BANG-BANG TRAJECTORIES WITH A DOUBLE SWITCHING TIME IN THE MINIMUM
TIME PROBLEM

LAURA POGGIOLINI AND MARCO SPADINI

SoMmMARIO. In this paper we deal with the strong local optimality of a triplet satisfying Pontryagin Maximum
Principle in the minimum time problem between two fixed endpoints. The reference control is assumed to be
bang-bang with a double switching time

Our method are based on a topological technique for the inversion of the projected maximised flow.

1. INTRODUCTION

This paper is part of a project where Hamiltonian methods are applied to the study of sufficient second order
conditions in optimal control. We consider the minimum time problem between two submanifolds of a finite dimen-
sional manifold M in the case when the dynamics is affine with respect to the control and the latter takes values in
a box of R™. Namely, we consider the following optimal control problem:

(1.1a) T — min,

(1.1b) (1) = fol6(t) + D_us(t)fs(&()  ae. t€[0,T),
(1.1¢) £(0) € N, &(T) € Ny,

(1.1d) lus(®)| <1 s=1,2,....,m a.e. t €[0,T].

For such problem, we say that (7, &,u) is an admissible triplet if T > 0 and the couple (&,u) € W°([0,T], M) x
L°°([0, T],R™) satisfies (1.1b), (1.1c) and (1.1d).
We assume we are given a reference triplet (T, &, 17) which satisfies the necessary conditions for optimality, namely

the Pontryagin Maximum Principle (PMP) with an associated covector X, and where the reference control @ is a
regular bang-bang control with a double switching time 7 and a finite number of simple switching times.

We are interested in strong local optimality. To be more precise, we are interested in proving state-local optimality
of the reference triplet. In fact, as we are dealing with a free terminal-time problem, two different kinds of strong
local optimality, defined according to different kinds of localisation, may be of interest.

Definition 1.1 ((time, state)-local optimality). The trajectory ¢ [0,7] — M is a (time, state)-local minimiser if
there exist'e > 0 and a neighborhood U of its graph in R x M such that £ is a minimiser among the admissible
trajectories whose graph is in & and whose final time is greater than 7' — e.

Definition 1.2 (state-local optimality). The trajectory fA is a state-local minimiser if there are neighborhoods U

o~ o~

of its range E([O, 1)), Up of E(O) and Uy of {(T) such that ¢ is a minimiser among the admissible trajectories whose
range is in U, whose initial point is in Ny Ny and whose final point is in Ny NUy.
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Sufficient optimality conditions for state-local optimality in the case where only simple switches occur and the
initial and final points are fixed were given in [7], while in [3, 4] the authors give sufficient second order conditions
for (time, state)-local optimality in Bolza and in Mayer problems. State-local optimality for the Bolza problem with
a control-affine running cost is considered in [2] in the case when only simple switches occur.

To keep the notation to the minimum we confine ourselves to the case when the state space is R™, the control
is two-dimensional and only the double switch occurs. In fact, this case already contains most of the mathematical
difficulties of the proof. Namely, the presence of a double switch gives rise to a piecewise C! (PC') maximised
Hamiltonian flow where the number of smoooth pieces around X(?) is five, thus requiring a non trivial proof of the
local invertibility of the projection of such flow on the state space. This kind of difficulty should be compared with
the situation when at most four pieces are present, as in [6]. The more general case where the state space is a
manifold and there are simple switches either preceeding or following the double one can be treated, at the cost of
a considerably heavier notation, with the same technique, see e.g. [4]. We recall that the definition of PC' maps is
the following;:

Definition 1.3 (PC! functions). Given two finite dimensional manifolds N; and N», we say that a function
~v: N; — N is a continuous selection of C! functions if v is continuous and there exists a finite number of C!
functions 71, ..., & from N; in Ny such that the active index set I := {i € {1,2,...,k}: v(x) = v;(x)} is nonempty
for each & € NV;. The functions ~;’s are called selection functions of 7. A continuous function ~ is called a PC*!
function if at every point x € N; there exists a neighborhood V such that the restriction of « to V is a continuous
selection of C! functions.

2. THE PROBLEM

We consider the minimum time problem between two given submanifolds Ny and Ny of the state space R™:

(2.1a) T — min,

(2.1b) E(t) = fol€(t) +ur (D) f1(E()) +uz(t) f2(£(1)),  ace. t €[0,T]
(2.1c) £(0) € No,  &(T) € Ny,

(2.1d) lui (1) <1 i=1,2, a.e. t €[0,7T].

The data of the problem, i.e. the drift fy and the controlled vector fields, f; and fo are assumed to be smooth, let
us say C°(R™).

Assume we are given an admissible reference triplet (f, 3 u) satisfying the necessary optimality conditions (PMP)
where the reference control u is

u(t) = (ui(t), us(t)) =

~.

(—=1,-1) telo,7),
1,1  te 1T

(By an appropriate change of f1 or fo with —f; and — f5 one can always assume that this is the case.)

2.1. Notation. We are going to use some basic notions from symplectic geometry. For any manifold N C R™ and
any x € N, the tangent space and the cotangent space to N in x are denoted as T, N and TN, respectively. We
recall that the cotangent bundle T*R™ to R” can be identified with the Cartesian product (R™)" xR™ = T*R" x T,,R"
for any z € R™. The projection from T*R"™ onto R" is denoted as w: £ € T*R"™ — wf € R™. For the sake of clarity in
several occasions we shall write T,R™ in lieu of R™, to emphasize the fact that we are dealing with tangent vectors.

The canonical Liouville one—form s on T*R™ and the associated canonical symplectic two-form o = ds allow to
associate to any, possibly time-dependent, smooth Hamiltonian F;: T*R"™ — R, the unique Hamiltonian vector field

Ft such that
o (v, F(0) = [dF,(f), v), Vv e T,T*R™
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Choosing coordinates £ = (p, x), we have
? . *8Ft 8Ft
.0 = (T )
To any vector field f: R™ — TR"™ we associate a Hamiltonian function F' such that
F:LeT'R"— (£, f(nl)) e R,

so that
(2.2) F(p,2) = (- pdf(), f(2)).

We denote by ft the piecewise time-dependent vector field associated to the reference control:

~

fe = fo+ui(t)fr +ua(t) fo

and by hi, ho its restrictions to the time intervals [0,7) and (7, f], respectively:

hii=fi| _=fo—fi—fa hziiﬁ( (= fot fit fo.

[0,7) 7T

For future reference we also define
ki:=fo+ fi— fo=h1+2f1 = ha—2fs,
ke := fo— f1+ fo=h1+2f2 = ha — 2f1.
The associated Hamiltonian functions are denoted by the same letter, but capitalized. Namely
Hy(€):= (L, hi(nl)),  Ha(l) :=(l, ha(ml)),  Ki(0):=(l, ki(nl)),  Kz(l) :=(l, ka(ml)).
The maximised Hamiltonian of the control system (2.1) is well defined in the whole cotangent bundle T*R"™ and is
denoted by H™a*:

Hmax(g) = Imax {Fo(g) + ulFl(E) + U,QFQ(K): (ul, UQ) S [71, 1]2} = Fo(g) + |F1 (£)| + |F2(£)| .
Throughout the paper the symbol O(z) denotes a neighborhood of z in its ambient space. The flow starting at
time 0 of the time-dependent vector field f; is defined in a neighborhood O(Zy) for any ¢ € [0,T] and is denoted by
Si: O(Zp) — R™, i.e.

d ~ U N
&St(x) = froSi(z) a.e. tel0,T], So(z) = x.

3. ASSUMPTIONS

We assume that the necessary conditions for optimality hold, namely the reference triplet (f,é,a) satisfies
Pontryagin Maximum Principle:

Assumption 3.1 (PMP). There ezist po € {0,1} and an absolutely continuous curve X [O,f] — T*R™ satisfying
the following properties

(po, A(0)) # (0,0)

TA(t) = E(t) vt € [0, 7]
(3.1 A0 = Fo(00) ae. t 0,7,
(3.2) Fy(M(t)) = H™™(X(t)) = po a.e. t 0,7,
(3.3) 2(0) =0 NT) oo, =

We shall use the following notation:
Uo:=A0), Cg:=A7), C;:=XNT) and ZTg:=£(0) = wly, Zq:=EF) =nly, Tj:=E&(T)=rl;.
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Remark 3.1. Notice that (1) by (3.1), A(t) = 6,S;.} Vt € [0,T]; (2) If X is a normal extremal (i.e. if py = 1),
then the transversality conditions (3.3) together with the maximalilty condition (3.2) yield hq(Zo) ¢ T%,No and

Maximality condition (3.2) implies, for any ¢ = 1,2 and for almost every ¢ € [0, f],
W) F (A1) = WA, f[i(€() > 0.

We assume that the bang arcs of A are regular, i.e. we assume that in each point X(t), t # 7, the maximum of the
Hamiltonian is achieved only by u = @(¢) i.e.

Ey(A(1) + urn FL(A®)) + uaFa(A(1)) < H™ (A1) V(ur,u2) € [=1,1]2\ {(@(t), Ba(t))}.
In terms of the controlled Hamiltonians F; and F5 this can be stated as follows:

Assumption 3.2 (Regularity along the bang arcs). Let i =1,2. If t # 7, then
ui(t)Fi(A(t)) = wi () (M), fi(£(1))) > 0.

From the necessary maximality condition (3.2) we get

d ~ d ~
de =r Al t=7—
1=1,2
E2F.oX(t) = i(H —K)oAt)| >0
de™ ! T it
We assume that the strict inequalities hold:
Assumption 3.3 (Regularity at the double switching time).
d ~ d ~
(3.4) — (K, — H1) o \(t) >0, — (Hy — K,) o A(t) >0, v=1,2.
dt =7 dt t=7+

Agsumption 3.3 means that at time T the reference adjoint X(t) arrives simultaneosly at the hypersurfaces F} = 0

and F5 = 0 with non-tangential velocity H; and leaves with velocity Ho which is again non-tangential to both
the hypersurfaces. We shall call Assumption 3.3 the STRONG BANG-BANG LEGENDRE CONDITION FOR DOUBLE
SWITCHING TIMES. Equivalently, this assumption can be expressed in terms of the Lie brackets of vector fields or
in terms of the canonical symplectic structure o (-,-) on T*R™. Recall that, given two smooth vector fields f and g,
then the Lie bracket [f, g] is given by the vector field (Dg)f — (Df)g.

Proposition 3.1. Assumption 3.3 is equivalent to

@1, [h, k] (@) = & (fﬁ F) (@) >0, L
(Ca ko, ho] (20)) = o (K0 Ha ) (E) > 0 N

In Awhat follows we shall also need to reformulate Assumption 3.3 in terms of the pull-backs along the reference
flow S; of the vector fields h, and k,. Define
(3.5) gv(z) == §;jh,, 0 8:(x), ju(z) = §;jkl, 0 Sx(), v=1,2
and let G, J, be the associated Hamiltonians. Then a straightforward computation yields

Proposition 3.2. Assumption 3.3 is equivalent to
@, 915} @) = o (G1, T.) (B) >0,

(3.6) N —~
@ v g2) @0)) = & (72.Ga) (f0) > 0
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4. THE FINITE DIMENSIONAL SUB-PROBLEM

We now introduce a finite-dimensional sub-problem of (2.1) by keeping the same end-point constraints and
restricting the set of admissible controls. Namely, we allow for independent variations of the switching times of each
of the two reference control components @y and .

We then extend this sub-problem by allowing for variations of the initial points of trajectories on a neighborhood
of Ty in R™. We penalise the latter variations with a smooth cost « that vanishes on Ng.

In order to write the second order approximation of this finite-dimensional problem, we first write (2.1) as a
Mayer problem on the state space R x R".

4.1. A second order approximation. We allow for perturbations of the final time, of the initial point of tra-
jectories on Ny, of the final point on Ny and of the switching time of either component of the reference control:
Let 71 :=7 +¢1 and 75 := T + &5 be the perturbed switching times of the first and of the second component of ,

respectively, and let 73 := T+ €3 be the perturbation of the final time T. Two cases may occur depending on the
sign of 5 — £1:

e If 1 < &9, the dynamics is given by

(@) te @),
§(t) = q k(&) t € (m,72),
hg(ﬁ(t)) te (TQ,T3)

)

e If 5 < &1, the dynamics is given by
hi(§(t)) te€(0,7),

£(t) = { k(€))L € (m2,m),
hg(f(t)) tE (7'1,7'3).

(-1,-1) (1,1)
T T T t
0 T T
(_17_1) (17_1) (171)
t
I | [ |
0 T1 T2 T3
(_17_1) (_171) (171)
t
I | [ |

FIicura 1. Variations of the reference control

We can write the given minimum time problem as a Mayer one, with state space RxR™. Let &y: ¢t € [0,T] — & (t) € R
be such that

o(t) =1, £0(0) = 0.
Also let the boldfaced vector fields f, be the extended vector fields associated to f;, i = 0,1, 2, as follows:

1 0 -
foz(f0>a fz:<f1)a i =1,2.
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An analogous definition holds for the boldfaced vector fields h,, k,, v = 1,2. Finally, define £(t) := (§(¢),£(t)) €
R x R™. Then the minimum time problem (2.1) is equivalent to

&o(T) — min

&= Fol€(1) +ur()f1(E(1) +ua()F2(E()  ae te[0,T],
£(0) € {0} x Ny, &(T) e R x Ny,

lu;(¢)] <1 i=1,2, ae. t €[0,7T].

We now restrict the control variations by allowing only perturbations of the switching and final times, thus obtaining
the finite-dimensional minimisation problem

(4.1a) &(T + 83) — min
. hi(§(t)) te€ (0,74 01),

(4.1b) §=qku(&@) te(T+01,7+02),

hao(€(t)) te (F+02,T+03),
(4.1c) £(0) € {0} x No,  &(T +83) € R x Ny,
(4.1d) 01 :=min{ey,e2}, O2:=max{ey, ez}, J5:=e3,
(4.1e) = {1 ifer < e

2 ifeg; > eq.

Let a: R™ — R be a smooth nonnegative function vanishing on Ny. We remove the constraint on the initial point
£(0) introducing the penalty cost « on such point. We thus obtain the following Mayer problem

(4.2a) a(£(0)) + & (T + 63) — min
[ mE®) e 0,7 +6),

(4.2b) E={k, (1) te(F+61,7+0),

ho(£(t)) t € (F+02,T +63),
(4.2¢) £(0) € {0} xR",  &(T +63) € R x Ny
4.2d) 81 :=min{ey, g2}, d2 :=max{ei,e2}, I3 := €3,
(4.2¢) v = {1 ifer < e

2 ife; > eq.

Let g,, ju, v = 1,2 be the pullbacks along the reference flow of the vector fields h, and k,, as defined in equation
(3.5). Let Ny be the pullback of Ny along the reference flow:

Ny = SZ'(Ny)
and let Tmoﬁf = §_1 (T3, Ny) be its tangent space at To.

By the transversahty condition (3.3) at the reference final time T there exists a smooth function 5: R™ — R that

vanishes on Ny and such that d5(Zy) = ,gf Also let ﬂ be the pull-back of g along the reference flow, ﬂ 8o SA
so that, by Remark 3.1 (1),

ﬁ: O(7p) - R ﬁ =0 dﬁ To) = 7? .
( 0) ) 0(F0) Af ) ( 0) 0
Let us set

ay = (51, b:= 52—51:|52—€1|, ag ‘= 53—52;
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then the second order approximations of problems (4.2), for v = 1,2, are defined on the closed half-spaces
V= {(6$,a1,b,a2) ER" xR x RY x R: 6z + a191(Zo) + bj,(To) + a2g2(To) € Tgoﬁf}
and are given by
JU[6x,a1,b,az) =D?(a + B)(o)[0x]* + 26z - (argy + bjy + azgz) - B(To) + (argy + by + azg2)? - B(7o)
+a1b [g1,j,) - B(Fo) + araz [91, 2] - B(Fo) + baz [ji, 9] - B(3o),

see [4] for the construction. The restrictions of J;/ to the sets

(4.3)

Vor, i= {(6:c,a1,b, az) € Tz, No x R x R x R: 6z + a191(Zo) + b, (To) + a292(To) € Tgoﬁf} , v=12,
are indeed the second order approximation of (4.1).
We are now in a position to state our last assumption.
Assumption 4.1. For each v =1,2, J! is coercive on VOJ’FV.

Since both J{' and JY are quadratic forms, we may as well remove the constraint b > 0 and let them be defined on
the spaces

(44) V, = {((5:13, ay,b, ag) € R" x R3: 6z + algl(fo) + b_jl,(/l'\o) + aggg(/l'\o) S Tgoﬁf} R v=1,2.
Also let
Vo = {(596,&171),(12) € T5,No X R*: 6z + a1g1(To) + b ju (To) + az92(To) € Tioﬁf} ; v=12

By [1] we obtain the following:

Theorem 4.1. If both the second order approzimations J{ and J§ are coercive on Vy 1 and Vo 2 respectively, then

there ezists a_smooth function a: R" — R such that oy, = 0, da(Zo) = o and both J!' and J§ are coercive
quadratic forms on Vi and V3, respectively.

The main result of this paper is the following

Theorem 4.2. Assume (f,E,a) is an admissible triplet for the minimum time problem (2.1). Assume the triplet
is bang-bang with only one switching time which is a double switching time. Assume the triplet satisfies PMP
(Assumption 8.1), the regularity assumption along the bang arcs (Assumption 3.2), the reqularity assumption at
the double swztchmg time (Assumptwn 3.3) and the coercivity assumption (Assumption 4.1). Moreover assume the
trajectory f is injective. Then, f is a strict state-locally optimal trajectory. In particular, if po =0, thenf is isolated
among admissible trajectories.

5. HAMILTONIAN METHODS

In this section we describe the procedure we are going to follow in order to prove Theorem 4.2, namely the
Hamiltonian approach to state—local optimality.

Let H™2* be the maximised Hamiltonian of the control system. Also assume that there exist ¢ > 0 and a
neighborhood O(ZO) of fy such that the flow H™* of the associated Hamiltonian vector field Hm s well defined
and PC' in (—¢,T +¢) x O({y); denote it as

WO (1 0) € (—e, T + ) x O(l) > HM™(¢) € T*R™.

Let a: R™ = R be the smooth function of Theorem 4.1. Let us assume there exists a neighborhood O(Zy) of T in
R"™ such that
Ag = {E € T*R"™: H™™({) = py, £ =da(z), z € O(fo)}

is a (n — 1)-dimensional manifold in T*R™ which satisfies the following properties:
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e The one-form w := (H™™)*(pdq) is exact on (—&, T + &) x Ag;
o The flow 7H™**: (t,0) € (=&,T + ) x Ao = TH***(£) € R™ is one—to-one onto a neighborhood V of the
range of §.

Notice that £(t (t) = ﬂHm"‘X(EO) for any ¢ € [O T so that a necessary condition for the invertibility of the map

TH™2*: [0,T] x Ag — V is the injectivity of € as required in Theorem 4.2. See also Theorem 3 in 8].
Define

(5.1) = (rHm) T = (1/)R,1/)A0) V= (fs,ers) x Ao

and let (T, &, u) be an admissible triplet such that the range of £ is in V. Assume, by contradiction, that T' < T.
YVe can obtain a closed path in V by concatenating in sequence the curve £, a path v from &(T) to Zy, the curve
¢ ran backward in time and a path 7o from Zo to £(0). From the exactness of the one—form w := (H™*)*(pdq) we
get

(5.2) O:%w:/ er/ wf/ijL/ w=1I1 +1y — I3+ 1.
(&) P(vs) P(€) (7o)

Computing each of these 1ntegrals we get

/ w= / (M (p(E (1)), (1)) dt < / ™ (Mm% (3 (€(1))) dt = poT
P(€) 0

Iy: Parametrise 9 o vy as
Yors:s€[0,1]  (t(s),dal(q(s)), q(s)) € (—&, T+ ) x Ag

where (£(0), da(q(0)), ¢(0)) = (t7,da(qr), ar) = ¥(§(T)) and (¢(1),da(q(1)), q(1)) = (T,da(F), Fo) = ¥(£(T)). By
the regularity Assumption 3.2 we can assume that H™** = Hy along H™**(¢)(7y)), hence

[ o= [ et ) ik (7 dale): o)) + A5} ds
= [ttt (e datate)) ) + (R (@aa(s)) a(o) . mHEF(0) ds
- / poi(s) ds + / (da(a(s)) , d(s)) ds = po (T — t7) + a(@0) - alay);
0 0

b [ [ 60, @07
$(©)

I4: Parametrise 1 o vy as
Yoo s € 0,1 (Hs), da(q(s)), q(s)) € (—&, T +¢) x Ao
where (£(0), da(q(0)), ¢(0)) = (0, d(Zo), To) = (o) and (t(l),da(q(l)),q(l))) (to, der(qo), qo) = ¥(£(0)). By the

regularity Assumption 3.2 we can assume that H™** = H; along H™*(¢)(70)), hence we get

/¢(vo)w/0 (Hits (dalq(s)), a(s)) , {(s)h (w?—[f(f)"( a(q (s)),q(S))) + mH 5w d(s)) ds

(53) | i (i atate).als)) + L (ala(s). ) w4 () ds

/ pof(s) ds + / (da(a(s)) , d(s)) ds = poto + alge) — (o).
0 0
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Since £(0) € No and 7H2**(da(qo), qo) = exptohi(qo), with (da(qo), qo) € Ao, we have
0= a(£(0)) — a(Zo) = a(§(0)) — aqo) — poto + a(go) — (o) + poto
(a(ﬂHto (da(qo), o)) — a(qo) — poto) + (Q(QO) — a(Zo) +p0t0)

=to(h1 - &(q0) — po) + % hy - hy - a(q) + (a(qo) — a(Zo) + poto)

=2y hy- (@) + (alao) — (@) + poto)

where § = exp5hi(qo) for some s between 0 and ty. Hence, substituting in (5.3) we get

t2 _
w:—5h1~h1~a(q).
¥(v0)

Thus, substituting in (5.2) we get

N N ~ 2 _
0= foo <mT+ (T ~ty) + (@) - alay) - T = L b+ by - afa)
so that

po(T — f) > po(ty — f) + alqf) — a(To) + § hi - hy - a(q)
(5.4)

= C(&(T)) - C(Ty) + % hi - hy - o(q)

where C(z) = po(¢Y® () + a(ryro(z)).

Taking advantage of the coercivity of the second variation of the problem, in the following sections we shall show
that the function « given by Theorem 4.1 is such that the manifold A satisfies the properties required for the
construction given above. Also we shall show that hi-h;-a(g) > 0 and that C’|Nf has a strict local minimum in Z'y.
If po = 1, this yields the state-local optimality of fA If either T =T or po = 0, then equalities must hold throughout
(5.4).. We will show how this fact implies £ = §A, i.e. we shall prove that the minimum is strict and in particular, if
po = 0, then E is isolated among admissible trajectories.

6. THE MAXIMISED FLOW

We are now going to prove the properties of the maximised Hamiltonian H™#* and of the flow of the associated
Hamiltonian vector field H ™. Such flow will turn out to be Lipschitz continuous and PC'. In our construction
we shall use only the regularity assumptions 3.2-3.3 and not the coercivity of the second order approximations.

In order to define the maximized Hamiltonian H™?*(¢) in a neighborhood of the range of X we decouple the
double switching time. In this we depart from [7] in that we introduce the new vector fields k1, ko in the sequence
of values assumed by the reference vector field. We proceed in four steps:

e Forv =1,2let 7,(¢) be the unique solution to
(6.1) 2F, o exp T,,(f)ff—l}(f) = (K, — Hy)oexp T,,(f)ff—i(f) =0

defined by the implicit function theorem (see below) in a neighborhood of (7, EO);
e Choose

01(¢) := min {71 (£), 72(0)} ;
e For v = 1,2, let 72(¢) be the unique solution to
(6.2) 2, o exp (r2(0) — 7, (0)) K, o exp, (O)Hy (£) =
= (Hy — K,) oexp (17 (£) — 7, (¢)) I?Z oexpT,(0)Hy (£) =0
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defined by the implicit function theorem (see below) in a neighborhood of (7, ZO);
e Choose

T2(0) if 2(f) < 11 (0).

Notice that if 71 (¢) = 72(¢), then 72(¢) = 73(£) = 71(f) = 72(¢) so that () is continuous. In Proposition 6.1 we will
show that in general 6;(¢) < 02(¢). To be more precise, the functions 6, (-), 62(-) are Lipschitz continuous on their
domain and are actually C! on their domain with the only possible exception of the set {¢ € T*R": 71 (¢) = 12(¢)}.

To justify. the previous procedure we have to show that we can actually apply the implicit function theorem to
define the switching times 7, 72(¢), v = 1,2. Let

2(6) = {Tf(e) if 71(6) < 2(0),

D, (t,0) := (KV—Hl)oeXptI’J?(E) v=1,2.

Then
0P,

ot | =7
(T,éo)
which are positive by Assumption 3.3, so that 71 () and 72(+) are both well defined by means of the implicit function
theorem. Now let

— =\~
:U(Hl,KV)(gd), v =1,2,

<I)12,(t,€) = (Hy — K,)) oexp(t — TV(E))I?Z o expn(ﬁ)ﬁ(ﬁ), v=1,2,

then
02

O |7

which are positive again by Assumption 3.3, and the same argument applies.

—= =\
:U(KV5H2) (gd)a v=12,

Proposition 6.1. There ezists a neighborhood O(ZO) of Uy in T*R™ such that 01(0) < 05(¢) for any ¢ € O(ZO).

Dimostrazione. If £ is such that 71 (¢) = 72(¢), then 61 (¢) = 02(¢). Assume £ is such that 61 () = 71(¢) < 72(¢). Since
Dy(72(¢),£) = 0 one has

Bo(t, 0) = 222 (1 (0), 1)t — 12(0)) + o(t — T2(0)) = (¢ — 2(0) (a ey

1)) .
ot exora@) T ))

In particular, choosing t = 01 (¢) = 71 (£), by Assumption 3.3 and by continuity, when ¢ is sufficiently close to lo, we
get

’%
(63) @2(91(6),6) = (KQ — Hl) o exp@l(ﬁ)Hl (6) < 0.
Since Ky — Hy = 2F5 = Hy — K1, inequality (6.3) can be written as
0> (Hy—Ky)o eXpOI?l> o eXp@l(f)Iz)(E),
i.e. the switch of the component us has not yet occurred at time 71 (¢), so that 02(¢) — 71 (¢) = 72(¢) — 71(¢) > 0.
An analogous proof holds if 6, (¢) = 72(€) < 71(£). O
The construction above shows that the flow of the maximized Hamiltonian coincides with the flow of the

Hamiltonian H: (¢,£) € [0,T] x T*R"™ — H({) € R:

H1 (6) te [*E, 91 (6)],

Hi(0) := { K,(£) te(0:1(0),02(£)], when v is such that 61(¢) = 7, (£),

Hg(f) t e (92(6),1—'—1—5]
Namely the maximised flow H"**(¢) is given by:
if (¢,0) € Sp :={(t,€): t € [—¢,01(¢)]} then

(6.4a) HD(0) = exp tH, (0);
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if (¢,0) € Sy := {(t,0): 01(€) = 71.(£), t € (01(£),05(£)]} then
(6.4b) HI(0) = exp(t — 01(0)) K, o exp 0y (0)H) (6):

if (t,0) € S2:={(t,0): 01(0) = 11(£), t € (02(¢),T + €]} then

(6.4c) HP(0) = exp(t — 05(£)) Ha(¢) o exp(6a(6) — 01(€)) K o exp 6 (0)H1 (£);
if (t,0) € So:={(t,£): 01(€) = 72(0), t € (61(¢),02(¢)]} then

(6.4d) HI(0) = exp(t — 01(0))Ks 0 exp 0y (0)H) (6):

if (t,0) € S5 :={(t,£): 6,({) = »(¢), t € (62(6),f+ e]} then

(6.4¢) HP(0) = exp(t — 05(0)) Ha(€) 0 exp(0a(£) — 01(€)) K> o exp 0 (0)H1 (£).

2o v=12in ZO. For ease of reading we shall write dr,
and d72 instead of d7, (o) and d72(fp). Formulas from the differentials easily follow from equations (6.1)-(6.2). In
particular when 6¢ = da..dx we have the following simplified formulas for (dr, , §¢) and (d72, §¢), v =1, 2:

In what follows we will need the differentials of 7, and 72

(6.5) (dr, , 56) = —[;fjj] 'aozg),

(6.6) (d(r2 —1), 80) =

v

—0x - j3—y - a(To) + 0z - Ju - a(T)

g offo)|

91,30 - (o)

1 {
> g2] - a(Zo)
In order to apply the invertibility results of [6] to the projected maximised Hamiltonian flow 7H™?*, we need to
write its first order approximation 7, H>** in a neighborhood of the point (¢,¢) = (7,€y). Clearly this first order
approximation is a piecewise linear map which we specify by giving its form in the polyhedral cones Cy, C;, C?,
Co, C32 tangent to the sectors Sy, S1, S7, Sa, S5 defined in (6.4). We recall that the vector fields g,, j,, v = 1,2,

defined in (3.5), are the pull-backs of the vector fields h,, k,, respectively.
In Cp:= {(6t,6¢) € R x T3 T*R™: 6t < min{(d7y, 0¢), (d72, §0)}}

(6.72) T M5t 50) = Lo(t,60) == S, (51591(550) n me),
in C1 := {(66,60) € R x T, T*R": (dny , §€) < 6t < (d72, §6), (dmy, 8€) < (drz, 50)}
TP (58, 60) = Ly (6t,60) == Sz, ((& —(dr1, 30)j1(Fo) + (dr1 , 60) g1 (o) + mae),

in G2 := {(06,60) € R x T, T*R™: (dry, 66) < (d72, 56) < 8t, (dm, 66) < (d7s, 36)}

m HIX(5t, 50) =L2(6t, 50)
(6.7b) ~ _
=57 ((515 —(d77, 60))g2(To) + (d(r — 11) (L) , 3£)j1(To) + (d71, 60)g1(To) + W*M) ;
in Gy := {(5t,60) € R x T;, T*R": (dy, 5€) < 6t < (d73, 56), (d7s, 5€) < (dr1, 50)}
(6.7¢) T HP(S5E, 60) = Lo(6t,60) == Sz, ((& — (dry, 30))j2(Fo) + (drs, 60) g1 (o) + mae),
in CF = {(06,60) € R x T, T*R™: (drs, 66) < (d73, 56) < 81, (drs, 66) < (d7y, 36)}

T HIE(5E, 50) =L2(6t, 50)

(6.7d) _ , ~ , - o -
=3, ((5t —(d72, 60))ga(To) + (d(72 — ) (o) , 86)ja(Fo) + (dra, 50)g1 (o) + mz) .
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7. PROPERTIES OF THE SECOND ORDER APPROXIMATION

7.1. Exploiting the coercivity of the second order approximation. We first prove the invertibility of the
first order approximation of the projected maximised flow 7w, HX2?*. In order to take advantage of the invertibility
results of [6] for the continuous and piecewise linear map 7, H2** we must first exploit the coercivity of the second
order approximation of sub-problem (4.2). This is achieved by examining J!/ on certain subspaces of the space V,,
defined in (4.4). For v = 1,2 let

V= {6e = (0x,a1,b,a2) € V,: b=as =0, 0z + a1q1(Zp) = 0},
V72 = {de = (0z,a1,b,a2) € Vyy: ag =0, dz + a1g1(To) + bj, (To) = 0},
V2= {6e = (0z,a1,b,a2) € Vi,: dz + a1g1(ZTo) + bj,(To) + a2g2(Fo) = 0},

and let @, be the bilinear form associated to J)/, see [5], i.e. if de = (0x, a1, b,a2) and §f = (dy, c1,d, c2) then

~

Qulde,5f] =D*(a + B)(30) (9, 8y) + 8y - (a1gy + b ju + azgz) - B(&o)
(7.1) + 0z - (191 + dJjy + c292) - B(@o) + (c1g1 + d ju + caga) - (arg1 + b + asgs) - B(To)
+ dax [g1,,] - B(@0) + e2a1 (g1, 92] - B(®o) + c2b [, g2] - B(@o)-
For any subspace W C V,, denote as W= the subspace of V, orthogonal to W with respect to @, i.e.
Whv = {decV,: Q,[0e,6f] =0 Yof e W}.
Clearly Vi* = V', so we shall simply denote this subspace as V'!. Moreover, for any v = 1,2 we have
vicvicvicy,

so that J! is coercive on V,, if and only if it is coercive on the four subspaces V1, V.2 N (Vl)L", V3N (VVQ)L" and
V,n (V3.

The following proposition gathers the properties of the above subspaces of V,, and characterises the coercivity of

J, on such subspaces. The proposition should be compared to Lemmas 4.1-4.4 of [4] where analougous conditions
are obtained for the weaker kind of coercivity needed to prove (time, state)-local optimality.

Proposition 7.1. The following properties hold:
(1) if de = (6x,ay1,b,az) € V! then

(7.2) J[0¢]* = ai g1 - g1 - a(@o) = af hn - ha - a(@o),
(2) if Se = (6, a1,b,a5) € V2N (V)™ then
(7.3) 0z - g1+ a(To) =z - h1-aZp) =0

(7.4) JgMdQ::%b[gth-cmib)“dﬂ,,da*&w-—a1%

(3) if Se = (0, a1,b,as) € V3N (V2)™ then

(7.5) 0x - g1 - a(Zg) =0, a1 = (d1, , dadx),
1
(7.6) T 0e® = S a2 ju, g2 - a(@o) ({A() = 7) , da.dz) — b)),
4) if be = (6x,a1,b,a2) €'V, N (V3 7 then
(4) if ( ) \%

(7.7) 6z - g1 a(@o) =0, a1 ={dr,,dodz), b= (d(r;

174

- Tl,) , dav o),
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1 ~ .
J![6e)? =3 D?(a + B)(z0)[0x, 62 + a1g1 + bj, + azgo]
(7.8)

1 . . ~
+ 3 (0x + a1g1 + bju + azg2) - (a191 + bju + az92) - B(Zo)-

Dimostrazione. (1), (2), (3) and (7.7) are obtained as straightforward computations from (7.1). In order to prove
(7.8) it suffices to take into account (7.7), (6.5) and (6.6). O

7.2. Invertibility of the projected maximised flow. In this section we prove that the function « defined in
Theorem 4.1 satisfies the properties required for the construction of Section 5. Namely, let

A :={da(z): x e R"}
be the Lagrangian manifold defined by the function « of Theorem 4.1. Also let
(79) AO = {fEAZHl(f):po}, My ZZTFAO:{(EGRnZhl'CM((E):po}.

By Theorem 3 of [8] it suffices to show that 7H™2* is locally invertible at (t,EAO) for any ¢ € [0,7]. If t < 7 then
7H™* is smooth at (t,£p) and m, HI?**(dt,0¢) = St (6tg1(Zg) + mdL). So, in order to prove the local invertibility
of TH™** at (t, o), t € [0,7), it suffices to show that g1(Zo) is not tangent to mAg. Indeed the following lemma
holds:

Lemma 7.2. The sets My and Ao are (n — 1)-dimensional submanifolds of R™ and T*R™, respectively. Moreover
h1(Zo) is not tangent to M.

Dimostrazione. By (7.9) it suffices to show that My is a submanifold i.e., it suffices to show that there exists
dx € T3, R™ such that dz - hy - a(Zy) # 0. By the coercivity of the second variation, see equation (7.2), we get the
claim by choosing dz = hq(Zp). O

For v = 1,2, let
M, = {77 ;%(e);zer}, M2 = {7r rg'fl(’;)(E):zer}.

Proposition 7.3. For v =1,2, M, and M? are (n — 1)-dimensional submanifolds of R™. Moreover:

(1) hy and k, are not tangent to M, and there exist ¢, > 0, dz, € Tz, M, such that k,(T4) = 0z, + c,h1(Za);
(2) hy and k, are not tangent to M?2 and there exist ¢2 > 0, 62 € Ty, M2 such that ha(ZTq) = 622 + 2k, (Zq).

Dimostrazione. Let dz € T3 ,R™. Then dz is tangent to M, if and only if there exists ¢y € Ay such that dz =
77*7:\1;*560 -+ <d7'l,, 5£0>h1(5/6\d) = §§:* (7&560 + <d7'l,, 5£0>gl(i'\0)) As 7T*5£0 S TEOMO while gl(i'\o) ¢ TioMo we get
0x = 0 if and only if 7.4y = 0, i.e., if and only if §¢y = da,.7.6€y = 0. This proves that M, is a (n — 1)-dimensional
submanifold of the state space R™.

Let us now prove (1): assume h1(Z4) is tangent to T5,M,. Then there exists dzg € T5,Mo such that g1(Zo) =
dxg + (A1, , dasdzo) g1 (Zo), i-e., dxg + ({(d7,, dadzg) — 1) g1(Zp) = 0 so that dxg = 0 while (d7, , dadzg) =1, a
contradiction. N

Let 0z, € T3, M, and ¢, € R such that k, (Z4) = 0z, +c,h1(Z4) and let dxg € T, Mo be such that dz, = Sz .0xo+
(A7, , dowdxo)h1(Z4), so that j, (To) = dzo+((d7, , dowdzo) + ¢) g1(To). Thus, by (7.3), de := (dzo, (A7, , dov.dzo)+

1 ~
vy —1,0) € V& N (Vi)™ and, by (7.4), 0 < J/[6e]® = 5 (-1 l91.4,) - a(@0) (~¢,) so that ¢, > 0.
Let us now turn to M;: dx € Tz, R" is tangent to M, if and only if there exists ¢y € T;; Ao such that
5z = mHz 000 + (A7, 600Vha (Ba) + (A(T2 — 7)), 800k, (Z4)
=S, (Wszo +(dmy, 8€0)g1(Fo) + (A(T2 — 1), 8bo) ju(fo)).
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Thus, if éz = 0, then de := (m.8o, (A7, 64o), (d(72 — 70), 640),0) € V2N (VQ)J_" by (7.5), which is {0} by the

coercivity assumption. Thus 7.6¢p = 0 and §¢y = da,m.6y = 0. Thus M2 is a (n — 1)-dimensional submanifold of
R™.

Let us now prove (2): k,(Z4) is tangent to M2 if and only if there exists dxo € Ts, Mo such that j,(Zo) = dzg +
(A7, dawdzo)g1(Zo) + (d(12 — 70,) , dawdzo)ju (To), ie., de := (dxq, (d7y, , dodzo), (d(7 — 7o), dawdao) — 1,0), by

(7.5) is in V2 N (VE)L” which is {0} by the coercivity assumption. So that dzg = 0 while (d(72 — 7)), da.dxg) is
equal to 1, a contradiction.
Let 622 € T5,M2 and ¢2 € R such that hy(Zq) = 022 4 2k, (Z4) and let 6z € T5, Mo such that

622 = 85,020 4 (d7y, , do6z0)hy (Za) + (A(72 — 7)) , dobao)k, (Z4)
so that g2(%0) = dwo + (7, , dawdwo)g1(Zo) + ((d(77 — 1), dawdwo) + ) 5 (o) Le., by (7.5)
de == (0o, (dry , dobzo), (d(7 — 7)), dadzg) + ¢, —1) € VPN (Vf)l" .
1
Thus, by the coercivity assumption and (7.6) we get 0 < J”[de]? = 5(71) [, g2] - (o) (—c2) so that ¢2 > 0. O

We now prove that the determinants of the linear maps defined in (6.7) have the same sign. This is equivalent
to proving that the images of each pair of adjacent sectors do not overlap (see Proposition 3.1 in [6]).
Further on we will show that

o if dri|r , and dm|p , do not coincide, then the conditions of Theorem 4.1 of [6] are satisfied, see section
5, Ao T, Ao

7.2.3,
o if d7'1|TZ0A0 = dT2|TEUA0’ then Clarke’s inverse map theorem can be applied, see section 7.2.4.

7.2.1. Sectors Cy and Cy. Assume, by contradiction, there exist (dtg,d¢p) € Co N (R X TZOAO) and (0t1,d01) €
C1N (R x TZUAO) such that
(7.10) L (dto, 80o) = L1(dt1,641),
Equation (7.10) is equivalent to
o (801 — 60o) + ((d71, 601) — 6t0) g1(To) + (6t — (d71, 641))j1(Zo) = 0.
Let
0x =1y (601 — 6by), a1 :={(dr, 061) — dtg, b:=dt1 — (dm1, 6¢1).
Notice that
(0to — (dr1, 04o)) b= (0t — (dm1, 04p)) (6t1 — (dm1, 641)) <O
because (dtg,d¢y) € Cy and (dt1,0¢1) € C1. Thus, using (3.6), (7.4) and (6.5) we get
0> [g1,J1] - a(Zo) (6o — (d71, 6Lo)) (0t1 — (71, 041))
=b(—ay[g1,51] - (Zg) — 6 - j1 - (ZTo)) = J{'[a1,b,0]* > 0,
a contradiction.
7.2.2. Sectors Cy and C3. Assume, by contradiction, there exist (6t1,6¢1) € Cy N (R x TE,AO) and (6t2,60%) €
Cin (R x TZUAO) such that
(7.11) Li(8ty,601) = L3(8t2,60%),
Equation (7.11) is equivalent to
e (867 — 661) + (dry, 667 — 601)g1(Zo)+
+ ((drf, 607) — (dmy, 663 — 6ty) — 6ty) jr(Zo) + (687 — (dri , 6£3)) g2(o) = 0.
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Let
(7.12) 60 := 50 — 644, 0x =m0, ay := (dn , §¢),
' b= (dr2, 602) — (dry, 60) — 6t1,  ag:= 612 — (d72, 602).

Notice that
(6t — (d7{, 001)) az = (5t — (A7, 661)) (6t] — (drf, 667)) <O

because (6t1,6¢1) € Cy and (683, 6(7) € C3.
Thus, using (3.6), (7.4) and (6.6) with v =1 we get

0> [j1,92] - a(@o) (0t — (dri, 663)) (5t — (A7, 661)) = az [j1, g2] - a(Zo) (6t1 — (d7i, 61) + b —b)
= as [j1, 92] - a(Zo) (<d(7’1 — 7'1) (fo) , dadz) — )
)

= ay ([glan] - (o) ( o 32 : a(?o)) = bj1,92]- 04@0))

[g1,71] - a(Zo)  [g1,72] - a(To)
as jo — g1 = g2 — Jji, [91,J2] = [g1,J2 — g1] = [g1,92 — j1] and since 0z - g1 - a(Zo) = 0, so that oz - jo - a(To) =
0x - (g2 — j1) - a(Zg) we get:

dx - j1 - a(To

ox 'jl . Oé(/l'\o)
91, J1] - a(Zo)

—a o) @) 5 o) — 2
— oz (Io1.92] o) {200 i g o) = el -ata) )

ox - j1 . a(@o)
[91,1] - a(Zo)
by (6.5) with v = 1 and the definition of a; given in (7.12):

= ax(lg1,92 — 1] - (o) — 82+ (g2 = j1) - al@o) = b ju. ga] - aldo)

= az [g1, 92] - a(Zo) — 0z - azge - a(Zo) — azblji1, g2] - a(Zo)

= —a1az2[g1, g2] - (@) — 0z - (arg1 + bj1 — bjr + azg2) - (To) — azb [j1, g2] - (@o)
again by (6.5) with v =1 and the definition of a; given in (7.12):

= —ayaz[g1, 92] - 2(To) — azb [j1, g2] - a(To) — a1b[g1, 1] - a(To) — dx - (a191 + bj1 + azg2) - a(Zo)
= J{[a1,b, az)? > 0,
a _contradiction. We can thus conclude that
det (Lo)det (Ly) >0,  det(Ly)det (LT) > 0.
Analougously one can show that
det (Lo) det (Ls) >0,  det (L2)det (L3) > 0.
Such inequalities also imply det (L%) det (L%) > 0 so that all the determinants have the same sign.

7.2.3. Case when dT1|TZ A, @nd dT2|TZ A, @0 mot coincide. In order to apply Theorem 4.1 of [6], we now show that
there exists a point in the image of m”?’-[flax whose preimage is a singleton.
Let (6t,0€) € Co N (R x T; Ag) such that (dr , 6f) = (dr, 6f), i.e
ot < {(dry, 60) = (dro, 60) = (d7%, §0) = (d73 , 0F)

and let §y = m, H™x (E, W) =Ly (E, W).

With the same computation of section 7.2.1 one can prove that there is no (6t, 6¢) in the set (C; U C2)N (R x TzUAo)
such that 6y = m. > (3t,8¢). Tt now remains to prove that no element of (C7 U C3) N (R x T; Ag) can be mapped
to dy. We present the proof for C7 N (R x TZOAO)' Similar considerations work for C3 N (R x TE,AO)'
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Agsume, by contradiction,

by = mHP™> (66,667)  for some (5t7,503) € CF N (R x Ty Ao)
so that, by (6.7a) and (6.7b),

(713) ((Sﬁ? — <d7‘12 , (%?» gg(/l'\o) + <d(7’12 — T1) (?0),(%?)]1(@0)-‘1-
+ <d7’1 , 56?)91(@0) + W*(Sf? = Egl(fo) + W*W
Set
§0:= 602 — 60, Oz :=m. 00 a1 := (dm , 60%) — 5t,
(7.14) ! 1= dn, 06

b= (d(2 —71) (L), 662), ay == 6t2 — (dr2, §0%)

and notice that ay is nonnegative while b + ao is positive. Equation (7.13) reads

(7.15) dx + a191(To) + bj1(To) + azg2(To) =0, dzx € W*TZOAO =Ty, Mo
so that J{[0x, a1, b, as] > 0 by the coercivity Assumption 4.1. Hence, by (4.3) using (7.15),

0 <(args + bj1 + azg2)? - a(To) — arb (g1, 1] - (To) — araz [g1, g2] - a(To) — bas [ju, g2] - (Tp)
= —aiblg1, j1] - a(Zo) — 6 - (bj1 + azg2) - a(To) — araz [g1, g2] - a(To) — baz [j1, g2] - a(Zo)

in the first addendum we replace a; as in (7.14), whereas in the second one we substitute —dz - j; - a(Zy) with
9151} - al@o)(dT: , 6¢) as in (6.5)

=b (8t — (71, 663)) [g1, 1] - a(@o) + b g1, 1] - (o) (A1 , 6) — asdx - go - a(@o) — araz [g1, go] - (o)
—baz [j1, g2] - a(Zo)
=b (06t — (d71, 60)) [g1, 1] - (To) — a2 (6z - g2 - a(To) + a1 [g1, g2] - a(To) + b [j1, g2] - (To))
we can write [g1, g2] - a(Zo) = [g1, j2] - 2(Zo) + [91, 92 — ja] - a(Fo) = [91, J2] - @(Z0) + [91, j1] - @(To) obtaining
=b (3t = (dm, 80)) (g1, j1] - (o) — 02{5$ - 92 - a(Zo) + a1 [g1, J2] - a(Zo) + a1 [g1,51] - a(Zo)
+blj1.g2] - al@o) |

in the second addendum within the curly brackets we replace a; as in (7.14) and in the last addendum we replace
b as in (7.14). Taking into account that (7% — 71)(fo), ¢) = 0 we obtain

=b (E— <dT1 , @>) [gl;jl] . OA(S/C\()) — (12{5:6 +go - Oé(i'\o) — (E — <d7'1 y 56% :FW>) [gl,jg] . Oé(i'\o)
+ a1 g1, 1] - a(@o) + (dr? = m1)(Fo) , 66 F30) [j1, 92] - (@) }
We now write (dr, 6¢) as in (6.5) so that

=b (E* <dT1 , @>) [gl;jl] . OA(S/C\()) — (12{5:6 +go Oé(i'\o) — (E — <d7'1 y W» [gl,jQ] . Oé(i'\o)
—dz 'j1 . Oé(/l'\o)

o ) gl al@) il il al@o) + (At =) (@), 00 L ] - @) }

In the last addendum we write (d(72 — 71)(£o) , 6¢) as in (6.6) and simplify

= (6t — (d71, 60)) (blg1, 1] - (o) + a2 [91, J2] - (To)) + az( —ay (g1, 1] - (Zo) — 6z - (92 — J2) - Oé(fo))-
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We now use the relation go — jo = j1 — ¢1 in 0z - (g2 — j2) - @(Zo), the definition of a; as in (7.14) and the fact that
0z - g1 - a(Zp) = 0 since dx € Ty, My yielding

= (3% ~ (. 50)) (blor. 1] - a(@o) + a2 o, 2] - (o)

+ ag( (E - <d7’1 , (Sf? $W)) [g1,j1] . Oé(/l'\o) —d0x - j1 . a(@o))
Finally, we compute (dry, d¢) as in (6.5) and simplify with the last addendum obtaining

= (Bt = (dr1, 30)) (blgs, 1] - (o) + a2 [gn. ) - a@0) ) + aa (3 ~ {dra, 30) [92.1] - (@)
= (5 — (dr1, 30)) ((b+ a2) [g2.51] - (@) + az g, o] - a(@0)).

The first parenthesis is negative since (6¢,6¢) € Co N (R x TZUAO) while the second one is positive by (7.14). Thus
the product is negative, which contradicts Jj'[0x, a1,b, az]? > 0.

7.2.4. Case when dT1|TE A, Ond dT2|TZ A, Coincide. In the case when dT1|TZ Ao = dT2|TZ A, Theorem 4.1 of [6] does
0 0 0 0

not appy as the interiors of C; and Cy are empty. Thus we prove the invertibility of the projected maximised flow
by Clarke’s inverse function theorem.

Case when dTl|TZ Ao = dT2|TZ A, = 0. Let ag > 0, ay, a2 >0,v =1,2, be such that ag +a; +a? +az +a3 = 1.
0 o)
Then, for any (0t, () = (0t, dasdz) € R x Ty Ag, by equations (6.7), we get
Lo((st, (Sf) = (Stgl(/l'\o) + oz, Ll(ét, (%) = 6tj1 (/.T\o) + iz,
Ly(8t,60) = 0tja(To) + 0z,  L3(6t,00) = L3(dt,60) = Stga(To) + 0.
By Proposition 7.3 we have

e j1(Zp) = c191(To) + 595(1) for some ¢; > 0 and 595(1) € Ty, Mo;
e j2(Z0) = c291(To) + dx7 for some cg > 0 and dzj € T, Mo;
o g2(To) = 41 (To) + bz for some ¢ > 0 and dz)* € Tz, M.

Thus
92(%0) = ¢ (c191(Fo) + 85) + 6wy = c391(To) + b5

where c3 := ¢ic; > 0 and 0z := Fdxp + (5:1:3)’2 € Tx, Mp.
Thus (agLo + a1Ly + asLa + aL} + a}L3) (6t,6¢) = 0 if and only if

ox + o0t (aléxé + (a% + a%) (5:1:3 + ag(hg) + 5t (ao +ajc1 + (a% + a%) c3 + GQCQ)gl (o) = 0.
As g1(Zg) ¢ Ty, My this equality yields
ox + 5t(a15x(1) + (a% + a%) Sxp + agéxg) =0,
5t(a0 +aicr + (a% + a%) c3 + a202) =0.

Since ag+aic1+ (a% + a%) c3tascy > 0 we get 6t = 0 and dz = 0. We have thus proved that any convex combination
of the five linear approximations of m,H>** at (7, {p) is invertible, and Clarke’s inverse function theorem applies.
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Case when dTl|T20 Ao = dT2|TEO Ao 7 0. In this case ker dTl|T20 A, = ker dTngZO A, 18 @ (n — 2)-dimensional linear
space and
drf = d7‘22 =dm =dm on TZOAO'

Let v1,...,v,—1 be a basis of T4, My such that (dm , da,v1) = 1, (dm, dasvs) =0, for any s = 2,...,n — 1. As
a basis for R x T3 Ag choose (1,0), (1,dasv1), (0,dasws), s =2,...,n — 1 and, as a basis for R” = T3 ,R", choose
91(ZTo), vs, s =1,2,...,n — 1. By equations (6.7) we get

Lo(1,0) = g1(Zo), L1(1,0) = j1(@o), L2(1,0) = ja(To), L3(1,0) = L3(1,0) = g2(Zo),

Lo(l,da*vl) = Ll(l,da*vl) = Lg(l,da*vl) = L?(l, dOé*’Ul) = Lg(l, dOé*’Ul) = gl(i'\o) + V1,

Lo(0,da,vs) = L1(0,dasw,) = Lo(0, dowvs) = L3(0, dovs) = L2(0, desv,) = v, Vs=2,...,n—1.
In order to write the matrix rappresentation following these bases we need to compute j1(Zo), j2(Zo) and g2(Zp) in
terms of the basis g1(Zo), v1, - .., Un-1.
Observe that, by Proposition 7.3(1), we have k,(Zq4) = ¢, h1(Z4) + dx, where dz, € Tz, M, and ¢, > 0. The
differential at £y of the surjective map £ € Ag — WH’TT’U&E’;) () € M, operates as follows: §¢y € TZOAO > Sz, 0ly +
(d7, , o) h1(Z4). Therefore there exists dxqg, € Ty, My such that dz, = §?*6x01, + (d7, , dawdxo,)h1(Z4). Thus
ky(Zg) = cuh1(Za) + S7.0z0, + (d7, , dadzo, ) h1(Za), equivalently,

n—1

Ju(To) = (cy + (d7y, da*5x0u>)g1(§o) + dzoy = (v + Y1) 91(To) + Z YusUs, v=12

s=1

n—1

where dxg, = Z YysUs.

s=1
Analogously, by Proposition 7.3(2), one can show that

n—1
g2(To) = (731 +c2(cw + %1))91(%) + ) (s + s vss v=1,2
s=1

for appropriate numbers 7,5, v2,, s = 1,...,n — 1.
Thus, the matrices associated to the five mappings in these bases are
11 0...0 ci+vr 1 0...0
0 1 0...0 Y11 1 0...0
Ag=1|0 0 , Ay = 712 0 7
SR : S
00 Mn-1 0
o471 1 0...0 v +E(ei+7y1) 1 0...0
Y21 1 0...0 Ay +94 1 0...0
Ay = Y22 0 : A2 = A2 = Az + i 0
: I, o : S
Yon—1 0O A1+ 0

i.e. the five matrices differ only in the first column. Thus

det (aoAO —+ a1A1 —+ a2A2 —+ G%A% —+ a%A%)
= agdet Ag + a1 det A1 + as det Ag + a? det, A% + a% det A%



Strong local optimality 19

and is positive as all the determinants have the same sign and det Ay = 1. Thus Clarke’s inverse function theorem
applies.

-~

Remark 7.1. For t € (7,T] we have

exp(t — T)ha L3(6t,80) if (d7y, 6¢) < (dma, &),

(5t 50) = T
i (61,9 {exp(t—T)hg*Lg(ét,(%) if (dry , 00) < (dry , 80).

In Section 7.2.2 we have shown that det(L2)det(L2) > 0 so that m, H™™ is one-to-one also for any t € (7,7 and

=

7H™ g locally invertible at at any (¢,0), ¢t € (7, 7).

8. PROOF OF STATE-LOCATL OPTIMALITY

We can now complete the proof of Theorem 4.2. Let us go back to inequality (5.4). By the coercivity of J!/,
v =1,2, (7.2) and by continuity, the quantity h; - h; - a(q) in (5.4) is positive so that po(T' —T') > C({(T)) — C(Zy).
Let

C:y € OF) = Cy) + By) = po(*(y)) + a(m™ () + B(y) € R.
Then C = C|O(5f)an- Let V be the neighborhood of E([O,f]) defined in (5.1).

O@HNN;
For y € V consider 1) := (rH™) "

Yy eV e (WRy), 9™ (y) = (), y) € (— &, T +¢) x Ao

By the invertbility of 7H™** and 7, H** there exists a neighborhood O(Z¢) C V such that, for any y € O(Z¢) and
any 0y € T, Ny there exists an unique couple (5t,6€) € Ty, (R x Ag) and v € {1,2} such that (see equations (6.7))

5y = (A" (), dy)ha(y) + T HSY 0L
= Af* (ﬂ'*(% + (7, 00) 1 (m(y)) + <d(7‘3 — Tl,) , 00) G, (T (y)) + (5t — (d72, 6[)) gg(m/J(y))).

Applying the one-form H 7 (((y)) € TyR" we get

(HI(0(y)) 5 0y) = po(de™(y) , 0y) + (HIET (Uy)) , ma My .60)
= po(d®(y) , 6y) + (L(y) , m6C) = po(dv®(y), dy) + (da(ml(y)), m.oL)

Le. dC(y) = M (U(y)) and dC(y) = ity (L)) + dB(y) for any y € O(Z¢). In particular, choosing y = Zy, by

the transversality condition (3.3) in PMP we get
(AC(@y) , by) = (dC(@y), oy) = (by, 0y) = (s, y) = Iy, oy) =0 Voy € Tz, R".
Differentiating again, and taking into account that o is invariant with respect to the flow of ﬁf* we get

D25(Ef)[5y]2 =(H™*(5t,0) , §y) + D?B[oy]? = (H™>e, by, 6y) + D?B[oy]? = o (H™* o ), 0y, d(—5)«0y)
=0 (H™*(5t,60), d(—B), m, HP*(6t,60)) = o (’ﬁ%i%f’a"(ét, 50), d(—B). S5  mHE (5, 55)) .
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By equations (6.7), the definition of o, equation (2.2), and recalling that da(Zy) = lo = — dB\ (Zo) the last expression
reads

D2C(@ )yl =(8¢ + (dn , 80G1(o) +(d(72 = 7). 80T (Fo) + (6t — (A7, 60)) Ga(Fo),
700+ (dr, | 56) g1 (o) + (d(72 — 7)) , 66) 4 (Fo) + (6t — (72, 50)) 92(§0)>
+ DB (o) [mudl + (A7, 60) g1 + (A (72 = 7,) , 60) G + (5t — (d72, 50)) o]’
=D2(a+ B)(@0) (mudt , w8t + (dr,, 80) g1+ (A(72 = 7). 66) j, + (6t = (72, 60)) o)
+ (mz +(dr,, 66 g1+ (d(72 = 7)), 56) 4, + (6t — (72, 56)) gQ)
(tan, 0 v+ (@(72 = 7) 5 60 g + (5t = (a72, 60)) g2 ) - B(@o)

which is positive by (7.8).

This proves that if pg = 1, then §A is a state-local optimal trajectory. Let us now show that the minimum is strict.
In particular this fact implies that when py = 0 the trajectory fA is isolated among the admissible ones.

If po(T=T) = 0, then by (5.4), (7.2) and (8.1) we get £(T) = Zy and to = 0 i.e. £(0) € My and, by the expression
for I in Section 5,

(8.2) (M (p(E(1)), £(1) =po  ae. t € [0,T].

As £(T) = Zy, by the regularity assumption along the bang arcs, Assumption 3.2, equation (8.2) implies £t) =
ha(£(1)) as long as H™>((£(t))) € {£: H™>(£) = Hy(¢)} so that £(t) = E(t—T +T) for any t € [F+T — T, T).
In particular (74 T — JA“) = Zy4. Proposition 7.3 implies that any solution through Z; when run backwards in time
cannot access the interior of the regions 7 {¢ € T*R": H™**({) = K1(¢)} and 7 {¢ € T*R"™: H™**({) = K5(¢)} for
times ¢ close to 7+ 7T — 7. Further one can exclude that the solution sticks to the manifold M, by observing that, by
Proposition 7.3 any convex combination of h; and k, points inside 7 {¢ € T*R"™: H™**(¢) = K, (¢)}. Analougously
one can exclude that the solution sticks to the manifold M2 by observing that, by Proposition 7.3 any convex
combination of he and k, points outside w {¢ € T*R™: H™*(¢) = K, (£)}. Thus the solution &, run backwards in
time enters the interior of the region 7 {¢ € T*R": H™**(¢) = Hy(()}. Hence {(t) = E(t—T+T) for any t € [0, 7).
If T =T this 1mmedlate1y yields £ = £

Since &(T — T) = Zo € My then, if pg = 0, and h; is not tangent to My in a nelghborhood of Zy, then, possibly
restricting ), we get that £ can cross M, only once. Hence T' = T i.e. also in this case £ = §
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