STRONG LOCAL OPTIMALITY FOR A BANG-BANG
TRAJECTORY IN A MAYER PROBLEM *
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Abstract. This paper gives sufficient conditions for a class of bang-bang extremals with multiple
switches to be locally optimal in the strong topology. The conditions are the natural generalizations
of the ones considered in [5, 13] and [16]. We require both the strict bang-bang Legendre condition,
and the second order conditions for the finite dimensional problem obtained by moving the switching
times of the reference trajectory.
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1. Introduction. We consider a Mayer problem where the control functions are
bounded and enter linearly in the dynamics.

minimize C(&,u) := ¢(£(0)) + ¢ (&(T)) (1.1a)
subject to £(t) = fo(€(t) + > usfe(€(1) (1.1b)
£(0) € Ny, £(T) € N (1.1¢)
w=(ur,...,um) € L=([0,T],[~1,1]™). (1.1d)

Here T' > 0 is given, the state space is a n-dimensional manifold M, Ny and Ny are
smooth sub-manifolds of M. The vector fields fo, fi,..., fm and the functions ¢y, ¢
are C? on M, Ny and Ny, respectively.

We aim at giving second order sufficient conditions for a reference bang-bang
extremal couple (£, 1) to be a local optimizer in the strong topology; the strong topology
being the one induced by C([0,T], M) on the set of admissible trajectories, regardless
of any distance of the associated controls. Therefore, optimality is with respect to
neighboring trajectories, independently of the values of the associated controls. In
particular, if the extremal is abnormal, we prove that £ is isolated among admissible
trajectories.

We recall that a control u (a trajectory EA ) is bang-bang if there is a finite number
of switching times 0 < #; < --- < t,, < T such that each component ; of the reference
control 4 is constantly either —1 or 1 on each interval (fg,x,1). A switching time #j,
is called simple if only one control component changes value at ¢, while it is called
multiple if at least two control components change value.

Second order conditions for the optimality of a bang-bang extremal with simple
switches only are given in [5, 10, 13, 16] and references therein, while in [18] sufficient
conditions are given in the case of the minimum time problem for L'-local optimality
- an intermediate condition between strong and local optimality - of a bang-bang
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extremal having both simple and multiple switches with the extra assumption that
the Lie brackets of the switching vector fields are annihilated by the adjoint covector.

All the above cited papers require regularity assumptions on the switches (see the
subsequent Assumptions 1, 2 and 3 which are the natural strengthening of necessary
conditions) and the positivity of a suitable second variation.

Here we consider the problem of strong local optimality, when at most one dou-
ble switch occurs, but there are finitely many simple ones and no commutativity
assumptions on the involved vector fields. More precisely we extend the conditions
in [5, 13, 16] by requiring the sufficient second order conditions for the finite dimen-
sional sub-problems that are obtained by allowing the switching times to move. The
addition of a double switch is not a trivial extension of the known single-switch cases.
In fact, as explained in Section 2.2, any perturbation of the double switching time of
4 creates generically two simple switches, that is a new bang arc is generated. On
the contrary, small perturbations of a single switch do not change the structure of
the reference control, i.e. while in the case of simple switches the only variables are
the switching times, each time a double switch occurs one has to consider the two
possible combinations of the switching controls. This fact gives rise to a non-smooth
flow, whose invertibility is investigated via some topological methods described in the
Appendix, or via Clarke’s Inverse Function Theorem (see [6, Thm 7.1.1.]) in some
particular degenerate case.

We believe that the techniques employed here could be extended to the more
general case when there are more than one double switch. However, such an extension
may not be straightforward as the technical and notational complexities grow quickly
with the number of double switches.

Preliminary results were given in [17], where the authors analyze a study case and
in [14] that deals with a Bolza problem in the so-called non-degenerate case. Also,
stability analysis under parameter perturbations for this kind of bang-bang extremals
was studied in [7]. In this paper we focus on the geometric construction, so that in
order to keep the analytic machinery at a minimum we rely on the technical paper
[15] which contains all the computations.

The paper is organized as follows: Section 2.1 introduces the notation and the
regularity hypotheses that are assumed through the paper. Although we are going to
use mostly the Hamiltonian formulation, here the regularity assumptions are stated
also in terms of the switching functions which are more widely known. In Section
2.2, where our main result Theorem 2.1 is stated, we introduce a finite dimensional
sub-problem of (1.1) and its “second variations” (indeed this sub-problem is C':! but
not C? so that the classical “second variation” is not well defined). The essence of the
paper will be to show that the sufficient conditions for the optimality of (E, u) for this
sub-problem are actually sufficient also for the optimality of the reference pair (f L)
in problem (1.1). Here we also briefly describe the Hamiltonian methods the proof
is based upon. Section 3 contains the maximized Hamiltonian of the control system
and its flow. In Section 4, we write the “second variations” of the finite-dimensional
sub-problem and study their sign on appropriate spaces. Section 5 is the heart of the
paper; there we prove that the projection onto a neighborhood of the graph of é in
R x M of the maximized flow defined in Section 3 is invertible (which is necessary
for our Hamiltonian methods to work). Section 6 contains the conclusion of the proof
of Theorem 2.1. In the Appendix we treat from an abstract viewpoint the problem,
raised in Section 5, of local invertibility of a piecewise C! function.
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2. The result. The result is based on some regularity assumption on the vector
fields associated to the problem and on a second order condition for a finite dimen-
sional sub-problem. The regularity Assumptions 2 and 3 are natural, since we look
for sufficient conditions. In fact Pontryagin Maximum Principle yields the necessity
of the same inequalities but in weak form.

__ 2.1. Notation and regularity. We are given an admissible reference couple
(¢,u) satisfying Pontryagin Maximum Principle (PMP) with adjoint covector A and
the reference control @ is bang-bang with switching times tAl, ..., such that only two
kinds of switchings appear:

(1) tiis a simple switching time i.e. only one of the control components 1, ...,
U switches at time 7;;

(ii) t: is a double switching time i.e. exactly two of the control components 1,
..., Uy switch at time ;.
Assume that there is just one double switching time, which we denote by 7. Without
loss of generality we may assume that the control components switching at time 7 are
uy and 1o and that they both switch from the value —1 to +1, i.e.

lim ©, = -1 lim u, =1 v=12.

t—T— t—=T+
In the interval (0,7), Jo simple switches occur, and J; simple switches occur in the
interval (7,T"). We denote the simple switching times occurring before the double one
by éoj, j=1,...,Jy, and by élj, j=1,...,J1 the simple switching times occurring
afterward. In order to simplify the notation, we also define éoo =0, é07J0+1 = élO =
T, éLJlH =T, i.e. we have

Ao ::O<001<...<90J0<7A-::00,J0+1 ::010<011<...<91J1 <T::017J1+1.

We use some basic tools and notation from differential geometry. For any sub-manifold
N of M, and any x € N, T, N and Ty N denote the tangent space to N at x and the
cotangent space to N at x, respectively, while TN denotes the cotangent bundle.
For any w € T M and any éx € T, M, (w, dz) denotes the duality product between
a form and a tangent vector; w: T*M — M denotes the canonical projection from
the tangent bundle onto the base manifold M. In coordinates ¢ := (p, x):

m:l=(px)eT*M—xzeM.

Throughout the paper, for any vector field f: x € M — f(x) € T,,M, we denote the
associated Hamiltonian obtained by lifting f to T*M by the corresponding capital
letter, i.e.

F:leT"Mw—{{, f(xl)) € R,

and ? denotes the Hamiltonian vector field associated to F'. In particular for any
s=0,1,...,m, Fs(£) :== (¢, fs(mwl)) is the Hamiltonian associated to the drift (s = 0)
and to the controlled vector fields (s = 1,...,m) of system (1.1b).

If f,g: M € TM, are differentiable vector fields, we denote their Lie bracket as

[f, g]:
[f,9](x) := Dg(z) f(x) — Df(x) g(x)
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The canonical symplectic two-form between ? and 3 at a point £ is denoted as

o (?, 8) (¢). In coordinates ¢ := (p, z):
o (F.@) () == ~(pDy(a). f@)+ (pDf(x), g(a)).

For any m-tuple u = (uq,...,u;) € R™ let us denote the control-dependent Hamil-
tonian by

hu: €€ T*M = (0, fo(rl) + > usfs(ml)) € R.

s=1

Let ﬁ and ﬁt be the reference vector field and the reference Hamiltonian, respectively:
Ful@) = folw) + D Ua(t) fulx),  Fy(0) = (£, fi(ml)) = haq(0).
s=1

~ o~ o~

Also, let Ty := £(0), Zq := &(7) and Ty := &(T); the reference flow, that is the flow
associated to ﬁ, is defined on the whole interval [0, 7] at least in a neighborhood of
Zo. We denote it as S: (t,x) — Sy(z). Finally, let H be the maximized Hamiltonian
associated to the control system:

H(¢) := max {hy(€): uw € [-1,1]"}

Thus, in our situation PMP reads as follows:
There exist po € {0,1} and X: [0,T] — T*M, absolutely continuous, such that

o~

(Po, A(0)) # (0,0) (2.1)
TAt) =£E(t)  Vte[0,T)

A= FO®)  ae te0.T],

MOz, 5o = podeo(@o),  AD)lr,, v, = —podes (@) (2:2)
E,(\(t)) = HQA(t)) ae. tel0,T). (2.3)

We denote g := X(O) and EAf = X(T)
In terms of the switching functions

oyt €0, T] — Fyot) = (A(t), fs(Et)) €R, s=1,...,m,

maximality condition (2.3) means Us(t)os(t) > 0 for any ¢t € [0,7] and any s =

1,...,m. We assume the following regularity condition holds:
ASsUMPTION 1 (Regularity). Let s € {1,...,m}. Ift is not a switching time for
the control component U, then
Us(t)os(t) = us (1) Fs (A1) = us(t)(A(t), fs(£(2))) > 0. (2.4)

For j =0,...,J;,1=0,1,, let k;; := ﬁ|(§” bii1) be the restrictions of ﬁ to each
ijsVig

of the time intervals where the reference control @ is constant and let K;;({) :=

(€, kij(ml)) be the associated Hamiltonian. From maximality condition (2.3)

d -
&(Kz 7Ki7j_1)0>\(t> . ZO
t:Oij
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for any ©+ = 0,1, j =1,...,J;, i.e. if G4 is the control component switching at
time 6;; and A,;; € {—2,2} is its jump, then

>0

d
aAijgs(ij)(t)

t:@ij

We assume that the strong inequality holds at each simple switching time éij:
ASSUMPTION 2.

d d
&Aijas(ij)(t) T

=0

(Kij — Kij—1) o (1)

>0 i=01,j=1,....J. (25)

t=9ij

Assumption 2 is known as the STRONG BANG-BANG LEGENDRE CONDITION FOR
SIMPLE SWITCHING TIMES.
In geometric terms Assumption 2 means that at time ¢ = 6;; the trajectory

t — X(t) crosses transversely the hyper-surface of T*M defined by K;; = K; 1,

i.e. by the zero level set of Fy(;;, arriving with transverse velocity i.i-1(\(0;;)) and

leaving with transverse velocity K ;; (X(H”))

As already said we can assume that the double switching time involves the first
two components, %1 and us of the reference control @ which both switch from —1 to
+1, so that

k1o = kog, + 2f1 + 2f2.
Define the new vector fields
kl/ = k0J0+2fua V:1a25

with associated Hamiltonians K, (¢) := (¢, k,(wf)). Then, from maximality condition
(2.3) we get

d d

d ~ ~
—20,(t = —2F,0)\(t = — (K, - K At >0,
G200 = el = g o) oA 3 -
V=
d d ~ d ~ ’
fQUV(t) = fQFl,O)\(t) = f(Klo —KV)O)\(t) > 0,
dt sy dt sy dt A,

We assume that the strict inequalities hold:
ASSUMPTION 3.
d

5 (Kv = Kog) o A1)

d ~
— (K190 — K)o A(t
>0, dt( 10 ) o A(t)

>0, v=1,2. (2.6)
t=?+

t=F—

Assumption 3 means that at time 7 the flow arrives at the hyper-surfaces F} = 0
and F, = 0 with transverse velocity I?o Jo(A(7)) and leaves with velocity K 10(A(7))
which is again transverse to both the hyper-surfaces. We shall call Assumption 3 the

STRONG BANG-BANG LEGENDRE CONDITION FOR DOUBLE SWITCHING TIMES.

2.2. The finite dimensional sub-problem. By allowing the switching times
of the reference control function to move we can define a finite dimensional sub-
problem of the given one. In doing so we must distinguish between the simple
switching times and the double one. Moving a simple switching time éij to time
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0;; = éij + 0;; amounts to using the values ﬁ|(éi so10s) and ﬁ|( ) of the refer-

0i5,0i 541
ence control in the time intervals (éi’j,h Hij) and (91-]-, ém-ﬂ)? respectively. On the
other hand, when we move the double switching time 7 we change the switching time
of two different components of the reference control and we must allow for each of
them to change its switching time independently of the other. This means that be-
tween the values of ﬁ|(é .y and 4. ; \ we introduce a value of the control which
OJU;T) (7'7901)
is not assumed by the reference one - at least in a neighborhood of 7 - and which
may assume two different values according to which component switches first. Let
7, =T+ eé,, v=1,2. We move the switching time of the first control component
from 7 to 7 := 7 + €1, and the switching time of %y from 7 to 7 := 7 + 3.

Inspired by [5], let us introduce C? functions a: M — R and 3: M — R such
that a|n, = poco, da(To) = Lo, BN, = pocy and dB(Ty) = —;.

Define 91‘]‘ = é” + 6ij7 ] = 1;-~-7Ji7 1= 0,1, 90’J0+1 = Hlin{’T',/7 v = 1,2},
010 := max{r,, v = 1,2}, O := 0 and 61 5,41 := T. We have a finite-dimensional
sub-problem (FP) given by

minimize «(£(0)) + B(&(T)) (FPa)
. koj(§(t)) t € (0oj,00,+1) J=0,...,J,

subject to £(t) = ¢ ku(£(t)) T € (00,5041, b10), (FPb)
ki;(&(t)) te (015,01,+1) j=0,...,1

and £(0) € Ny, &(T) € Ny, (FPc)
where 900 = 0, 91’,]1+1 =T (FPd)
i = 0i; 4+ 0i5, i=0,1, j=1,...,J; (FPe)
00,Jo+1 1= 7T+ min{ey, 2}, 610:=7 +max{eq, €2} (FPf)
=1 if 1 <
and {" 1 L= (FPg)
v=2 if g9 < 4.
0 Bo1 .. §0Jo T 011 - é\1J1 T
(a1 < &2) =y m—_— —===1
0o1 Bo.1, 1 T2 011 014,
Jos, +2h1 .
(e2 <o) =y == ——————— ==
Oor 7 0oy T2 1 011 T Oy
Jog, +2f2

Fic. 2.1. The different sequences of vector fields in the finite-dimensional sub-problem.

We denote the solution, evaluated at time ¢, of (FPb) emanating from a point
x € M at time 0, as S,(z, 5, £). Observe that S (z,0,0) = S,(z), and that the reference
control is achieved along 1 = €3, i.e. the reference flow is attained by (FP) on a point
of non-differentiability of the functions

007J0+1 = 7A'+Hlin{€1, 62}, 010 =T +max{€1, 62}.

We are going to prove (see Remark 1 in Section 4) that despite this lack of differen-
tiability, (FP) is C' (indeed C*1) at §;; = &1 = e = 0.
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We can thus consider, on the kernel of the first variation of (FP), its second vari-
ation, piece-wisely defined as the second variation of the restrictions of (FP) to the
half-spaces {(d,€): e1 < ea} and {(d,¢): e2 < e1}. Because of the structure of (FP),
this second variation is coercive if and only if both restrictions are positive—definite
quadratic forms, see Remark 2 in Section 4. In particular any of their convex combi-
nations is positive-definite on the kernel of the first variation, i.e. Clarke’s generalized
Hessian at (z,d,¢) = (2o, 0,0) is positive-definite on that kernel.

In Section 4 we give explicit formulas both for the first and for the second varia-
tions. We ask for such second variations to be positive definite and prove the following
theorem: R

THEOREM 2.1. Let (§,u) be a bang—bang regular extremal (in the sense of As-
sumption 1) for problem (1.1) with associated covector X. Assume all the switching
times of ({;?, u) but one are simple, while the only non—simple switching time is double.

Assume the strong Legendre conditions, Assumptions 2 and 3, hold. Assume also
that the second variation of problem (FP) is positive definite on the kernel of the
first variation. Then (E, u) is a strict strong local optimizer for problem (1.1). If the
extremal is abnormal (py = 0), then E s an isolated admissible trajectory.

The proof will be carried out by means of Hamiltonian methods. For a general
introduction to such methods see e.g. [1, 2, 3], below we illustrate such methods for
our particular problem.

e In Section 3 we prove that the maximized Hamiltonian of the control system
H is well defined and Lipschitz continuous on the whole cotangent bundle T* M. Its
Hamiltonian vector field H is piecewise smooth in a neighborhood of the range of h\
and its classical flow, denoted by

H: (6,0) €[0,T] x T*M > Hy (L) € T* M,

is well defined in a neighborhood of [0, T] x {570} We also show that X is a trajectory
of ﬁ, ie. 5\(75) = ’Ht(fo)
e In Sections 4-5 we prove that there exist a C? function « such that «f No =

poco, da(zg) = ZO and enjoying the following property: the map
idxaH: (t,0) € [0,T] x A (t,7H(£)) € [0,T] x M

is one—to-one onto a neighborhood of the graph of £, where A := {da(z): x € O(x0)}.
Indeed the proof of this invertibility is the main core of the paper and its main novelty.

e Under the above conditions the one—form w := H*(pdq — H dt) is exact on
[0,7] x A, hence there exists a C! function

X: (6,0 €[0,T] x A s xo(0) €R

such that dy = w. Also it may be shown (see, e.g. [5]) that d(x; o (7H;)™') =
Hy o (mH,) ! for any ¢ € [0,T]. Moreover we may assume Yo = a0 T

Observe that (¢,£(t)) = (id x7H)(t, Zo) and let us show how this construction leads
to the reduction. Define

V= (id x7H)([0,T] x A), Y= ({d x7H)": V= [0,T] x A

and let (§,u) be an admissible pair (i.e. a pair satisfying (1.1b)—(1.1¢)—(1.1d)) such
that the graph of £ is in V. We can obtain a closed path I' in V with a concatenation
of the following paths:
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i) Z:te0,T]— (tE() €
(i) ®r:s€[0,1] = (T,o7(s )) €V, where ¢r: s € [0,1] = ¢7(s) € M is such
that ¢7(0) = &(T), ¢r(1) :éf\f,
(iii) Z: ¢ € [0,T) — (t,£(t)) € V, ran backward in time,
(iv) ®o: s € [0,1] — (0,¢0(s)) € V, where ¢g: s € [O, 1] — ¢o(s) € M is such
that ¢o(0) = Zo, do(1) = 5(0)
Since the one-form w is exact we get

H{w*/ e Lot L
P(E) P(Pr) (®o)

From the definition of w and the maximality properties of H we get

[_w=0 [ w<o (2:8)
$(2) P(E)

so that
/ w +/ w > 0. (2.9)
P(Pr) P(Po)
Since
[ e[ drotaHn) ) = xr o (rie) @) — xr o (nHr) " ED)),
() (mHT)"Lodr

/ w= / (Ao (5)) , do(s)) ds = a(€(0)) — o),
P (Po) 0

inequality (2.9) yields
a(£(0)) — (o) + x7 o (THT) " (Zy) — x1 0 (TH7) " (E(T)) 2 0. (2.10)
Thus

a(£(0)) + B(E(T)) — o) — B(zy)
> (xr o (mHr) "+ B) (E(T)) — (xr o (wHr) "+ B) (Ff) (2.11)
that is: we only have to prove the local minimality at Z; of the function
F:x € NeNO@g) = (xro(nHr) ' +8) (z) R

where O(Zy) is a small enough neighborhood of Z.
In proving both the invertibility of id x7H and the local minimality of z; for F we
will analyze the positivity of the second variations of problem (FP).

3. The maximized flow. We are now going to prove the properties of the max-
imized Hamiltonian H and of the flow — given by classical solutions — of the associated
Hamiltonian vector field ﬁ Such flow will turn out to be Lipschitz continuous and
piecewise-C'. In such construction we use only the regularity Assumptions 1-2-3 and
not the positivity of the second variations of problems (FP). We proceed as follows:
in Step 1 we consider the simple switches occurring before the double one. We explain
the procedure in details for the first simple switch. The others are treated iterating
such procedure as in [5]; in Step 2 we decouple the double switch obtaining two simple
switches and that give rise to as many flows. Finally in Step 3 we consider the simple
switches that occur after the double one. For each of the flows originating from the
double switch we apply the same procedure of Step 1.
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Step 1: Regularity Assumption 1 implies that locally around EAO, the maximized Ha-
miltonian is Ko and that /)\\(t), i.e. the flow of K gg evaluated in Zo, intersects the set
{0 eT*M: Ko (£) = Koo(£)} at time fy;. Assumption 2 yields that such intersection
is transverse. This suggests to define 0y (¢) as the time when the flow of ?00, ema-

nating from /¢, intersects such set and to switch to the flow of I_%Ol afterwards. To be
more precise, we apply the implicit function theorem to the map

Doy (t,£) := (Ko1 — Koo) 0 exp tﬁoo(@

in a neighborhood of (£,€) := (A1, %) in [0,T] x T*M, so that H(¢) = Kuo({) for
any t € [0,601(¢)]. We then iterate this procedure and obtain the switching surfaces
{(00;(0),0): £ € O(y)}, 5 =0,...,Jy where:

1. 000(5) = 0, (boo(g) = f;

2. 0y;(¢) is the unique solution to

(Koj — Ko,j—1) o exp 90j(£)?0,j71 (¢0,j—1(£)) =0

defined by the implicit function theorem in a neighborhood of (t,¢) = (éoj,Zo) and
¢0;j(£) is defined by

b0 (£) := exp (= o; (ﬁ)?w) o exp o, (5)?0,;‘—1 (¢o,j-1(£)) .

Fia. 3.1. Construction of the maximized flow.

Step 2: Let us now show how to decouple the double switching time in order to
define the maximized Hamiltonian H(¢) in a neighborhood of (7, A(7)). In this we
depart from [5] in that we introduce the vector fields ki, k2 in the sequence of values
assumed by the reference vector field. We do this in four stages:

1. for v =1, 2 let 7,(¢) be the unique solution to

(K — Kosy) 0 exp (O K o1, (G0 (6)) = 0

defined by the implicit function theorem in a neighborhood of (7, EAO);
2. choose

00,7,+1(0) :=min {7 (), 2(()},

and for v = 1,2, let

36.011(0) = exp (= (0K ) 0 exp 7 (O Ko, (G0.(0): (3.1)
3. for v = 1,2 let 6},(¢) be the unique solution to

(Ko — K)o exp o (O) K, (65 5,41(0) =0 (3.2)
defined by the implicit function theorem in a neighborhood of (7, KAO) and define

620(0) = exp (= 0% () K 1) 0 exp 0% (O (64 1+1(0)) ;
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4. choose

_ J01e(0) if mi(e) < 7a(0),
fr0(6) = {9%2(6) if 75(6) < 71(0).

Notice that if 71(¢) = 7o(f), then 01,(¢) = 63,(¢) = 71({) = 72(¢) so that O19(-) is
continuous. To be more precise, the function 610(-) is Lipschitz continuous on its
domain and is actually C' except possibly on the set {¢ € T*M: 11({) = 72({)}.
Step 3: Finally we define analogous quantities for the simple switching times that
follow the double one. For each j =1,...,.J; we proceed in two stages:

L. for v = 1,2 let 67;(£) be the unique solution to

(K1 — Ki,j-1) oexp %-(5)1_(}1,%1 (¢ ;1(0) =0

defined by the implicit function theorem in a neighborhood of (é;j,ZO) and define

BY(0) = exp (— 0%,(OF 1) 0 exp 0, (OK 151 (67,1 (0)) ;

2. choose

- elj(g) if 71 (0) < ()
0r;(¢) = {9%(3) if 72(0) < 71(0)

We conclude the procedure by setting 61 7, 41(€) = 67 ; () =67 ;, 1 (£) :=T.
Thus we get that the flow of the maximized Hamiltonian coincides with the flow of
the Hamiltonian H: (¢,¢) € [0,T] x T*M — Hy(¢) € T*M

Koj (f) te (90]' (é), 907]'4_1([)], 7=0,...,Jo
Ht(g) = Kl,(g) te (90“]04_1(6), 010(6)], if 907J0+1(£) = Tl,(g) (33)
Klj(é) te (91j(€),91’]—+1(£)], jZO,...,Jl.

4. The second variation. To choose an appropriate horizontal Lagrangian
manifold A we write the second variations of sub—problem (FP) and exploit their
positivity. To write an invariant second variation, as introduced in [4], we write the
pull-back (;(x,0,¢) of the flows S; along the reference flow §t. Define the pullbacks
of the vector fields k;; and h,

9ij (x) = 5, kijo 55 (2),  hu(w) = 571k, 0 i (2)

ij

and let dg, j,+1 := min{eq,e2}, 010 := max{e1,e2}. At time ¢ =T we have

(r(@,6,6) = S7* 0 Sr(w,0,€) = exp (=014,) g1, © - 0 exp (311 — 10) G100

o exp (610 — 90,.75+1) hw 0 €xp (80,7541 — 0075 ) Go.J © - - - © €XP dp1 900 ()
where v = 1 if ¢; < g3, ¥ = 2 otherwise. In order to analyze the influence of the
double switch on the flow we need to introduce some further notation: let f1 and fo
be the pull-backs of f; and fo from time 7 to time t = 0, i.e., f, := S;!f, o Sz,

v =1,2, so that h, = goj, + 2}:,, v=1,2, and gi0 = gos, + 2]?1 + 2]72.
First, to better understand the situation, assume that no simple switch occurs
(Jo = J1 = 0). In this case the linearized flow at time T has the following form:

L(6z,68,€) = 02 + (611 — 601)g01(2) + 2(611 — €1) f1 () + 2(611 — &2) fa (),



Strong local optimality 11

which shows that the flow is C*.
We now proceed to the more general situation. Define

ago = do1, apj := 0o j+1 — 005 J=1,...,Jo, b:= 010 — 00,70+1;
alj = 517j+1 —(51]' j :0,...7J1 - 1, aig, ‘= —(51J1.
1 J;
Then b+ Z Z a;; = 0 and, with a slight abuse of notation, we may write
i=0 j=0

Cr(z,a,b) =expais,gis, ©...0€xXpai1gii © €xp aipgio
o exp bhy, 0 exp ags,90.J, © - - - © €XP Ap19o1 © €XP AooGoo (L),

where v = 1ife; < ey, v = 2 otherwise. Henceforward we denote by a the (Jo+J1+2)-
tuple (ao(), ce 5 Q0Jy, @105 - - - ,aul).

The reference flow is the one associated to (a,b) = (0,0) and the first order
approximation of {7 at a point (x,0,0) is given by

Ji J071
L(6z,a,b) = dx + bh,(x) + Z Zaijgij(x) = 0x +Z ag;go;(z)+
i=0 j=0 5=0

+ (00,7041 — 00.5) 9075 () + (610 — 00, 79+1)Pw (@) + (611 — d10)g10(2 +Z a1;915(x

where v =1 if 61 < &9, v = 2 otherwise. Thus

Jo—1 N
L(6z,a,b) = 6z + Y ao;go; () + (511 = dos)gos, (@) + 2(011 — 1) fi(2)+
jZOJI (4.1)
2(811 — €2) fa () + > ayig().
j=1

REMARK 1. FEgquation (4.1) shows that in L(0x,a,b) we have the same first
order expansion, whatever the sign of eo —e1. This proves that the finite—dimensional
problem (FP) is CL.

Let 3 := B0 Sy and 5 := a + B. Then the cost (FPa) can be written as

J(x,a,b) = a(x) + Bo (r(x,a,b)

and, by PMP, d¥(Zy) = 0. The first variation of J at (z,a,b) = (&0, 0,0) is given by
J' (82, a,b) (bh +ZZaugzg) - B(@o)
=0 j=0

which, by (4.1), does not depend on v, i.e. it does not depend on the sign of €5 — &5.
On the other hand, the second order expansion of ¢%(z,-,-) at (a,b) = (0,0) is

exp(bh +ZZaljglj+ {Zaoj [go], Z apsgos + bhy, +Za1391]}

i=0 j=0 s=j+1



12 Laura Poggiolini and Marco Spadini

b[hU,JZlaljgllj} +ia1j {91]', i: a1591s} })(30)
j=0 §=0

s=j+1

where v = 1 if e < €9, ¥ = 2 otherwise. Using this expansion and proceeding as in
[5] we get, for all (0x,a,b) € ker J’,

1 g
I [(6x,a,b)]* = %{ d*(Z)[0x]* + 20z - (ijoaj gij + bh,,) - B(To)+
1 J; Jo j—1 N
+ (ZZaM Gij + bhl,) + Z aO’La‘O] 901790]} 6(‘%\0)+
=0 j=0 7=0 i=

Ji Jo

+ bza(n 9ois h xo )+ Zau(Za(n [90i> 915] + blhw, g15]+
7=0 =0

+ ]z_: a1i[g1s, Qlj}) : 3(350)}
=0

where, again, v = 1 if &1 < g9, v = 2 otherwise.

REMARK 2. The previous formula clearly shows that J;' = Jj on {(éx,a,b): b=
0}, i.e. on {(0x,0,e): e1 = ea}. The second variation is J| if e1 < ea, Ji otherwise.
Its coercivity means that both Ji' and JY are coercive quadratic forms.

REMARK 3. Isolating the addenda where 2 A0, b, aig appear as in (4.1), one

can easily see that J! = JY if and only if [fl,fg} ~ﬁ(x0) = 0, i.e. if and only if
(A7), [fi, f2l(&a)) = 0. In other words: problem (FP) is twice differentiable at

(z,8,€) = (0,0,0) if and only if (\(7), [f1, f2)(&4)) = 0.
By assumption, for each v = 1,2, J/ is positive definite on

Ny = {(5:c,a,b) € T3, No % RJ0+J1+2 % R:

b—l—ZZaU—O L(éx,a,b) € Nf}.

=0 j=0

Again following the procedure of [5] we may modify a by adding a suitable second—
order penalty at Zy (see e.g. [8], Theorem 13.2) so that we may assume that each
second variation J!/ is positive definite on

N o= {(5$,a,b) € T, M x RJO+=’1+2 X R:

b+ZZaU—O L(dw,a,b) € Tz, Ny},

=0 j=0

i.e. we can remove the constraint on the initial point of admissible trajectories.
We choose A as the Lagrangian manifold defined by such «, that is

A={teT"M: {=da(z), x € M},

and we study the positivity of J/ as follows: consider

V= {(5m,a,b) eN: L(6z,a,b) = 0}
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and the sequence Vo1 C ... C Vo5, C Vig C ... C Vij, = V of sub-spaces of V,
defined as

Voj =={(0z,a,0) € Viaps =0 Vs=j+1,...,Jp, a1s=0¥s=1,..., 1}
Vij ={(0z,a,b) e V:ia, =0 Vs=j+1,...,Ji}.

J_ "
Then J!/ is positive definite on N if and only if it is positive definite on each Vi;nV, jj_”l,
l 1"
Vip N VOJL]’” and N N V77 and notice that

. 1 J! . 1 J! . 1 Jl
dim (Voy 075, ) = dim (Vie n Vi % ) =1, dim (Vio NV, ) = 2

forany j=2,...,Jp, k=0,...,J; and v =1, 2.

As in [5] one can prove a characterization, in terms of the maximized flow, of the
intersections above. We state here such characterization without proofs which can be
found in [5]. Recall that the G;;’s and the H,’s denote the Hamiltonian obtained by
lifting the vector fields g;;’s h,’s.

LEMMA 4.1. Let j =1,...,Jy and de = (6x,a,b) € Vy;. Assume J) is coercive

L 12
on Vo,j—1. Then de € Vo; N Vo,j‘]_”1 if and only if

aos = (A(Bo,e1 — 0s) (bo) , da,dz) Vs =0,...,5—2. (4.2)
In this case
j—1
J!'[6e]? = —ap, a<da*5x +) 005 G os(0o), (Groy — 80,3‘—1)(50)) (4.3)
s=0

LEMMA 4.2. Let v = 1,2 and de = (0x,a,b) € Vig. Assume J] is coercive on
J_ "
Vog,- Then de € VipN VOJ;" if and only if

aos = (d(Bo,s41 — os) (bo) , da,dz) Vs =0,...,Jo—1. (4.4)
In this case
JO - R
J![6e)? = — bcr<doz*6:r +)° aos Gos (Bo), (H, — 80,%)%)) -
= (4.5)

Jo
— aio 0’<d04*51‘ + Z aOsa()s(EO) + bﬁu(&))v (810 - ﬁu)(éo))-
s=0
LEMMA 4.3. Letv =1,2, j =1,...,J1 and de = (0x,a,b) € V1. Assume J) is

L 1
coercive on Vi j_1. Then de € Vi; NV] j"_”lz'f and only if

aos = (A(Bo,s41 — os) (L), da,dz) Vs =0,...,Jy
b= <d(910 - 00,J0+1) (ZQ) 5 da*6x>
a1y = (A(f1,o41 — 015) (b)), da,dz) Vs =0,...,5—2.
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In this case J!![6€]? is given by
Jo N R Jj—1 . N
—ay; o (da*&ﬁ + Z%saos(ﬁo) + bﬁu(fo) + Zauau(fo), (8” _Bl,jl)(g())> .
s=0 i=0

LEMMA 4.4. Let v = 1,2 and de = (dz,a,b) € N. Assume J! is coercive on
J_ 1
Vig,. Then de € NOVU;]” if and only if e € N and

aps = <d(907s+1 - 003) (é ) dOL*(SCC> Vs = 0, ey JO
= (d(610 — 00,1, 1) (Co) , da.dz)
A1s = <d(917s+1 — 013) ( ) doz*c?:c) Vs=0,...,J; — 1.

In this case

J6e)? = —o (d(=B). (5w + Y Z aisgis (7o) + bhy (F0)) ,

i=0 s=0

1
da, oz + Z Z aiﬁis(%) + bﬁu(E]))'

=0 s=0

5. The invertibility of the flow. We now prove that the map
idxnH: (t,0) € [0,T) x A (t,7H:()) € [0,T] x M

is one-to-one onto a neighborhood of the graph of EA Since the time interval [0, 7
is compact and by the properties of flows, it suffices to show that 7H; and 777-[91_1_,
fori =1,2 and j = 1,...,J;, are one-to-one onto a neighborhood of EA(%) and E(é,])
in M, respectively. The proof of the invertibility at the simple switching times éoj,
j = 1,...,Jp may be carried out either as in [5] or by means of Clarke’s Inverse
Function Theorem (see [15], Lemma 6.1). Here we skip this proof but give some
details on the invertibility at the double switching time and at the simple switching
times élj, j =1,...,J; that follow it. This proof will be performed, depending on
the dimension of the kernel of d(m — 7—2)|T20 A, by means of Clarke’s Inverse Function
Theorem or using topological methods (see Theorem 7.6). The invertibility at the
simple switching times §0j yields the invertibility of

id xaH: (1,0) € [0,T] x A v (t, 1M, (0)) € [0,T] x M

about [0, 7 — €] x {ZO}

We now show that such procedure can be carried out also on [7 — ¢, T X {Zo}
that id x7H will turn out to be locally invertible from a neighborhood [O T] X OcC
[0,T] x A of [0,T] x {60} onto a neighborhood U C |0, T] x M of the graph = of .
The first step will be proving the invertibility of 7H; at EO.

In a neighborhood of ¢y, 7H+ has the following piecewise representation:

1. if min {Tl(ﬂ), 7'2(6)} > 7, then 7H:({) =exp7K oy, 0 dos, (L),
2. if min {7'1(5),72(5)} = 7'1(6) S T S 010(6), then

TH () = exp(F — 11 (0) K1 0 expri () Koy 0 dosy (0),
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IN
3

3. if min {7’1(5),7’2(6)} = TQ(Z) S 910(2), then
7 H+ (0) = exp(F — 72(€)) s 0 expa(6) K o, © doo (£),
4. if min {71 (0), 72(0)} = 71(£) < 610(¢) < 7, then
7 H (0) = exp(F —010(0) K 100exp(810(6) — 1 (£)) K 1 oexp 11 () Ko 0 b0 (€),
5. if min {1 (¢), 72(0)} = 72(¢) < 610(¢) < 7, then

TH (0) = exp(7 — 010(£)) K 100exp(B10(£) — 72(£)) K 2 0exp 72(£) K o1 0 bo.sy (£)-

002 (4) =
= 7'1(5) <T< 010(@)

002 (L) =
T1 (é) < 010(6) <7

-

Oo2(€) =
= 7'2([) < 910(@) <7

002 (L) =
= 7'2([) <T< 010(@)

(a)tzeoj (b)t:?
Fic. 5.1. Local behaviour of Hi near Zo at a simple switching time and at the double one.

Let us denote by L°, L', L2' L2, L?2? the linearization of the five expressions
for 7Hz, and let M°, M, M?', M'2, M?? be the polyhedral cones where they
respectively hold.

LEMMA 5.1. The piecewise linearized maps L°, L', L', L'2, L?? have the same
orientation in the following sense: given any basis of TZOAO and any basis of Tg(+)M;
the determinants of the matrices associated to the linear maps L°, L*7, v, =1,2, in
such bases, have the same sign.

Proof. The assertion follows from Lemma 7.1 in the Appendix if one shows that
the following claims hold:

Claim 1. Tf (d7,(ly), 863) <0 < (d7,(Ly), 661) then L2(66,) # LX(8Ly), ie.

exp(7Tkogy )« Tx 010 « (001) 7 exp(Thogy )« TxPog, « (02) — <dTu(Zo) , 0la) (ky — ko, )(T#).

Claim 2. Tf (A6, (4o) , 605) < 0 < (0%, (Lo), 66,) then L (56,) # LE2(80y), i.e.

o~

exp(Fkosy )« a0 «(001) — (d7, (Lo) , 601)(ky — ko, ) (T7) #
# exp(Tkoy, )« T P01y « (002) — (dTy(on) , 002) (ky — ko, ) (Z2)—
—(d0%,(Co) . 62) (k1o — Ky)(T#)

These claims can be proved by a contradiction argument, using the explicit expressions
for the piecewise linearized map (7H;). and the fact that the second variation on
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l 12
Vio N VOJ(‘)]”, v = 1,2, is positive definite (see the proof of Lemma 6.2 in [15] for

details). O
We can now complete the proof of the local invertibility of 7#H;. As previously

said the proof depends on the dimension of the kernel of the map d(m — 7'2)(20)

L. A
Lo
Differentiating (3.1)—(3.2) one easily gets the following formulas
o _ o (Gos ) (W)
<d910(€0) s (5[) = <d7'1(€()) s (5€> - <d(T1 - Tg)(fo) s (5€> ﬁ -
0'( 1,310) (4o)
(5.1)

q
/N
Ql
[}
=
Tl
=
N—
)
<

(d62,(Lo) , 66) = (dma(Ly), 66) — (d(m2 — 71)(Lo) , 60)

which are crucial to the proof. In particular notice that (dr (ZO) , 00y = (dm (ZO) , 00)
implies (d0%,(ly), d¢) = (dr,(Ly), 6¢), v =1,2.
CASE 1. Consider the generic case when d(m; — 72)({o)

. ‘o
express the boundaries between the adjacent sectors M°, M"7.
(i) The boundary between M° and M is given by

R # 0. We need to

{60 € T; A: 0= (dri(fo) , 60) < (dra(lo), 60)};
(ii) The boundary between M° and M?! is given by
{60 € Ty A: 0 = (dra(ly) , 60) < (dmi(ly), 00)};
(iii) The boundary between M1 and M2 is given by
{00 € T3, A: (d0o(fo) . 60) = 0, (dni(fo), 66) < (dma(bo) , 50)};
(iv) The boundary between M?' and M?? is given by
{60 € T; A+ (d63(Lo) , 60) = 0, {dma(lo) . 6¢) < (dmi(Lo), 60)};
(v) The boundary between M2 and M?? is given by
{60 € T; A: (dra(Lo) , 80) = (dri(fy) , 60) < O}

According to Theorem 7.6 in the Appendix, in order to prove the invertibility of our
map it is sufficient to prove that both the map and its linearization are continuous in a
neighborhood of ¢y and of 0 respectively, that they maintain the orientation and that
there exists a point 6y whose preimage according (7Hs; ). is a singleton that belongs
to at most two of the above defined sectors.

Notice that the continuity of 7H; follows from the very definition of the maxi-
mized flow. Discontinuities of (7H;), may occur only at the boundaries described
above, but a direct computation shows that this is not the case. Let us now prove
the existence of a dy with the required properties.

For “symmetry” reasons it is convenient to look for the vector &y among those
which belong to the image of the set {6¢ € 17 A: 0 < (d71(lo), 6¢) = (d72(lo), 60)}.
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Let 87 € T;, A such that 0 < (dri (o), 6¢) = (dr2(fo) , 6¢) and let 3y := LO57. Clearly
6y has at most one preimage per each of the above polyhedral cones. Let us prove
that actually its preimage is the singleton {0¢}. In fact we show that for v,j = 1,2,
there is no §¢ € M*7 such that L"7(§¢) = dy.

j=1. Fix v € {1,2} and assume, by contradiction, that there exists 6¢ € M"!
such that L*'6¢ = y. The contradiction is shown exactly as in the proof of Claim 1 in
Lemma 5.1, by using the explicit expression for the piecewise linearized map (7wHs ).

and the fact that the second variation on Vi N Voigl”l is positive definite (see Section
5 of [15] for detailed computations of the second variation).

j =2. Fix v € {1,2} and assume, by contradiction, that there exists 6¢ € M"?
such that LY26¢ = §y. Let 6z := 7,6/, and éx := m,.0¢. Taking the pull-back along
the reference flow at time 7, LY26¢ = §y is equivalent to assuming that

Jo Jo
52— (d00s (%) , 30)(gos—go,s—1)(Fo) = 0z =Y (dbo (o), 60)(go.s—go.s—1)(Fo)—

s=1 s=1

—(dr1(Lo) , 60)(hy — go,)(@o) — (0%, (Lo) , 86)(g10 — hu)(F0)-

Let e := (6x — dx,a,b), where,

PO KO (/3 — 00s)(Ly) , € — 50) s=0,....Jo—1,
%7\ (dboy, (Do), B0 — 56) — (dri(Ly), 60) s =,
(d0%y(lo) , 06) s =0,

b::*dolj7vz754’ 5=
<(1O T)(O) > a1 {alS:O 8:17..-’J1.

Then de € Vio N Vg, and Lemma 4.2 applies, so that
0 < J"[8€]? = (d(8% — 7,)(Co) , 60)(dr, (L), (8%,? ) (@)
—(d8%y(B) , 80) (<d9§0 (@), (ﬁ 810)
+(dr, (Bo) (80J0, Hy) (0)),

a contradiction, since all the addenda are negative.

By Theorem 7.6 this proves the invertibility of 7Hz, hence id x7H is one-to-one
in a neighborhood of [0, 819 — £] x {EO}.

CASE 2. Assume now that the non generic case 77 A C kerd(m — 72)(%o) holds.
The generalized Jacobian 5‘(7r7-[;)(l?0) (in the sense of Clarke, see [6]) of 7Hz: A — M
at {y is the closed convex hull of the linear maps L°, L*J, v, j = 1,2. We distinguish
between two sub—cases: R
Case 2.1. (d71(lo), 0¢) = (d72(lo), 6¢) = 0 for any 60 € T; A
In this case, by (5.1) we have df;, (ZO)‘TZOA = de%O(ZONT;OA = 0, hence the linear maps
LY for v,§j = 1,2, coincide with the map L, so that 7K is differentiable at ZO. The
invertibility of L0 " and Clarke’s invertibility theorem yield the claim.

Case 2.2. (dmy (50) oly = (dTg(ﬁo) 6¢) for any 6¢ € T; A but ker(dr (Eo)\p A) #
T7 A. In this case, by (5.1) we have d910(€0)|T20A = dﬂlo(ﬁo)\TzoA =dn (€0>|TZOA S0
that L'? = L?2.
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Let {v1,v2,...,v,} be a basis of Ty, M such that (dﬁ(%), da,v1) = 1 and
(d71 (L), daev;) =0 for i = 2,...,n. We show that 9(nH;)({y) consists of invertible
matrices by showing that

(LY (toL® 4+ t1 L' + to L 4+ 31" 4+ t4L°?) o da, (5.2)

is invertible for any tg,...,t4 > 0 such that Z?:o t; = 1.
Let ¢/, v=1,2,i=1,...,n be such that (h, — go.,)(To) = >+ c¥v;. For each
v =1,2 we have

(L)™' L davy = v1 — (b — goso)(Zo) = (1= )vr — Y _ ok,
k=2

(L) 'L dasvy = v1 — (hy — gos,)(To) — (910 — hw)(To) =

= (1=l =i =Y (ck +cR)u,
k=2
(L' LY dav; =v;  fori=2,...,nand v, j =1,2.
Thus the determinant of the matrix in (5.2) is given by tq + t1 det(L°) 'L da, +
todet(L0) L2 dav, + (3 + t4) det(L) P L'? da, which cannot be zero since all the
addenda are positive as it follows from Lemmas 5.1 and 7.1. This concludes the proof
of the invertibility of nH; whereas the invertibility of ﬂHéu, j =1,...,J; follows
the same lines. Therefore the proof is omitted here (although it can be found in [15],
Section 6).
6. Proof of Theorem 2.1. Let
idx7H: [0,T]x O —=V=1[0,T]xU

be one-to—one and let : [0,7] — M be an admissible trajectory whose graph is in
V. Let us recall that applying the Hamiltonian methods, as explained in Section 2.2
we get

C(&,u) — C(€,1) > F(E(T)) — F(@y).

where F := 07 o (nHz) "'+ 3, thus, to complete the proof of Theorem 2.1 it suffices to
show that F has a local minimum at Zy. For the sake of simplicity put 1 := (nHr) L.
THEOREM 6.1. F has a strict local minimum at .
Proof. Tt suffices to prove that

dF(zy) =0 and D*F(Zy) > 0. (6.1)

The first equality in (6.1) is an immediate consequence of the definition of F and of
PMP. In fact, since d(fr o ¢7) = Hr o ¢, we have d F(Zs) = Hr(by) +dB(Zf) = 0.

Moreover
D2F(3)[0x4)* = (Hr o ¥r). + D2B) (Ff)[624)* = 62
=0 ((Hr or)sdzy,d(—p) b)) . '

From Lemma 4.4 we get

1
a(d(—g)* (62 + Z Zaisgis(aj\O) + bhy(Zo)) ,
i=0 s=0 (6.3)

1 J;
dadx + Z Zaisais(%) + bﬁy(%» < 0.

=0 s=0
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Applying ’}QT* to both arguments and using the anti-symmetry property of o we get
o (Hrdadz, d(—8).((7Hr)« dasdx)) > 0

which is exactly (6.2) choosing 0z := m .z . O

To conclude the proof of Theorem 2.1 we have to show that E is a strict minimizer.
Assume C(&,u) = C(§,u). Since Ty is a strict minimizer for F, then £(T) = ¥y and
equality must hold in (2.8):

By regularity assumption, u(s) = u(s) for any s at least in a left neighborhood of T,

hence £(s) = £(s) and 9 1(£(s)) = £y for any s in such neighborhood. The control

u takes the value @5 7 until Hp71(E(s)) = Hs(ly) = A(s) hits the hyper-surface
1J75

K j, = K1,7,—1, which happens at time s = él’,h. At such time, again by regularity
assumptions, v must switch to m(él,h—uél,h)’ so that £(s) = &(s) also for s in a left

neighborhood of QAL J,- Proceeding backward in time, with an induction argument we
finally get (£(s),u(s)) = (£(s),u(s)) for any s € [0,T].

In the abnormal case the cost is zero, thus the existence of a strict local minimizer
implies that the trajectory is isolated among admissible ones.

7. Appendix: Invertibility of piecewise C'! maps. This Section is devoted
to piecewise linear maps and to piecewise C'! maps. Our aim is to prove a sufficient
condition, in terms of the “piecewise linearization”, of piecewise C'' maps.

Some linear algebra preliminaries are needed. The straightforward proof of the
following fact can be found in [15], Lemma 7.1:

LEMMA 7.1. Let A and B be linear automorphisms of R™. Assume that for some
v e (R")*\ {0}, A and B coincide on the hyperplane {x € R": (v, =) = 0}. Then,
the map Lap defined by x — Az if (v, ) >0, and by v — Bz if (v, z) <0, is a
homeomorphism if and only if det(A) - det(B) > 0.

Let G : R™ — R™ be continuous and such that there exists a decomposition
S1,..., Sk of R™ in closed polyhedral cones (intersection of half spaces, hence convex)
with nonempty interior and common vertex in the origin and such that 95; N 95; =
S; N'S; for i # j, and G(x) = L;x for all « € S;, where Lq,..., L are linear maps
such that Lyz = L;x for any x € S; N S;, and det L; # 0, Vi = 1,..., k. We call any
such map continuous piecewise linear.

Observe that any continuous piecewise linear map G as above is differentiable in
R™\UF_,8S;. Moreover it is easily shown that G is proper, and therefore deg(G, R™, p)
is well-defined for any p € R™ (the construction in [11], Chapter 5, is still valid if the
assumption on the compactness of the manifolds is replaced with the assumption that
G is proper, ). Also, deg(G,R",p) is constant with respect to p so we simply denote
it by deg(G). We also assume that det L; > 0 for any ¢ = 1,..., k.

LEMMA 7.2. If G is as above, then deg(G) > 0. In particular, if there exists
q # 0 such that its preimage G=1(q) is a singleton that belongs to at most two of the
convex polyhedral cones S;, then deg(G) = 1.

Proof. Let us assume in addition that ¢ ¢ UF_;G(dS;). Observe that the set
UF_,G(95;) is nowhere dense hence A := G(S7) \ UX_;G(0S;) is non-empty.

Take x € A and observe that if y € G~1(z) then y ¢ U¥_,0S5;. Thus

deg(G) = Z sign (det (dG(y))) = #G 1 (x) > 0 (7.1)
yeG~1(z)
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since G™1(z) # 0. The second part of the assertion follows taking x = ¢ in (7.1).

Let us now remove the additional assumption. Let {p} = G~1(q) be such that
p € 05; N AY; for some i # j. By assumption p # 0 does not belong to any cone 95,
for s ¢ {i, 7}, thus one can find a neighborhood V' of p, with V' C int (S; U S; \ {0}).
By the excision property of the topological degree deg(G) = deg(G,V,p). Let Lr,r;
be a map as in Lemma 7.1; by the assumption on the signs of the determinants of
L; and Lj, Ly, is orientation preserving. Also notice that Lr, 1, |ov = Glav. The
multiplicativity, excision and boundary dependence properties of the degree yield
Il =deg(Ly,r;) =deg(Lr,r;,V,p) = deg(G,V, p) = deg(G), as claimed. U

7.1. Piecewise differentiable functions.
LEMMA 7.3. Let A and B be linear endomorphisms of R"™. Assume that for some
v e R"\ {0}, A and B coincide on the hyperplane {x € R : (xz, v) = 0}. Then

det (tA+ (1 —t)B) =tdet A+ (1 —t)det BVt €R.

Proof. Without loss of generality we can assume that |[v| = 1 and choose vectors
wa, ..., w, € R™\ {0} such that v,ws,...,w, is an orthonormal basis of R™. In this
basis, for ¢ € [0,1] we can represent the operator tA 4+ (1 — t)B in matrix form:

ta11 + (1 — t)bn a2 ... Q1in ta11 + (1 — t)bll bia ... bin

tan1 + (1 — t)bnl po ... Qun tan1 + (1 — t)bnl bpa ... bun

Thus, if A;; and B;; represent the (il)-th cofactor of A and B respectively, then
Ajy = By for i =1,...,n therefore
det (tA+ (1 —)B) = > (=1)"" (tai + (1 — t)bir) det Ay = tdet A+ (1 —t) det B
i=1

as claimed. O

Lemmas 7.1 and 7.3 imply the following fact:

LEMMA 7.4. Let A and B be linear automorphisms of R™. Assume that for some
v € R\ {0}, A and B coincide on the hyperplane {z € R™: (x, v) = 0}. Assume
that the map Lap defined by x — Ax if (x, v) >0, and by x — Bx if (x, v) <0, is
a homeomorphism. Then, det(A) - det (tA+ (1 —t)B) > 0 for any t € [0,1].

Let 01, ...,0, be a family of C'-regular pairwise transverse hyper-surfaces in R"
with 29 € NJ_,0; and let U C R"™ be an open and bounded neighborhood of xg.
Clearly, if U is sufficiently small, U \ Ul_,0; is partitioned into a finite number of
open sets Uy, ..., Ug.

Let f : U — R"™ be a continuous map such that there exist fi,..., fr € C*(U)
with the property that

f(z) = fi(x), x € U;, and fi(x) = f;(z) for any x € U; N U;. (7.2)

Notice that such a function is PCY(U) (see e.g. [9] for a definition) and Lipschitz
continuous in U.

Let Sy, ..., Sk be the tangent cones (in the sense of Boulingand) at x to the sets
Ui,...,Ug, (by the transversality assumption on the hyper-surfaces o; each S; is a
convex polyhedral cone with non empty interior) and assume d f;(xo)x = df;(zo)z for
any x € S; N S;. Define

F(z) =dfi(xo)x x € S;. (7.3)
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so that F is a continuous piecewise linear map (compare [9]).

One can see that f is Bouligand differentiable and that its B-derivative is the
map F' (compare [9, 12]). Let yo := f(xo). There exists a continuous function e, with
€(0) = 0, such that f(z) =yo + F(z — zo) + |z — zole(x — x0).

LEMMA 7.5. Let f and F' be as in (7.2)—(7.3), and assume det d f;(zo) > 0 fori =
1,...,k. Then there exists p > 0 such that deg (ﬁB(xo,p),yo) = deg (F,B(O,p),O).
In particular, deg (f, B(zo, p),yo) = deg(F).

Proof. Consider the homotopy H(z, ) = F(z—x0)+\ |z — x| e(z—x0), A € [0,1],
and observe that m := inf{|F(v)|: |v| = 1} = min;—y __ ||df;|| > 0. Thus,

|H(z,\)| > (m— le(z —330)|) |2 — xo] .

This shows that in a conveniently small ball centered at xy, homotopy H is admissible.
The assertion follows from the homotopy invariance property of the degree. O

THEOREM 7.6. Let f and F be as in (7.2)~(7.3) and assume det df;(zo) > 0.
Assume also that there exists p € R™ whose preimage belongs to at most two of
the convex polyhedral cones S; and such that F~'(p) is a singleton. Then f is a
Lipschitzian homeomorphism in a sufficiently small neighborhood of xg.

Proof. From Lemmas 7.2-7.5, it follows that deg(f, B(zo,p),y0) = 1 for suffi-
ciently small p > 0. By Theorem 4 in [12], we obtain the assertion. O
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