
h that deg (f,B(x0, ρ), y0

)
= deg

(
F,B(0, ρ), 0

).In parti
ular, deg (f,B(x0, ρ), y0
)
= deg(F ).Proof. Consider the homotopy H(x, λ) = F (x− x0) + λ |x− x0| ε(x− x0), λ ∈ [0, 1] andobserve that

m := inf{|F (v)| : |v| = 1} = min
i=1,...,k

‖dfi‖ > 0.Thus,
|H(x, λ)| ≥

(
m− |ε(x− x0)|

)
|x− x0| .This shows that in a 
onveniently small ball 
entered at x0, homotopy H is admissible.The assertion follows from the homotopy invarian
e property of the degree.Theorem 7.6. Let f and F be as in (7.2)-(7.3) and assume det dfi(x0) > 0. Assume alsothat there exists p ∈ R

n whose pre-image belongs to at most two of the 
onvex polyhedral
ones Si and su
h that F−1(p) is a singleton. Then f is a Lips
hitzian homeomorphismin a su�
iently small neighborhood of x0.Proof. From Lemmas 7.2-7.5, it follows that deg(f,B(x0, ρ), y0) = 1 for su�
iently small
ρ > 0. By Theorem 4 in [13℄, we immediately obtain the assertion. 41
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